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Introduction

The study of the structure of the Earth and near-earth space requires simultaneous
processing and interpretation of a large volume of experimental data. The presence
of a random error, which one is inevitable at measurings, and the presence of a
random noise in the wave fields, which distorts useful signals, leads to a necessity
to use the probability-statistical methods for the analysis and interpretation of the
geophysical information (Goltsman, 1971; Ryzhikov and Troyan, 1994; Troyan, 1982;
Troyan and Sokolov, 1989; Fedorov, 1972; Sheriff and Geldart, 1995; Troyan and
Kiselev, 2000). The digital recording of the geophysical fields and the computer-
aided data processing with the subsequent interpretation now is widely used. The
formalization of the interpretation process requires the links of a measured field with
the parameters and a state of an investigated object, that is called frequently as the
model of an experimental material. The similar model includes the scheme of the
experiment together with the formalization of links of an observable geophysical field
with parameters and the state of the medium, and also the presence of a random
deviation between the experimental field and “idealized” one obtained as a result of
a solution of the direct problem. The main goal of the processing and interpretation
of the geophysical data consists in the restoration of desired parameters and the state
of the medium. For the solution of this intricate problem it is necessary to use a
maximum of a priori information about the medium, which can be obtained on the
basis of the previous experiments. The systems of the processing and interpretation
of the geophysical data in practice, as a rule, are on-line, that allows along with
strict mathematical methods and routines as an unformalized device to include an
intuition and an experience of the geophysicist.

The suggested textbook is based on the courses of lectures “Statistical methods
of processing of the geophysical data” and “Inverse problems in geophysics”, which
are given by the authors for master’s and post-graduate students of the Chair of
Physics of the Earth at Physical Faculty of Saint Petersburg State University during
last ten years.

In the first chapter the basic concepts of the probability theory are given. The
space of elementary events and the relative-frequency, classic and geometrical def-
initions of probability are introduced. The formula of the total probability and
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the Bayes formula are given (Populis and Pillai, 2002; Cramer, 1946; Kolmogorov,
1956; Pugachev, 1984). The cumulative distribution function is introduced and its
properties are considered (Brandt, 1998; Pugachev, 1984). Numerical character-
istics of a distribution of probabilities are analyzed in details: an expectation, a
variance, a coefficient of correlation, a median, the initial and central moments,
an asymmetry coefficient and an excess. The characteristic functions and their
properties are considered. The limit theorems of the probability theory are given
(Populis and Pillai, 2002; Cramer, 1946). Various types of probability distributions
are considered: binomial, Poisson, geometrical, normal, uniform, Student, Fisher,
exponential, Laplace, Cauchy, logarithmic normal, x?—distribution etc. (Pugachev,
1984; Rao, 1972). The concept of the entropy and the information is introduced.
The informations of Shannon and Fisher are considered; the possibilities of their use
for an exposition of the interpretation quality of the geophysical data are analyzed
(Rao, 1972). The properties of random functions are given. The autocorrelation and
cross-correlation functions are introduced. The connection of the autocorrelation
function with the power spectrum is considered (Pugachev, 1984).

The second chapter is devoted to an account of basic elements of the mathemati-
cal statistics. The basic concepts of the theory of decisions are introduced: structure
of a decision space, a loss function, a resolution rule and sufficient statistics. The
attention to the properties of estimates (consistency, bias, effectiveness, sufficiency,
normality, robustness) are given. The examples of an estimation of the accuracy
and reliability of the interpretation of geophysical fields are surveyed (Johnson and
Lion, 1977; Goltsman, 1971; Cramer, 1946; Nikitin, 1986; Pugachev, 1984; Troyan
and Sokolov, 1989; Fedorov, 1972).

In the third chapter the concept of the model of the measurement data is intro-
duced. This model is a functional relationship between the observations and with
the state and parameters of an investigated medium. The random noise is a very
important part of the model. The distinctive feature of the statistical theory of
interpretation is the assumption about a stochastic nature of an observed geophysi-
cal field. By depending on the statement of problem and purpose of interpretation,
the models of an experimental material are subdivided into the quantitative inter-
pretation, when the problem consists in a determination of the estimates of the
desired parameters of a medium, the qualitative interpretation, when the problem
consists in a choice of a state of the object (test of hypothesis) and the qualitative-
quantitative interpretation, when the parameters and the state of the object are
estimated simultaneously. The important points of a description of the model are
the representation of properties of the random component and taking into account
correctly of a priori information about properties of an investigated medium (Golts-
man, 1971; Troyan, 1982; Troyan and Sokolov, 1989).

The fourth chapter is devoted to the description of the perfect relationship of the
sounding signals (geophysical fields) with the parameters of a medium (examples of
the solution of the direct geophysical problem). The elastic wave fields, which are
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used for the reconstruction of the Earth structure in the problems of the seismology
and seismic exploration are surveyed in details. The basic equations of acoustics
used at study the oceanic column and oceanic sedimentary cover are introduced.
The mathematical model of propagation of the electromagnetic signals in an earth-
crust and ionosphere is described. The transport equation for the problem of remote
sensing of an atmosphere is introduced (Aki and Richards, 2002; Jensen et al.,
2000; Alekseev et al., 1983; Kravtsov and Apresyan, 1996; Brekhovskikh and Godin,
1998; Brekhovskikh and Lysanov, 1991; Kravtsov, 2005; Petrashen et al., 1985;
Petrashen and Nakhamkin, 1973; Petrashen, 1978, 1980; Petrashen and Kashtan,
1984; Bleistein et al., 2000).

In the fifth chapter the elements of the ray method, which is used widely for the
solution of the problem of wave propagation is introduced. The geometrical optics
method (Babic and Buldyrev, 1991; Babic et al., 1999; Kravtsov, 2005; Bleistein
et al., 2000) is considered. This method is a short-wave asymptotics of the wave
field in smoothly inhomogeneous, stationary and weakly conservative media (the
reference heterogeneities are much greater than wavelength). The spatio-temporal
approximation of the solution of the scalar wave equation is given (Babic et al.,
1999). The short-wave asymptotics for the Helmholtz homogeneous equation is in-
troduced (WKBJ approximation). The ray method for propagation of elastic waves
is considered in an assumption of the faster change of the characteristics of the
wave process in a direction of a normal to the wave front in comparison with a
change of characteristics of the medium (Kravtsov and Apresyan, 1996). For the
description of the propagation of acoustic waves at ocean it is offered to use the ray
approximation of the propagation in the almost stratified medium, i.e. in a medium
with smoothly (in comparison with depth) varying velocity of propagation of a sig-
nal in a horizontal plane. The ray method for the description of the surface waves
in a vertical inhomogeneous medium is introduced. The considered ray approxi-
mation of the propagation of electromagnetic fields is a basis for the description
of the propagation processes in inhomogeneous media, and also has the significant
methodological importance. On the basis of this description it is possible to get
the transport equation and to establish connection of the statistical parameters of
a medium with the parameters of the phenomenological theory of a transport of
electromagnetic waves.

In the sixth chapter the methods of a parameter estimation of geophysical ob-
jects are described (Goltsman, 1971; Nikitin, 1986; Petrashen et al., 1985; Ryzhikov
and Troyan, 1994; Stratonovich, 1975; Troyan and Sokolov, 1989). The algorithms
and examples of applying of the basic methods of the parameter estimation which
have obtained widespread occurrence at the solution of the geophysical problems
are introduced: the method of moments, the maximum likelihood method, the
Newton-Le Cam method, various modifications of the least squares method, the
Bayes criterion and method of the statistical regularization, criterion of the a pos-
teriori probability ratio, the singular analysis, the least modules method, the ro-
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bust methods (reparametrization method, Huber’s method, Andrews’s method),
the method of Backus-Gilbert, the interval estimation method and the genetic al-
gorithm. All methods, introduced in this chapter, can be used at problems of
quantitative interpretation.

In the seventh chapter the statistical criteria for a choice of the model are given,
which are meant for the solution of the problems of qualitative interpretation (Golts-
man, 1971; Troyan and Sokolov, 1989). The problem of the test of parametric
hypotheses and the a posteriori probabilities ratio are surveyed in details. The spe-
cial attention is given to the signal resolution problem for the signals of a various
geophysical nature. The information criterion of a choice of the model, which is bas-
ing on the maximum likelihood method and Shannon’s information, is introduced.
The iterative procedure of an estimation of parameters of interfering signals with
simultaneous definition of a number of signals is represented (Akaike, 1974).

The eight chapter is devoted to the tasks of approximation of geophysical fields
(Troyan and Sokolov, 1989). The methods of the spline approximation are intro-
duced. An algorithm of one-dimensional approximation by cubic spline, periodic
and parametric spline functions, two-dimensional spline, application of spline func-
tions for a smoothing of histograms are considered. The algorithms of approxima-
tion of the seismic horizon and the velocity law by piecewise-polynomials together
with the well observations are represented.

In the ninth chapter the mathematical notions in the terms of the functional
analysis for a problem of the parameters estimation of geophysical objects are in-
troduced (Ryzhikov and Troyan, 1994). The basic concepts and relations of the
applied functional analysis (which are used in 10-th and 11 chapters) are briefly de-
scribed. The definition of the ill-posed problems and the methods of their solution
are considered. Some statistical criteria in the terms of the functional analysis are
introduced. On the basis of the information approach the setting of the problem
of the mathematical design of the geophysical experiment are tendered: a choice of
the frequency and temporal intervals of measurings, choice of a spread the sources
and receivers, and also their number.

The tenth chapter is devoted to a problem of a creation and interpretation of
the tomography functionals, which make sense of the functions of the influence of
various spatial domains of a medium on a separate measuring (Ryzhikov and Troyan,
1994). The norm of the tomography functional is determined by the intensity of
the interaction of the incident and reversed fields. The examples of a build-up
and the interpretation the the tomography functionals for the scalar wave equation,
Lame equation, for the transport equation of a stationary sounding signal and for a
diffusion equation are introduced. The build-up of the incident and reversed fields
in a layered reference medium in the conformity with problems of the propagation
of elastic, acoustic and electromagnetic waves are surveyed.

In the eleventh chapter the tomography methods of an image reconstruction of
a medium (Ryzhikov and Troyan, 1994) are introduced. An algorithm of the re-



Introduction ix

constructive tomography is proposed on the basis of the statistical regularization
method. The comparison of this method with the Backus—Hilbert method is held.
The notion of the information sensitivity is considered. The measure of the informa-
tion sensitivity of the observation field concerning a linear functional of parameters
of a field can be the effective tool of a choice of the physically justified model. The
original algorithm of the regularization for the problems of the three-dimensional
ray tomography is introduced.

The twelfth chapter is devoted to the transforms and analysis of geophysical sig-
nals. The traditional transforms, such as the Fourier transform, Laplace transform,
the Radon and Hilbert transforms with the reference to the analysis of seismograms,
and rather new methods the cepstral and bispectra analysis are introduced. The
traditional algorithms of the Wiener filtration, inverse filtration, dynamic filtration
(Kalman filter) are surveyed. The original algorithm of the factor analysis is intro-
duced, which can be successfully applied to searching latent periodicities and for a
wide range of the interpretating problems.

In Appendix the tasks and computer exercises with a description of the required
programs implemented under the MATLAB package are introduced. The realiza-
tion of these computer exercises will allow the reader more deeply to understand
a content and possibilities of the methods for the analysis and processing of the
geophysical information which are introduced in the book.

The textbook is intended for the students, master students, post-graduate stu-
dents of geophysical specialities as well engeneers and geoscientists. However it can
be suit to the students and post-graduate students of other specialities, which are
concerned to the analysis and handling of signals of any physical nature (radio-
physics, optics, astrophysics, physical medicine, etc.).

We are deeply grateful to our teacher Prof. Fedor Goltsman. He is a founder of
the statistical theory of interpretation (Goltsman, 1971).

We wish to express our sincere gratitude to Dr. Gennady Ryzhikov for for the
discussions of the book content, including the materials received together and pub-
lished in the monograph (Ryzhikov and Troyan, 1994) and many articles (Ryzhikov,
1976a,b; Ryzhikov and Troyan, 1985, 1986a,c,b, 1987, 1989; Ryzhikov et al., 1989;
Ryzhikov and Troyan, 1990).
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Chapter 1

Basic concepts of the probability theory

Subject of the probability theory is the calculus of random events, which have a
statistical stability (statistical stability of frequencies) under given requirements of
the idealized experiment.

The probability theory is deductive one and based on the system of postulates.
The probability theory is a basis for methods of mathematical statistics, which use
the inductive method of decision-making about properties of the objects or about
hypothesis concerning a nature of an investigated phenomenon with the use of the
data obtained as a result of conducting of experiment.

The geophysical observation are the results of random experiments and are ran-
dom events. Because of the random nature of the observations the question arises
as to the probability that these random events occur.

1.1 The Definition of Probability
A central concept in the theory of probability is the random event. These random

events are the results from measurements or experiments, which are uncertain. It
is important to know the probability with which random events occur.

1.1.1 Set of elementary events

Let some experiment has a finite number of outcomes w1, ws, . ..,w,. The outcomes
w1, ...,w, are called the elementary events, and their set
Q= {wtha s 7wn}

is called the space of elementary events or the space of outcomes.

Example 1.1. At single tossing of a coin the space of elementary events Q = {H, T}
consists of two points: where H is a head and T is a tail.

Example 1.2. At n-multiple tossing of the coin the space of elementary events (2
consists of combinations of outcomes of the single experiment
O={w: w=(a1,az2,...,a,) a; =Hor T}
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with total number of outcomes N(w) = 2™.

Fig. 1.1 The set A is the subset of Q.

The random events (or event) are all of subsets A C Q (Fig. 1.1) for which after
experiment it is possible to say: outcome w € A or outcome w & A. Given any set,
which one consist of events, it is possible to form the new events, using logical sum,
logical product and logical negation.

Definition 1.3 (Union). The union Ay and Ay (Fig. 1.2), written A1 U As, is the
set of points that belong to either Ay or As or both:

AlUAy={we: we A orwe Ay},

In the terms of the probability theory, the event A1 U As consists of the occurrence

Q

{ __"- AZ )

= _._.-——“/

Fig. 1.2 The union of A; and As.

of the event Ay or As.

Definition 1.4 (Intersection). The intersection of A1 and Ag (Fig. 1.3), written
Ay N Ao, is the set of points that belong to both A1 and As:

AiNAs=AB={weN: we Al andw € Asz}.

The event A1 N Ay consists of a simultaneous occurrence of the events Ay and As.
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Fig. 1.3 Intersection of two subsets.

Definition 1.5 (Complement). The complement A for a set of A (Fig. 1.4) is
the set containing all elements of Q0 that do not belong A. The difference B\ A is a
set containing the elements of B that are not in A. Then A = Q\ A is event, that
A does not occur.

N

Fig. 1.4 The set A is the complement of the set A.

Example 1.6. If the set A = {HH, HT, TH}, then the event A = {TT} consists of
a sequential appearance of two “tails”. The sets A and A do not have the common
elements, hence the intersection AN A is an empty set, i.e. AN A= (.

In the probability theory the set () is called the impossible event and the set
is called the certain event.

A class of subsets A is called algebra of events, if it satisfies the following prop-
erties

(1) Q € A (the certain event is contained in A );

(2) 0 € A (the impossible event is contained in A );

(3) if A€ A, then A€ A (A=Q\ A) (is closed under complement);

(4) if Ay € Aand As € A, then A; U Ay € Aand A3 N Ay € A (is closed under the
union and intersection).

If the set 2 is finite one, then A coincides with the class of all subsets of (2.
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Consider the random experiment of measurement of a value (, for example,
the magnetizing force of the Earth. Let the elementary event is (( = x), where z
specified quantity. The set of elementary events can be identified with the point set
in the real axis. If it is known a priori, that { can take up the values from some
set of X, this set should be considered as the set of the elementary events. It is
natural to guess a possibility of observation of event {a < ¢ < b}, where a < b are
the arbitrary numbers. The finite sums of such half-intervals can be considered as
the algebra of events, connected with the experiment.

1.1.2 Probability model with a finite number of outcomes
Probability model with a finite number of outcomes includes:

(1) space of elementary events 2;

(2) subset system .4, which is constituted the algebra of events;

(3) probability p(w;) of outcomes w;, w; € @ (i =1,...,n) (p(w;) is “weight” of
elementary event) with the properties:
(1) 0 < p(w;) <1 (nonnegativeness);
(2) p(w1) + -+ + p(wn) =1 (normalization).

The probability P(A) of an arbitrary event A for the case of A € A is equal to the
expression

PA) = 3 plw).

{i: wi€A}
A triad (92, A, P) determines the probability model or probability space of an exper-
iment with the outcome space Q = {wi,...,w,} and with the algebra of events

A.

From above axioms we conclude that:

(1) the probability of impossible event is equal zero P()) = 0;

(2) the probability of certain event is equal 1 P(2) = 1;

(3) P(Al @] Ag) = P(Al) + P(Ag) - P(Al n Ag);
if the events A; and A are mutually exclusive events, i.e. A; N Ay = (), then
P(Ay + Az) = P(Ay) + P(Az);

(4) for A; C As is valid an inequality P(A4;) < P(Az);

(5) P(A) = 1— P(A)

(6) if Ay, Ay, ..., A, are the pairwise disjoint events, then

P Ai) =) P(A);
i=1 =1

(7) for arbitrary A;, As, ..., A, an inequality
P> A;) <) P(A)
i=1 i=1
is valid;



Basic concepts of the probability theory 5

(8) comsider the events Ay, As, ..., A, and introduce denotation
Aijig. i, = Aiy Aiy ... Ay, . The following formula is valid
POY"A) =3 P(A) =D P(A4A) + -
i=1 i=1 i<j
+ (=D N P(Ai i) A (D) TIP(AL ).

i1<"'<ik

1.1.3 Relative-frequency definition of probability

Consider of a sequence of n random experiments. Let’s designate their outcomes
by points w1, ...,w, in the space of elementary events €. Let’s A is the algebra of
events A € A, which are observed during experiment. Let’s designate a number of
occurrence of event A after n experiments as K, (A). If w; € A, then A occurs after
i-th experiment. A value

vn(A) = Kp,(A)/n

is named a frequency of occurrence of event A after n experiments. The frequency
of event sometimes term as statistical probability. At magnification of number of
experiments the frequency v,,(A) tends to the probability of event A.

1.1.4 Classical definition of probability

Consider an experiment with a complete group of the elementary events
Ey,E,, ..., E,, which are the components of the set 2. Then each event from
A looks like

m
A=) By
k=1
where (41,42, ...,1m,) is a subset of Q. By using the properties of probability pairwise

of not intersected events, we get the formula

P(A) =) P(E;,).
k=1

Hence, in case of the finite experiment the probability of any event is determined by
probabilities of elementary events. For example, taking into account a symmetry of
experiment, it is possible to establish a priori, that the elementary events have an
equal probability (the probability of the elementary event is equal 1/n, where n is a
number of equally possible outcomes), and the probability of event A is calculated
as the relation of number of the favorable outcomes m to number of equally possible
outcomes n:
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Usually calculation of equally possible and favorable outcomes is carried out by the
combinatorial methods

Such definition is possible to subject to criticism on the ground that the notion
equally possible actually means equality probability, and reasoning, thus, contains a
vicious circle.

1.1.5 Geometrical definition of probability

In case of experiments with infinite number of equally possible outcomes, when the
effect(result) of the experiment can be connected with a point belonging to R™, the
probabilities of some events can be defined geometrically as the relation of Euclidean
volume (area, length) for the part of a figure to volume (area, length) of complete
figure. An illustration of geometrical definition of probability is given on Fig. 1.5.

I,-—(?_\I Q P =££—
— L] T _l 1 LQ
L
i (_2 y
A_ =
e S s
5 B =24 dm O
? S, (4 ) 174
Vﬂ

Fig. 1.5 An illustration of geometrical definition of probability.

1.1.6 Exercises

(1) Two bones are thrown. To find probability that the total number of pips on
the happen to be facets is even, and on a facet even by one of bones will appear
six pips.

(2) In the container there are 10 identical devices marked with the numbers
1,2,...,10. The six devices are taken arbitrary. To find probability that among
the extracted devices will appear: a) the device with the number 1; b) devices
with the numbers 1 and 2.

(3) In a batch from N geophones n geophones are standard ones. The m receivers
is selected randomly. To find probability that among select receivers k receivers
are standard ones.

(4) The parallel lines are drown on the plane. The distance between the lines is
2a. A needle of length 2 (I < a) is thrown on the plane randomly. To find the
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probability that the needle will intercross any line.

(5) On a line segment OA with the length L of a numerical axis Oz are arbitrary
marked two points B(z1) and C(z2). To find probability that it is possible to
construct a triangle using three obtained segments.

(6) In the sound detector the signals from two sources are received. An inflow of
each of signals is equally possible at any moment of time interval by duration
T. There is snap into action, if the difference between the arrival time of signals
is equal t (¢t < T). To find probability that the sound detector will work into
time T, if each of sources will send one signal.

(7) From a course of the statistical physics it is known, that the indiscernible ulti-
mate particles (electrons, protons, neutrons) satisfy the Pauli’s exclusion prin-
ciple and statistics of Fermi - Dirac. To find a number of possible outcomes of
allocation n on M states. (Is possible to use analogy of allocation of n bodies
on M without returning.)

(8) Photon and m-meson satisfy to the Bose-Einstein statistics and these particles
are considered as indiscernible and do not submit to the Pauli’s exclusion prin-
ciple. To find a number of possible outcomes of allocation n of particles on M
states. (It is possible to use analogy of allocation of n indiscernible bodies on
M boxes.)

1.2 Basic Properties of Probability

1.2.1 Addition of probabilities

If Ay and A, are two mutually exclusive sets, the probability of their sum is equal
to the sum of probabilities:

P(Ay + Ap) = P(A1) + P(Ay), (1.1)
or for Ay, As, ..., A,
P(Y A=) P(A). (1.2)
i=1 i=1

If A; and As have common elements, i.e. the elementary events w; can belong both
A1 and AQ,

P(A1 + As) = P(A1) + P(A2) — P(A142), (1.3)
and for an arbitrary number of sets Ay, Ao, ..., A,
PO A) =) P(A)=> > P(AA))
i=1 i

NS T P(AA A+ (1) P(AL Ay Ay, (14)
i j  k
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The formula (1.4) gives probability of the sum of any number of events through
probabilities of products of these events.

Using the formula (1.3) it is possible to express the probability of the product
of two events through probabilities of individual events and the probability of the
sum of events

P(A1Az) = P(A1) + P(Az) — P(A; + A). (1.5)
The general formula for an arbitrary number of events n looks like

P(A1Ay. . A) =Y P(A) =Y D P(Ai + 4))
i j k

o (CD)TIP(AL 4 - 4 Ay). (1.6)

The formulae (1.4) and (1.6) can be used at transformation of various expressions
containing the sums and products of events.

Example 1.7. The electronic device contains two doubling elements A; and Ag
and one element C, which is not doubled. The event B, consisting in failure of the
electronic device, corresponds to a situation, when the elements A; and Ay or C
are under failure:

B=AA,+C,

where A; is failure of the element Ay, As is failure of the element A and C is
failure of the element C. It is necessary to express probability of the event C
through the probabilities of events containing only the sums, instead of product of
the elementary events A;, As and C. Using the formula (1.3) we have

P(B) = P(A1As) + P(C) — P(A1 A2C). (1.7)
From the formula (1.5) follows
P(A1Az) = P(A1) + P(Az) — P(A; + A). (1.8)
Further, using the formula (1.6) for three events, we have

P(A14;C) = P(A1) + P(A2) + P(C) — P(A; + Az)
—P(A1—|-O)—P(A2+C)+P(A1+AQ+C) (19)

Substituting formulae (1.8) and (1.9) in equality (1.7), we obtain

P(B) = P(A; + C) + P(Ay + C) — P(Ay + Ay + O).
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1.2.2 Nonindependent and independent events

An event A; is called independent from an event As, if the probability of the event
A; is independent of occurrence of the event A,.

Example 1.8. Two coins are flipped. Let consider two events:

e A; is a head falling for the 1-st coin,
e A, is a tail falling for the 2-nd coin.

The probability of event A; does not depend on that, the event Ay occur or not.
The event A; is independent of event As.

The event A; is called nonindependent from event As, if the probability of the event
A, varies in depending on that, the event As occur or not.

Example 1.9. The 5 balls, two white and three black, are placed into a urn. The
experimenters take out from the urn one by one ball. The events are considered:
Aj is occurrence of a white ball in 1-st experimenter, As is occurrence of a white
ball in 2 experimenters. Before something is known about event As, the probability
of the event Ay is P(A;) = 2/5. If it is known, that the event Ay occurs, the the
probability of A; is 1/4. Whence follows, that the event A; depends on event As.

The probability of event A;, calculated provided that has occurred other event
As, is called conditional probability events A; and is denoted as P(A4;/As). In the
considered example we have: P(A;) =2/5, P(A1/A2) = 1/4.

The condition of the independence of the event A; from the event A, is possible
to note as

P(A1/As) = P(Ay).
The probability of the product of two events is equal to the product of the proba-

bility of one of them on conditional probability another provided that the first event
is occurred:

P(A1A2) = P(A1)P(A2/Ay), (1.10)
or
P(A1As) = P(A2)P(A1/As).

If the event A; does not depend on event A, then the event As does not depend
on event Aj.

P(A1/Az) = P(Ay),
P(As/Aq) = P(A2).
The probability of the product of two independent events is equal to the product

of the probabilities of these events

P(A1Az) = P(A1)P(A3). (1.11)
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The probability of the product of some events is equal to the product of probabilities
of these events provided that the previous events are occurred,

P(A1Ay ... Ay) = P(A1)P(As/A1)P(As/AsAy) . .|
 P(AnJA1As .. An_y). (1.12)

The probability of product of independent events is equal to product of probabilities
of these events:

P(A1As ... Ay) = P(A1)P(As) ... P(Ay). (1.13)

Example 1.10. The amplifier of seismic station has three basic elements, which
ensure a reliable operation during time ¢. Probabilities of non-failure operation of
devices: p1 = 0.9, po = 0.8, ps = 0.8. The amplifier fails at a failure of any of
devices. Let’s consider the following events:

e B is on-failure operation of the amplifier,

e A; is on-failure operation of the 1-st element,
e A, is on-failure operation of the 2-nd element,
e Aj is on-failure operation of the 3-d element,

B = AA5A3.
Taking into account that the events are independent, we can write

P(B) = P(A,)P(A3)P(A3) = 0.9-0.8 - 0.8 = 0.576.

1.2.3 The Bayes formula and complete probability

Let’s find probability of event A, which can occur with one from a group of incom-
patible events By, Bs, ..., By, usually termed as hypotheses:

P(A) = XR:P(Bi)P(A/Bi). (1.14)

Expression (1.14) is termed as the formula of complete probability.

Let’s determine the conditional probability of a hypothesis B; belonging the
complete group of incompatible events By, Bs, ..., B,, provided that there was an
event A. Let’s consider known the probability of hypotheses P(By), P(Bz), ...,
P(B,), which usually are termed as a priori, i.e. given before realization of an
experiment.

Using the theorem of multiplication, we obtain the formula

P(AB;) = P(A)P(Bi/A) = P(Bi)P(A/Bi),

P(B;)P(A/Bi)

P(Bi/A) = P(A) ,

i=1,2,...,n.
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Applying the formula of the complete probability (1.14), we write the Bayes formula:

__P(Bi)P(A/B;)

;P(Bi)P(A/Bi)
The probability of P(B;/A) is termed as a posterior probability of a hypothesis B;
provided that the event A occurs.

P(B;/A) . (1.15)

1.2.4 Exercises

(1) To prove, that if the event A entails event B, then P(B) > P(A).

(2) Inabox there are 15 geophones, inclusive of 5 highly sensitive. Three geophones
undertake occasionally. To find the probability that even if one of taken three
geophones will appear highly sensitive.

(3) The probability of occurrence of a signal reflected from horizon A, is equal P;,
and from horizon B is equal P,. To find probability of occurrence even if one
of these signals, if reflected signals are independent.

(4) To find probability P(A;As) by using known probabilities:

P(A)) =P, P(Ay)=DP, P(A+ Ay)=DP;s.

(5) Two of three independent channels of seismic station have failure. To find the
probability that the first and second channels have failure, if the probabilities
of a failure of the first, second and third channels are accordingly equal 0,2; 0,4
and 0,3.

(6) The occurrence of a reflex signal is equally possible at any moment of time
interval to —t; = T. The probability of occurrence of a signal (for this time
interval) is equal P. It is known, that at time ¢ < 7T the signal will not appear.
To find probability of occurrence of a signal in the residuary time interval.

(7) At a seismogram in a given time window the signals reflected from horizons
A and B are observed. The statistical properties of noise are those, that the
signal from horizon A is distorted on the average with probability 2/5, and
from horizon B with probability 1/5. The analysis of the seismograms of the
neighboring region has shown, that appearance the signal from horizon A is in
the relation 3:7 to the signal from horizon B. To find the probabilities

(a) the locked-on signal is generated by the horizon A,
(b) the locked-on signal is generated by the horizon B.

1.3 Distribution Functions

1.3.1 Random variables

Let (92, A, P) are a probability model of some experiment with a finite number
of outcomes n(2) < oo and with algebra A of all subsets 2. Let’s introduce a
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concept of a random wvariable, subject to measuring in the random experiments.
Any numerical function £ = £(w), determined on a finite space of elementary events,
is termed as a discrete random variable.

Example 1.11. Let’s determine the random variable for model with double tossing
of a coin and with space of outcomes
w; =HH, wy;=HT, ws=TH, ws=TT.

To each outcome we shall associate with the numerical characteristic &, which de-
termines a number of falling head H:

f(wl) =2, 5(“2) =1, g(wl%) =1, g(w4) =0.

Other example of a random variable can be the indicator of some set: A € A

oo = {2

Let’s introduce a distribution of the probability on a range of a random variable.
Since in a considered case €2 consists of a finite number of points, a range of the
random variable X is also finite. Let X = {x1,9,...,2,}, where the various
numbers are all values £, then

Pe(x;) = Plw: &(w) =}, =€ X.

The totality of numbers { Pe(x1),. .., Pe(xy)} is termed as a distribution of prob-
abilities of random variable £. The example of the graphic representation of the dis-
tribution of probabilities is given at Fig. 1.6. The probability structure of a discrete

P (x)
0.2 P
p,
n T T f
0 X, X, X, x

Fig. 1.6 Graphic representation of the distribution of probabilities.

random variable is completely described by a distribution function.

1.3.2 Distribution function

If x € R, the random variable £ is defined at real axis (—oo, c0). For the description
of continuous random variable & the distribution function is introduced

Fe(z) = P{w: &) <a}.

Sometimes the distribution function is called as a cumulative distribution function.
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F; (x)

v

Fig. 1.7 The graphic representation of the distribution function for a continuous random variable.

The graphic representation of the distribution function is given on Fig. 1.7.
The distribution function is the universal characteristic of the random variable,
it exists both for continuous, and for discrete random variables:

Fe(z) = Z Pe(x;),
{i: z;<z}
where

Pe(w;) = Fe(wi) — Fe(z; ), Fe(r;) = lim Fe(y).

Y—xi
If 2y <2 <--- < a, is carried out and is assumed F¢(zo) = 0, then
Pg(xi) ng(xi)—Fg(xi,l), 1= 1,27...7TL.

An example of graphic representation of the distribution function of the discrete
random variable is given in Fig. 1.8.

Dy 0 X;

Fig. 1.8 Graphic representation of the distribution function of the discrete random variable.

The distribution function has the following properties:

(1) is non-increasing function of its argument x: F(xq) > F(x1), x2 > x1;
(2) is equal to zero for z = —o0: Fg(—o00) = 0;
(3) is equal to one for x = +oo0: Fe(+00) = 1.
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On the basis of the definition of the distribution function it is possible to conclude,
that the probability of occurrence of the random variable £ in the given interval
(a, B) is equal an increment of the distribution function on this interval

Pe(a <€ < B) = Fe(B) — Fe(a).

1.3.3 The density function

The random variable £ is called a continuous random wvariable, if its distribution
function Fe¢(x) is continuous on x. The random variable is called an absolutely
continuous random variable, if there is a non-negative function f¢(x), named the
density function, such, that

Fe(x) = / few)dy, =€ R

The density function is the derivative of the distribution function

fe(x) = Fi(x).

X X x

Fig. 1.9 The definite integral from the density function makes sense of probability.

The probability of event ov < £ < 3 is given by the definite integral (Fig. 1.9)

B
Pla<é<p) = /fg(a:)da:.

«
Properties of the density function:

(1) fgo(x) > 0;
(2) 7f fe(z)dz = 1.
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1.3.4 The distribution and density of function of one random
argument

Let there is a continuous random variable { with the density function fe(x), other
random variable 7 is connected to it by the functional dependence

n=¢(§).
We shall assume, that the function ¢ is continuous, differentiable and monotonous
on &. For a finding of the density function of f,(y) it is necessary to find function
1, which is reciprocal function of ¢, and also its derivative v, then

Fa(y) = fe@ @)Y (y).

If the function ¢ is a nonmonotonic one at the interval (a,b) it can treat as follows
(Fig. 1.10). Let us draw a straight line [, parallel to an axis z, and choose a segment

A

y

\4

Ay Ay Ay x
Fig. 1.10 Construction of the density function in case of nonmonotomic dependence v = ¢(£).

of a curve y = p(z), on which a condition 1 < y is satisfied. Let us designate these
segments on the abscissa axis as the sites A1 (y), Aa(y), ..., An(y). The event n <y
is equivalent to a hitting of random variable 7 into one of the sites A1 (y), A2(y),...:

Fy(y) = Plw: n(w) <y}
=Plw: ({w) € Ai(y) +&(w) € Aa(y)+...)}
= ZP{W 1 E(w) € Ai(y)}-

Example 1.12. To find the law of the distribution of a linear function from a
random argument, which has the normal law:

r—m 2
2 exp( : 2025) )
€ N(me,o0f), r)=—"F7—""
3 (me g) fe(x) o .

where n = a1 + a2 and a;, as are nonrandom values. By definition we have

fn(y) = fe(¥(y))|Y' ()], whence follows, that 1(y) = (y — a1)/az, [¢'(y)| = 1/|az],

and it is the normal law of distribution with the parameters m, = asm¢ + ay,
on = |az|og:

1 ly — (azme + a1))?
= ——— X — .
fa(y) |a2|a§ o p< 2|a2|20'§
The linear function from a random variable, which distributed under the normal
law is distributed also under the normal law.
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1.3.5 Random vectors

In practice there is a necessity along with the random variable to consider the
random vector & = (£1,...,&,,), which components are random variables. A set of
probabilities

Pe(zy,...,xp) = Plw: &(w) =21,...,6n(w) =z},

where x; € X; are admitted regions of &;, is called a probability distribution of the
random vector £&. The function

Fg(xl,...,xm) = P{WZ 51(W) < $1,...,§m(w) < fm}

is called a distribution function of the random vector £. In the applied literature
on the theory of probabilities the components of a random vector is named as a
system of random wvariables or geometrical interpretation of a random point with
coordinates appropriate to components of a vector is used. In the case, when the
vector € has two components (£, ), the distribution function looks like

Fey(z,y) = P{lw: £(w) <2, n(w) <y}
Let us consider the properties of the distribution function for two random vari-
ables.

(1) Fgy(z,y) is non-increasing function of its arguments, i. e.

(1) if T2 > T, F§W($27y) 2 an(xlay)a
(2) if y2 > w1, Fen(@,y2) 2 Fen(@,91).

(2) At equality of one or both arguments to a minus of infinity, the distribution
function is equal to zero:

Fep(x, —00) = Fgp(—00,y) = Fgy(—00, —00) = 0.

(3) At equality of one of arguments to a plus of infinity the distribution function
of a system of random variables turns to the distribution function of a random
variable appropriate to one argument, i. e.

Fey(z,+00) = Fe(x),  Fep(+00,y) = Fy(y).

(4) At equality of both arguments to a plus of infinity, the distribution function is
equal 1:

an(—f-OO, +OO) = 1

Density function of a random vector, containing two components, we shall name
the density function of two variables

_ 82F§77(x7y)
f&n(l’,y) = T@y
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It is possible to write down a probability of an occurrence into a rectangular D,
limited by abscissas o and 3 and ordinates 7 and J, as an integral of the density
function

B s

Plw: (€(w).n(w)) € D} = / / fen(e, y)decdy.

The distribution function is expressed through the density function as follows:

Fep(z,y) / / fen(x, y)dady.

1.3.6 Marginal and conditional distributions

Having the law of the distribution of two random variables or the random vector
with two components, it is possible to receive the law of the distribution of one of
random variables

Fg(x):an(x,oo), Fn(y):an(oo,y).

Let us represent them through the density function:

- ] 7f(x,y)dmdy, (1.16)

— 00 — 00

Y

_ 7 /f(a:,y)dxdy. (1.17)

—0o0 —O0©

If we differentiate (1.16) on = and (1.17) on y, we can write
fele) = B /fa:ydy, Falw) /fa:y

The density functions fe¢(x) and f;,(y), received by integration in infinite limits of
two-dimensional density function f¢,(z,y) on variables y and « correspondingly, are
called as a marginal density function or marginal densities. A conditional density
function or a conditional density is determined as

ffn(xay) _ fﬁn(xay) 7
fn(y) _f fgn(x,y)dx

fgn(x,y) fﬁn(xﬂy)
fel@) J Jenlw )y

fepn(x/y) =
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A joint density function or a joint density can be written down using conditional
and marginal densities:

fen(@,y) = fo(y) fepn(@/y), (1.18)
fen(z,y) = f&(x)fn/ﬁ(y/x)' (1.19)

The conditional density fe,(2/y0) can be represented as a section of two-dimensional
density fen(x,y) by a vertical plane, which is orthogonal to the axis y and crosses
a point y = yo (Fig. 1.11). The components £ and 1 of a random vector are called

(b) :
Jen (X1 o)

Y=Y

-
-

X

Fig. 1.11 Graphic representation of joint (a) and conditional density functions (b).

independent random variables, if

fem(@/y) = fe(x) and  fye(y/z) = fy(y),

i.e. conditional densities are equal to the marginal ones. For independent random
variables the next equality is valid

fﬁn(xvy) = f&(x)fn(y)

Using the formulae (1.18) and (1.19), it is possible to get an analog of the Bayes
formula for continuous random variable

fegalaty) = L9 WI), (120

 Jeafay)de

This formula will be used further for a finding the estimations of parameters by the
Bayes criterion.

1.3.7 The distributive law of two random variables

Let there is a system of two continuous random variables (£,7) with the density
function fe,(z,y). The random variable ¢ is connected with £ and 1 by the func-
tional dependence

¢=w(&m)-
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T

34
Fig. 1.12 Geometrical illustration to a development of the distributive law of the function of two
random arguments.

Let us find the distributive law of (. We use geometrical interpretation for an
obtaining the distributive law of ¢

Fe(2) = Plw: ((w) <z} = Plw: p(¢(w)nw)) <z},

which is represented at Fig. 1.12. Let us to pass a plane @ in parallels to a plane
0y on distance z from it. Let us express as D an area on a plane z0y, which is
satisfied condition ¢(£,n) < z. Then

Fe(2) = Plw: (€,n) €D} = / fenl, y)drdy.
D(z)

As an example we shall find the distributive law of the sum of two random
variables ¢ = £47. On the plane 20y we pass a line given by the equation z = x+y.
This straight line divides a plane into two parts: more to the right and above
&+mn > z, more to the left and below £ + 1 < z — (Fig. 1.13). Domain D in our

Fig. 1.13 Domain of integration on the plane (z,y).

case is shaded the left and bottom part of a plane. Let us represent the distribution
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function F¢(z) as integral of density function fe,(z,y):

>0 22—

Fe(2) =// fen(@,y)dzdy = / /fgn(%y)dwdy
D(z) “o0 “
= 7 7If§n(337y)dy dx.

Differentiating this expression on z (upper limit of integration of inner integral), we
shall get an expression for the density function

fe(z) = / fen(z, 2z — z)dz, (1.21)
or, starting from a symmetry of the task,
fee = [ feal = v 0)dy. (122

If the random variables £ and 7 are independent, the distributive law of the sum of
these variables is represented by a composition of distributive laws:

fén(xvy) = f&(m)fn(y)a

and formulae (1.21), (1.22) can be written in the following form:

fe(z) = / Je(@)fo (= — 2)de,

fe(z) = / felz — ) fulw)dy.

Using denotation * (convolution), we get f¢(2) = fe * fy.

Example 1.13. Consider composition of the normal laws:

_ 2
e Nmeod), felw) = e~k ),

1 _ 2
exp (_ (y ";n) >
O'n\/ﬂ 2077

neN(my,o0), foly) =
and to find the distributive law of

=&+
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Let us apply the convolution formula for a composition:

o) = [ fe@ty(z -~ a)do
1 T (x—me)? (2 —x—my)?
- 2700y, / 5P <_ 20? B 202 : )dx.

Uncovering brackets in an exponent of an exponential curve, we get

o0
1 2
z) = exp(—agx” + 2a1x — ap)dzx,
00 = 5ras [ expl-aa® + 202~ a)
(=00)
2 2
agzlag—i-an alzﬂ zZ—my
2 oeoy 207 202 7
2
gy = e (2 ma)?
=— >
20¢ 203,
Using a standard integral
7 2
/ exp(—asx? 4 2a17 — ag)dx = /T exp (—w>,
ag ag
— 00
we obtain after transformations
1 z — (mg¢ +my))?
g(z):—exp(_[ 5 25 277] .
V2m,[of + ol (0f +03)
It is the normal law with the mathematical expectation m¢ = = m¢ +m,, and with

the variance Jg = Ug + O’%.

1.3.8 Ezxercises

(1) The random variable £ obeys the Cauchy distribution with the density function

1
felo) = STy
The variable 7 is interlinked with £ by the relation
n=1-¢.

To find a density function of the random variable 7.
(2) The random variable & obeys the uniform law with the density function on a
line segment (—7/2,7/2):

fo o 1/m, if || < 7/2,
€70, e > /2

To find a distributive law of n = cos¢&.
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(3) A random variable £ obeys the normal law

. 2
¢ € N(me,02), felz) = \/%Og exp {%}

and a random variable i has the uniform density function

1
_m

To find a density function of ( =7+ £.
(4) The random variable £ has the uniform law on a line segment

fa(y)

if a<y<p.

1/mif x € (—n/2,7/2),
felw) = {0, if o ¢ (—m/2,7/2).

To find a density function of n = sin&.
(5) The random variable £ obeys the Rayleigh law with the density function

2

x x .
fg(m)zﬁexp{—ﬁ} if x>0.

To find the density function of n = 5.

(6) At interpretation of the geophysical data frequently there is a necessity of the
definition of a distributive law of a random variable n provided that the random
variable { = Inn has the normal distribution with the parameters m¢ and ag.
To find the density function of a random variable 7.

(7) The system of the random variables (£,7) obeys the distributive law with the
density function fe,(x,y). To find a density function f¢(z) for the random vari-
able { = &n.

Instruction. We fix some value z, then on a plane 20y we build a curve
with an equation z = zy. It is a hyperbola. Distribution function is given by
the formula

Fe(z) = P((§;n) € D) = P(En < 2), fc(2) = Gi(2).

(8) The system of random variables (£,n) has a joint density function fe,(z,y). To
find the density function f¢(z) of their ratio { = n/¢.
(9) To find a distributive law ¢ = n/£ of two independent normally distributed
variables &, n with parameters m¢ = m,, = 0, o¢, oy).
(10) To find a distributive law of a random variable ¢ = £ + 7, if £ and 7 are
independent random variables, which obey the exponential law with density
functions

fe(@)=xe™ (2>0), foly) =pe ™ (y>0).
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1.4 The Numerical Characteristics of Probability Distributions

Let (€2, .A, P) a finite probabilistic space and £ = {(w) is a random variable with
the values belonging to a set X = {z1,...,2,}. f A;={w: E=2;} (i=1,...,n),
then £ is possible to represent as

- lwe Ai,
) =3l (4, 104 = {bosi
where Aq,..., A, is a dissection of the space (2, i.e. pairwise are not intercrossed,

and their sum is equal €.

1.4.1 Mathematical expectation

Mathematical expectation, or (expectation, expected value, mean of distribution) of
a random variable £ = Y | x;1(4;), is named a value

ME=> " x:P(A).
i=1
To take into account A; = {w: {(w) = z;} and Pg¢(z;) = P(A;), we can obtain
ME ="z Pe(). (1.23)
i=1

If the random variable £ € R! is continuous one, its mathematical expectation

is defined as

M¢ = /xfg(x)dx. (1.24)
“0
The mathematical expectation is a measure of location of a random variable &
and characterizes “center” of its distribution. The examples of the density functions
with various mathematical expectations is given in a Fig. 1.14.

1
£
05
0 ’//// “xi_;\‘ '.”‘4"“ x
-2 m, Q M, M2 4

Fig. 1.14 Normal density functions with various mathematical expectation. Mathematical ex-
pectation: m¢, = —0.5, mg, = 0.5, mg, = 1.5. Standard deviation: o¢, = 0¢, = g¢, = 0.5.

The mathematical expectation of a random variable has the following properties:

(1) if € > 0, then M¢ > 0;
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(2) M(a&+bn) =aM&+bMn, a and b are constants;

(3) if £ > n, then M& > Mu;

(4) [M¢| < MIE];

(5) if £ and 7 are 1ndependent variables, then M (£ -n) = M- M,
(6)

6) (M(£-n))* < ME&*- Mn? is the Cauchy-Bunyakovskii inequality.

Along with the entered above name of the mathematical expectation, the fol-
lowing names are used: (§), me.

For a function of the random variable ¢(§) the mathematical expectation is
defined as

= plw) o) (1.25)
(for a discrete case) and
Mpl§) = [ pla)fe(ois (1.26)

(for a continuous case).

1.4.2 Variance and correlation coefficients
The variance of a random variable £(w) is defined as
D¢ = M(€ — M¢)?. (1.27)

The value o = /D¢ is named the standard deviation or mean-square deviation.
The examples of uncorrelated Gaussian time series with various standard deviations
are given in Fig. 1.15.

1- 5
fg (I) - : (b)
0.5 I
Sy,
cr%_
: s :
-5 0 50 100

Fig. 1.15 Normal density functions (a) and uncorrelated time series, answering them, (b). Math-
ematical expectation: mg, = mg, = 0. Standard deviation: o¢, = 0.5, o, = 1.5.

The variance of a random variable has the following properties:

(1) DE = ME& — (ME)?;

(2) D(§) > 0;

(3) D(a1 + a2€) = a3D¢, a; and ay are constants. Da; = 0,
D(ag€) = a3 DE;



Basic concepts of the probability theory 25

(4) D(E+m) = M((§ — M&) + (n — Mn))?
= D&+ D+ 2M(§ — ME)(n — Mn).
Let us define cov(§,n) = Rey = M(§ — ME)(n — Mn). This quantity is named as a

covariance of random variables € and n (frequently for the covariance use a notation
Rep). As DE >0, Dn > 0, it is possible to introduce a normalized covariance

7‘(5777) = Mv

VDE/Dn
which is named a correlation coefficient of the random variables £ and 7. The
correlation coefficient varies inside an interval

(1.28)

-1 S T(§7’rl) S 1a

And the sign of an equality is reached under condition of, if £ and 7 are connected
by a linear dependence

n = a1€ + as.

If a7 > 0, then r(§,n7) = 1. If a1 < 0, then r(§,n) = —1. If £ and n are
independent, then

cov(§,m) = M(§ — M&) - M(n — Mn) = 0.
For independent ¢ and 7 the variance of the sum is equal to the sum of variances:
D(§ +n) = DS + Dn.

The samples of a normal bivariate distribution at various values of the correlation
coefficient are represented at Fig. 1.16. Taking into account the definition of a

5

-5 0 6 5 0 5

Fig. 1.16 Graphic representation of the samples from two-dimensional Gaussian distribution &
and . ME& = Mn = 0; r¢, = 0.75 (a); reyy = —0.75 (b); 7¢yy = 1 (¢); ¢y = 0 (d). Sample size is
equal 100.
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covariance, the mathematical expectation of the product of random variables £ and
7 is possible to write as

M(&-n) = Mg - Mn+ cov(€,n).

In the case of uncorrelated random variables is valid M(§ - n) =
= M¢- Mn. The variance of a linear function of random argument &; (i = 1,...,n)
becomes

D (Z aifi + CLQ) = Z afoz +2 Z CL@CLJ'COV(&', fj)
=1

i=1 i<j

If & and &; uncorrelated, then

D (Z a;& + ao) = Z a?D¢;.
i=1 i=1
If € and 7 are independent random variables, then

D(& ) = DE - Dy + M¢ - D+ Mn - DE.

1.4.3 Quantiles

The quantile of order p of one-dimensional distribution is such a value z, of the
random variable £, for which

P(§<$p):F€(xp):pu 0<p<l,

(Fig. 1.17).

2 A4 B O 2

Fig. 1.17 Distribution function and quantiles of the orders p and 1 — p. Normal distribution:
mg =0, 0¢ = 1.

A value 1y /; is named as a median of a distribution (Fig. 1.18). The geometrical
sense of the median is an abscissa of a point, in which area under the density curve
is bisected. Quartile xy /4, 172, ©3/4, decile To.1, To.2, - ., To.9 and percentile xo.01,
.02, - -, To.99 divide a domain of variation of z accordingly into 4, 10 and 100
intervals, the hits in which have the equal probabilities (Fig. 1.19).
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fe ()

0.5

0 L
-2 -1 0 Xz 1 X 2

1 1
fi(x) (a) f:(x) (b)
0.5 0.5
' . : X
0 ; ? ; 0 i
-2 -1 XuQ X2 1% 2 -2 -1 X1 %020 1%0s X092

Fig. 1.19 The density function and its characteristics: quartiles (a) and deciles (b). Normal
distribution: mg¢ = 0.5, o¢ = 0.5.

1.4.4 Characteristics of a density function

The characteristic of location of a distribution of a random variable £ in addition
to the mathematical expectation M¢ and the median x,/, is the mode of a con-
tinuous distribution, which is a point of a maximum of the density function. The
distributions having one, two and more modes, is named one-modal, two-modal
and multimodal (Fig. 1.20). In addition to the entered above variance D¢ and a

X ax x” Xp  Xm X Xy F Ng B

Fig. 1.20 The density functions with a various number of the modes.

standard deviation o¢, as the characteristics of a dispersion of a random variable £
are used the following quantities:

coefficient of variation o¢ /ME;

mean absolute deviation M| — ME|;
interquartile distance 3/, — x4 (Fig.1.21);
10 — 20 percent distance xg.9 — To.1-

For a discrete random variable is determined the range |Tmax — Tmin| of the
probability series Pe(z;) (Fig. 1.22).
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fe(x)

057

0
-2

Fig. 1.21 Density function and interquartile distance. The normal distribution: m¢ = 0.5, ¢ =
0.5.

F.(x;)
0.2+
! i
0 >
xmin xmax

Fig. 1.22 Probability distribution of a discrete random variable and the range.

The initial moment of the random variable £ of s range is called the mathematical
expectation of s power of the random variable:

as = ME®°.

The centered random wvariable is called the random variable £ — M. The Central
moment of a range s is called the mathematical expectation of s power for the
centered random variable

ps(§) = M(§ = ME)®,

at s = 2 we get a value of a variance D¢. There is a connection between the initial
and central moments

1 =0,
H2 = Q2 — mga
13 = az — 3meag + 2mg,

The third central moment u3 characterizes an asymmetry of a distribution. If the
distribution is symmetrical with respect to mg, all moments of the odd order are
equal to zero. Therefore as a measure of the asymmetry is taken the third moment.
A nondimensional asymmetry coefficient is introduced: v; = ps/03, Fig. 1.23. The
fourth central moment use as a characteristic of “steepness” or peakedness of the
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S YACY

¥, <0

Fig. 1.23 Density functions with different asymmetry coefficients.

f:(x)
72‘}0/“\\
11 Y2=0

geans __-—/ SoTTonn g

L

Fig. 1.24 A density function and excess.

density function. An excess of a random variable is introduced: o = (ug/0%) — 3
(Fig. 1.24). Let us note, that for the normal distribution the equality p4/c4 = 3
is valid. So the excess is a measure of a diversion from a normal distribution, for
which it is equal to zero. If the density curve is more peaked one, than in case of
the normal distribution, then vo > 0, if the density curve is more flat-topped one,
then s < 0.

1.4.5 Ezxercises

(1)

The random variable £ obeys the binomial distribution
P=m)=C'p"(1—-p)"™ ™, m=0,1,...,n.

To find an mathematical expectation and variance of a random variable n =
exp(ag).

The J-scope of a navigation system, which works on a geophysical vessel, is a
circle of radius a. Owing to noises the stain with center in any point of this circle
can appear. To find the mathematical expectation and variance of a distance
of the center of a stain from center of a circle.

The random variable ¢ has a density function fe(z) =
= 0.5 -sinz in an interval (0,7). Outside of this interval fo = 0 is valid.
To find the mathematical expectation of n = £2.

The random variable £ has the density function fg(z) = 2cos2z in an interval
(0,7/4). Outside of this interval fe(x) = 0 is valid. To find the mode and
median of &.

To prove, that the mathematical expectation of a continuous random variable
is enclosed between its least and greatest values.
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(6) The random variable £ has a density function

2™ exp(—z)/n!, x >0,

fﬁ(x):{o, z < 0.

To find the mathematical expectation and variance.

K ey . It is expedient to take the expression for the gamma-function
oo
I'(n) = /e*wd;v.

0

(7) To prove, that if the random variables  and £ are interlinked by a linear relation
n = a1€ + ap, their correlation coefficients are equal (£1) depending on a sign
aj.

(8) To prove, that for any random variables |r¢,| < 1 is valid.

(9) The random variable £ is in accord with the normal distribution with the math-
ematical expectation me = 0. The interval (o, §), not including the coordinate
origin is given. At what value of the standard deviation ¢ the probability of hit
of a random quantity ¢ into an interval (a, 3) will reach a maximum.

(10) The random variable ¢ is in accord with the normal distribution with the math-
ematical expectation m¢ and variance 0’?. It is required to exchange the normal
distribution by the uniform distribution in an interval (a, ) approximately.
The cell boundary « and 3 should be selected so that to remain a constant the
mathematical expectation and variance of random variable &.

1.5 Characteristic and Generating Functions

The characteristic function of a random variable £ is called the following function

g(t) = M (exp(itf)), (1.29)

where ¢ is the imaginary unit. If ¢ is a discrete random variable, its characteristic
function is written as

g(t) = exp(itzy,) Pe(zy). (1.30)
k=1
If £ is a continuous random variable with the density function f¢, its characteristic
function looks like

g(t) = /exp(itx)fg(x)dx. (1.31)

The expression (1.31) is possible to consider (accurate to a sign of an exponent
of an exponential curve) as the Fourier transform of a density function. Then the
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calculation of a density function fe¢(x) using the known characteristic function is

reduced to the inverse Fourier transform:
o

fela) = / exp(—itz)g(t)dt. (1.32)

— 00

Properties of the characteristic functions:

(1) If £ and n are interlinked by the relation n = af (a is a constant), then
gn(t) = ge(at),
gn(t) = M exp(itn) = M exp(ital) = M exp(i(at)f) = ge(at).
(2) The characteristic function of the sum of independent random variables is

equal to product of characteristic functions of addends. Let &1,&s,...,&, are

independent random variables with characteristic functions ge, (t), g¢, (¢), ...,
n

ge,, (t), then the characteristic function of their sum n = > & looks like
k=1

gn(t) = M(exp(itn)) = M (exp (nng)) =M lH exp(z‘t&)} = [ 9= 0.
k k k

(3) Let & and n are independent random variables with the distributions fe(x)
and f,(y) accordingly. Let us discover a density function of a random variable
¢ =& +n. In subsection 1.3.7 is shown, that density function f¢(z) is a result
of the convolution of the density functions f¢(z) and f,(y), that answers a
product of the appropriate characteristic functions, i. e.

9¢(t) = ge(t) - gn (1)
The density function f¢(z) can be obtained, by taking the inverse Fourier
transform of the function g¢(t)

o0

fe(z) = / gc () exp(—itz)dt,

— 00

being product of characteristic functions g¢(t) and g, (¢).

1.5.1 Moment generating function

The set of the moments {a} characterizes the distribution of a random variable. It
is expedient to enter a function, which would depend on all moments and would
give a simple technique of a finding of the moment of any order.

The generating function of the initial moments of the random variable ¢ is called
the function

| exp(at) fe(x)dx, continuous r.v.,
ag(t) = M(exp(§t)) = § 7

> exp(xrt)Pe(xr), discrete r.v.

k=1
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After decomposition an exponential curve in a series, we shall obtain

t)2 )3
ag(t)=M 1+§t+%+%+...
2 t3
:1+(11t+042§+013§+... (133)

So, the initial moment about s is a coeflicient at ¢*/s! in expression (1.33). The
second technique of a finding of the initial moment about s using a generating
function of the moments is reduced to the differentiation a¢(t) on t s times:

0 Oéf(t) _ / x5 exp(l‘t)f&(x)dx’
ots
from which
o= D201 [ gy (134
t=0 —o0

The generating function of the central moments of random variable ¢ is similarly
defined:

pe(t) = M [exp{(§ —me)t}].

After decomposition an exponential curve in a series, we shall obtain
2

t
,ug(t):M[1+(§—m§)t+(§—m§)2§+...
2 3
:1+/,L25+,U3§—|—...

The central moment pg is the coefficient at t°/s!.

1.5.2 Probability generator

Probability generator is called the function

| t* fe(x)dz, continuous r.v.,

Ge(t) = M(t*) = ¢
Stk Pe(zy), discrete r.v.,
k=1

where G¢(1) = 1 by the normality condition. It is easy to establish a connection
of the probability generator with the moments. Having designated 0G /9t through
G’, we shall obtain

a1 = Gé(l)7 g = Gé’(l) + Gé(l)7
a3 = Gg’(l) + 3G’§’(1) + G’g(l) cl
and for the variance

2 = DE = GL(1) + Ge(1) - [GL(L.
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1.5.3 Semi-invariants or cumulants

If for one-dimensional distribution the moments of s-th order exist, then semi-

invariants (cumulants) exist also, which are defined as coefficients 1, s, . . ., 3¢5 of
expansion of the logarithm of the moment generating function in Taylor series
2 3
In g (t) = st + < + 35 +...

It follows that

85
= {% In ozg(t)] )

t=0
where sy = mg, 200 = DE, 303 = 3z, 304 = g — 3u§ and so on.

1.5.4 FEzxzercises

(1) To find the characteristic function g¢(t) of the random variable § with a prob-
ability density

1
fe(z) = 567@'
(2) The random variable £ has the characteristic function
1
1) = ——.
9¢(t) = 5 P

To find the density function of the random variable.
(3) The random variable £ has the normal density function

1 (x —mg)?
- o )

To find its characteristic function.

(4) Using the characteristic function to find a composition of two normal distribu-
tions £ € N(0,0¢), n € N(0,0y). To find g¢(t) for ( =&+ n.

(5) The discrete random variable & satisfies to the Poisson’s distribution.

P¢=m)= %e*“.

To find

(1) the characteristic function;
(2) M¢ and D¢, with the use of g(z).

(6) To find the characteristic function and the initial moments of a random variable
with the density function

[ exp(—=z) for x > 0,
fﬁ(m)_{o for z < 0.

(7) To find the characteristic function and complete set of the initial moments of the
random variable which satisfies the uniform distribution at the interval (a, b).
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(8) The random variable £ has the density function
fe(@) = 2h5e™™ " (2> 0).

To find its characteristic function.
(9) To find the characteristic function of the random variable with the density

function

M@=;$%f§(m<w-

(10) The random variable ¢ satisfies to the Cauchy distribution

fe(z) =

To find its characteristic function.

a 1
7w (z—c)2+ a2’

1.6 The Limit Theorems

The analysis of mass phenomena, which are randomicity ones, shows, that the
stability of the central tendency is observed, i.e. at major number of chance phe-
nomena their central tendency ceases to be random and can be predicted with a
major degree of the definiteness.

This fact determines the physical content of the law of averages. The opportu-
nities of predictions in the field of mass casual appearances are expanded, if it is
possible to find the limiting laws. It allows to make by the group of the theorems
integrated under a title central limit theorems.

1.6.1 Convergence in probability

The random variable &, converges in probability to a quantity a, if at magnification
n the probability that &, and a will be arbitrary close, unrestrictedly close to 1. It
means, that at sufficiently great n

P(|én —af <) > 14,

where € and § are arbitrary small values.

1.6.2 Chebyshev inequality

Let there is a random variable £ with the mathematical expectation m¢ and variance
D¢. For arbitrary a > 0 the follow inequalities are true

D¢

P(l§ —=me| 2 a) < o2 (1.35)
(in the case of a discrete random variable &) and
D¢
P(le —me| > a) < ¢ (1.36)

«



Basic concepts of the probability theory 35

(in the case of a continuous random variable £). Let us prove an inequality (1.36)
for the case of a continuous random variable

P(€ — me| > a) = / fe()d,

|§—m§|>a
De = / (2 — me)? fe()da = / & — me [ e (2)da

> / |z — meg|* fe(z)dz.
[z—me|>a

Exchanging |z — m¢| under the integral on a:

DE > a? / fe(@)de = o P(I§ — me| > a),
|lz—me|>a

we obtain the inequality (1.36).

1.6.3 The law of averages (Chebyshev’s theorem)

At sufficiently large number of independent trials the arithmetic average of observed
random variables converges in probability to its mathematical expectation.

Let & is a random variable with the mathematical expectation m¢ and variance
DE. Let us consider n of such independent random variables &1, ..., &, as a model
of the experiment with n independent trials of an initial random variable. Let us
write the arithmetic average n of these random variables

i &
=

n
The mathematical expectation m, and variance D7 look like

I 1
my = Mn = EZM&: Enmg = mg,
i=1

1 « D¢
Dy=—> D&=—
=1

Let us note the Chebyshev’s theorem in the following form
1 n

P|s > & —me
i=1

Proof. Let us consider the random variable 1 together with the Chebyshev in-
equality (1.35), by setting « = €, we shall obtain

Dn — D
P(|n_mn|25)§€_2:n_€2'

" .

< s) >1-4. (1.37)
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Whatever small € may be, it is possible to take n by such great, that the inequality
is fulfilled

n

where § is any small quantity. Then
1
o2& me

P(
ni:l

>€> < 0,

or passing to complement event, we shall obtain

P( <s>>1—5,
n

1
~D & me
which was to be proved. O

=1

1.6.4 Generalised Chebyshev’s theorem

If &,&9,...,&, are independent random variables with the mathematical expecta-
tions

Mgy, Meyy ooy, Mg,
and the variances

D§1aD§25'-~7D§nv
and if all variances are restricted by the same quantity C'

D& <C (i=1,2,...,n),

That at increase of n the arithmetic average of the observed variables £1,&s, ..., &,
converges in probability to the arithmetic average of their mathematical expecta-

P( <5>>1—5.

The proof is similar to the proof of the Chebyshev’s theorem for one random vari-
able.

tions

1 & 1 &
S IR I

i=1

1.6.5 Markov’s theorem

n

If &1,&,. .., &, are independent random variables, and if D(" &)/n? — 0 under
i=1

n — 00, the arithmetic average of observed random variables €1, &, . . . , &, converges

in probability to the arithmetic average of their mathematical expectations.
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Proof. Let us consider the random variable n having the variance Dn:
> & D|¢l

2
n=—=——, Dn= 5
n n

Consider the random variable 1 together with the Chebyshev inequality

Dn

P(|77_m17|25)§6—2-

As Dn — 0 under n — oo, for sufficiently great n, then
P(ln—my| =€) <4,

or passing to complement event, we shall obtain

1 n 1 n
E;gz - ﬁ;mgi

P(|n—mn|<s):P< <£>>1—5.
]

1.6.6 Bernoulli theorem

Let n of independent trials are carry out. The probability of realization of the event
A in the each trial is equal p. The Bernoulli theorem states, that at unbounded
increasing of number of the trials n the frequency of occurrence p the events A
converges in probability to the probability of its realization p,

P(p-pl<e)>1-4,

where € and J are arbitrary small positive numbers.

1.6.7 Poisson theorem

Let n of independent trials are carry out. The probability of occurrence of the
event A in i trial is equal p;. Under increasing of n the frequency of occurrence of
A converges in probability to the arithmetic average of probabilities p;:

U R
P(p—EZpi <5>>1—6.

i=1
The Poisson theorem is important for the practical application of the probability
theory, as it takes into account various experimental conditions.

1.6.8 The central limit theorem

If &1,&, ..., &, are independent random variables having the same distribution law

with the mathematical expectation m¢ and the variance ag, then at unrestricted
n

increase of n the distribution law of the sum 7, = > & comes arbitrary close to
i=1

the normal distribution.
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Proof. According to the property of the characteristic function

gn(t) = lge(@)]".
The first three terms of expansion of g¢(t) in a Maclaurin’s series in a vicinity of
t =0 read as

9¢(t) = g (0) + ge(0)t + [9¢ (0)/2 + a(B)]t?,

where a(t) — 0 under ¢ — 0, g¢(0) = 1, g¢(0) = img, let mg = 0, then g;(0) = 0,
9¢(0) = —o?. To rewrite the expression of ge¢(t) with the use of the formulae of
9¢(0), g¢(0) and g¢(0):

2

Let us introduce a normalized random variable ¢, = n,/(cv/n). Let us show,
that the characteristic function n,, under increasing of n tends to the characteristic
function of the normal law

w55 i)

or, using expansion of ge(t), we obtain

oo 5o ()

After taking the logarithm of g, (¢) and introducing a notation
2 t tQ
6=1% —a(—= )| 5
2 oyn)|ao’n

Ing¢(t) = nin(l - B).
At increasing of n 3 will tend to zero, then it is possible to be restricted to the first
term of the expansion

ge(t) =1~ [0—2 - a(t)] t2.

we can obtain

In(1 — B)~ — .

Passing to a limit

lim Ing¢(t) = lim n(—@) = lim{—g +a(L) ﬁ},

n— 00 n—oo O'\/ﬁ

n—oo n—oo

t 2
lim Oz(m) =0, and lim Ing:(t) = Tt,

we obtain

n—oo

—¢2
lim g¢(t) = exp (T) ,

but this expression is the characteristic function of the normal law with parameters
me = O, ¢ = 1. U
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1.6.9 Ezxercises

(1)

(2)

1.7

Using the Chebyshev inequality to find the upper estimate of the probability
that the random quantity &, having an ensemble average m¢ and variance ag,
will deviate from m¢ on value less than 3o¢.

The large number n of independent trials is yielded, in each of trial we have
the realization of the random variable £, which has a uniform distribution at

an interval (1, 2). We shall consider the arithmetic average n = > & /n of
i=1

observed quantities of a random variable £&. On the basis of the law cif averages
to find out, to what number a the value i will converge in probability under
n — oo. To estimate a maximum (practically possible) error of the equality
N a.

The sequence n of random variables &1, &, ..., &,, which have a uniform dis-
tribution in intervals (0,1), (0,2), ..., (0,n) is considered. What will happen

n
to their arithmetic average n = >~ &;/n under increasing of n?
i=1

The random variables &1, &, ..., &, are distributed uniformly on the intervals
(—1,1), (-2,2), ..., (—n,n). Whether will be arithmetic averagen = > & /n
i=1

of random variables &1, &s, ..., &, to converge in probability to zero under in-
creasing of n?

At the spaceship the geiger for the definition of a number of hitting of the
cosmic particles with the spaceship for some interval of time T is installed.
The stream of cosmic particles is the Poisson flow (exponential arrivals) with
the intensity A, each particle is registered by the geiger with probability p. The
geiger is switched on for the random time 7" which value is distributed under
the exponential law with parameter p. A random quantity £ is a number of
the registered particles. To find a distribution law of a random variable &.

Discrete Distribution Functions

The distribution law (distribution series) of discrete random variable is called a
set of its possible values and the probabilities, which correspond to them. The
distribution law of a discrete random variable can be given as the table (Table 1.1)
where > p; = 1, or in analytic form

K2

P(§ = i) = p(x4).

The distribution law can be represented by graph (Fig. 1.25).
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Table 1.1 Representation of
the distribution law of a dis-
crete random variable.

I3 r1 | T2 Tn
Plpi |p2| .. | pn |
pi
0.2 Pn
P
Qi T T f x,
0 X X, x, "

Fig. 1.25 Graphic presentation of the probability distribution of the discrete random variable.

1.7.1 Binomial distribution

The random variable £ has the binomial distribution, if its possible quantities 0, 1,
.., m,..., n correspond to the quantities of probability

Pp =P =m)=Cp"q"™™", (1.38)
where 0 <p<1l,g=1—p, m=0,1,...,n (Fig. 1.26). The binomial distribution

Pr
0.2

HQTT T?@wn %
0 5

=3

10 15

Fig. 1.26 Binomial distribution (p = 0.4, n = 15).

depends on two parameters n and p.

Mathematical expectation M& = np.

Variance D = np(1 — p).

Asymmetry coefficient vy = (1 — 2p)/[np(1 — p)]*/2.
Excess y2 = [1 — 6p(1 — p)]/[np(1 — p)].

The binomial distribution gives the probability of m successful trials at total number
of trials n, when the probability of a success in one trial is equal p.

Example 1.14. Probability to register a stream of ultrarays in a given energy
range (event A) using one satellite observation is equal p. To find a number of
observations such, that the probability of the occurrence even one event A is equal
«. So, it is necessary to find n, for which

P(521)2a7
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1-PE=0)>a, PE=0)<1-a
Using formula (1.38) under m = 0, we obtain
1-p"<l-a
whence

n>In(l1—«)/In(1 — p).

1.7.2 Poisson distribution

The discrete random variable £ has the Poisson distribution, if the probability of

E=m (m=0,1,...,m,...) can be given by the formula
Pm = P(E=m) = %e—“, m=0,1,2,..., (1.39)

where a > 0 (Fig. 1.27).

0.2

pM

TT 1L _.T_T_? RPN

0 5 10 15

0.1

Fig. 1.27 Poisson distribution (a = 5).

The Poisson distribution depends on one parameter a.

Mathematical expectation M¢ = a.
Variance D¢ = a.
Asymmetry coefficient v; = 1/+1/a.
Excess v2 = 1/a.

The Poisson distribution gives the probability of observation of m events in a given
time interval, on condition that the events are independent. This distribution is
an extreme case for a binomial distribution at p — 0, n — oo, if np = a = const.
The Poisson distribution can use approximately in cases, when the major number of
independent trials are carried out and the stated event happens to small probability.
The Poisson distribution is used for the description of the flow of events. The flow of
events is called a sequence of homogeneous events occurring one behind another in
random time. The average of events A per unit time, is called a rate of occurrence.
The value A can be both stationary value, and variable.

The flow of events is called the flow without a consequence, if the probability of
hit of this or that number of events on any time interval does not depend on that,
how many events have hitted on any other interval, not traversed with it.
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The flow of events is called ordinary, if the probability of the occurrence on a
elementary interval At of two or more events is a negligible quantity in comparison
with the probability of occurrence of one event.

The ordinary flow of events without consequences is called the Poisson flow. If
the events produce the Poisson flow, then the number £ of events hitting on any
time slice (to,to + 7) has the Poisson distribution

am

Pm = —'e*“ (m=0,1,2,...),
m!
where a is the mathematical expectation of a number of hitting into time slice:
to+T1
o= / ()t
to

If A = const, the Poisson flow is called a stationary flow, in this case of a number
of events hitting on a time slice 7, has the Poisson distribution with the parameter
a=\T.

The Poisson flow can be used for the description of an arrival time of seismic
waves on a seismogram. It is possible to show, that the number of wave events
for great number practically of interesting cases is well described by the Poisson
distribution.

Example 1.15. At a seismogram there is a reflected wave train produced by a
layered unit, which is a stationary Poisson flow with the intensity A is filed. To find
the probability that during 7 there are following events:

(1) A (nothing arrivals);
(2) B (no less than three arrivals);
(3) C (three arrivals).

Mathematical expectation of number of waves is a = A7, then
P(A)=Py=¢, P(C) = ((Ar)*/3)e ™,
P(B)=1—(Po+ P+ P)=1—e [l - Ar —0.5(\7)2].

1.7.3 Geometrical distribution

The random variable £ has the geometrical distribution, if its possible quantities
are equal 0, 1, 2, ..., m, ..., and the probabilities of these quantities are given by
the formula

pPm=q""'p (m=0,12,...), (1.40)
where 0 < p < 1, ¢ =1 — p (Fig. 1.28). The geometrical distribution gives prob-
ability to get m unsuccessful trials before the first successful trial provided that
probability of success in one trial is equal p. The probability p,, for a series of se-
quential quantities m forms an indefinitely decreasing geometrical progression with
a denominator gq.
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0.50 Pn ' |

Fig. 1.28 Geometrical distribution (p = 0.5).

Mathematical expectation M¢ = 1/p.
Variance D¢ = (1 — p)/p?.

Asymmetry coefficient y; = (2 — p)/(1 — p)/2.
Excess 72 = (p?> — 6p+6)/(1 — p).

Example 1.16. During a transmission of an information with the use of the ra-
diochannel there are the noises, which make difficulties for decoding the informa-
tion. With the probability p the information fails to be decoded. The information
is transmitted so long as it will not be decoded. The duration of transmission of
the information is equal 2 minutes. To find the mathematical expectation of time,
which need for the transmission of the information.

Random variable £ is a number of “attempts” of the information transmission,
which has a geometrical distribution with T = 2¢ of minutes. The distribution T
can be written as follows:

24 6 ... 2m ...,

m—1

gpgpiq... p" g ...
Since m¢ = 1/p, then M[T] = 2/p.

1.7.4 Ezxercises

(1) At seismic stations A and B the seismograms are registered. Let z; is the
event consisting in a signal extraction with the probability p; at a given time
interval on a seismogram A, and xo is the event of a signal extraction with the
probability ps at the station B. It is required to find a probability distribution
of a random variable z = x1 + x2, i.e. probability of a signal extraction or at
the station A, or at the station B.

(2) A subunit of a seismic station operates trouble-free during a random time T,
the subunit renews after a failure. A flow of failures is a stationary one with
the intensity p. To find the probability of events A = {in time 7 a subunit it is
not necessary to renews }, B = {the device should be renewed three times }.

(3) The block of a seismic station consists of three subblocks. The first subblock
consist of nielements, the second one consists of ny elements, the third one
consist of ng elements. The first subblock is unconditionally necessary for the
operation, second and third duplicate each other. The failure flow is a stationary
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one; for the elements which are included in the first subblock, the intensity of
the failure flow is equal A1, in the second or third subblocks the intensity of the
failure flow is equal Ao. The first subblock fails, if not less than two elements
fail. The second (third) subblock fails if even of one element fails. The block of
the seismic station fails if the first subblock or second and third subblocks fail
together. To find the probability that during a time 7 the block of the seismic
station will leave out of the operation.

The artificial satellite revolving during n of day, may collide randomly with
meteorites. The meteorites are traversing an orbit and colliding with the satel-
lite, form a stationary Poisson flow with intensity s (meteorites per day). The
meteorite which has hitted the satellite, punches its envelope with the proba-
bility pp. The meteorite, which has punched an envelope, puts out of the action
the devices of the satellite with probability p;. To find the probability of the
following events:

(A) — {the envelop is punched during flight time};

(B) — {the devices put out of action during flight time};

(C) — {the envelop is punched but the devices do not put out of the action
during the flight time}.

The hunters are drawn up in a chain by a random fashion so, that they form
on an axis 0z a stationary flow of points with the intensity A (A is a number
of the hunters on unity of length). The wolf runs perpendicularly to the chain.
Any hunter shoots at the wolf only in the event that the wolf is distant from it
no greater than Ry, and then to hit the mark with the probability p. To find
the probability that the wolf will cross the chain, if it does not know, where the
hunters are located and if the chain has a sufficient length.

The random events £ and #n are considered which possess the values (0, 1) (pres-
ence and absence of a signal on two recording areas of a seismogram) with a
probability distribution accordingly

1 1
qe¢ | D¢ dn|Pn

To draw the probability distributions:

(1) for the sum ¢ =& +n;

(2) for the difference ¢ =& — n;

(3) for the product ¢ =& - n.

In a memory cell of a computer n-bit binary number is recorded. Each bit

position of this number, irrespective of the rest of bit positions, has the value

of 0 or 1 with the equal probability. A random variable £ is a number of bit

positions, which is equal “1”. To find the probabilities of the events {§ = m},

{¢=m}, {&<m}.

On a communication bus k& messages are transmitted, which containing ny, ns,
.., ng digits (“0” or “1”). The digits with probability 0.5 are equal to the
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values 0 or 1 independent from each other. FEach digit is distorted with the
probability p. At coding the messages the error-correcting code in one or two
digits is applied. This code operates practically with a complete reliability. The
presence of an error even in one digit (after correction) leads to the erroneous
message. To find probability that even one of k£ messages will be erroneous.

1.8 Continuous Distributions

If the distribution function F¢(x) of random variable £ for arbitrary x is continuous
and has derivative Fy¢(x), the random variable ¢ is called as continuous.

The probability of each value of a continuous random variable is equal to zero.
Probability of the hit £ in an interval («, 3) is equal to

Pla<§<f) =Fe(f) - Fe(o).

The quantity fe(z)dx in the case of continuous random variable is called an ele-
mentary probability (f¢(z) = F{(z) is the density function).

1.8.1 Univariate normal distribution

The random variable £ has the normal distribution, if its density function reads as

fe(z) = N(mg, 0?) = #exp —M (1.41)
3 £, 0¢ \/%0'5 205 )

where my¢ is the mathematical expectation U? is the variance of the random variable
&. The distribution function of the normal distribution looks as

Feta) = o 127,

g¢

where

CD(Z):\/%—W /Zexp{—%yg}dy (1.42)

is the Laplace function (Fig. 1.29), which has the next properties:

(1) ®(—00) = 0;
(2) (=) =1 - ®(x);
(3) ®(c0) =1.

The asymmetry coeflicient and excess of the normal distribution are accordingly
equal 3 = 0 and 2 = 0, and the characteristic function is given by the expression

1
g(t) = exp {itmg - §t20§} .
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O(x) (@)
0.5
x
0
-2 0 2

Fig. 1.29 The Laplace function and the normal density function. The Laplace function (a):
m = 0, 0 = 0.5; The normal density function (b): m1 = ma2 = mg = 0; o1 = 0.5, (1); o2 = 1.0, (2);
o3 = 1.5, (3); The normal density function (¢): m1 = —1; me = 0.5; m3 =2; 01 =02 =03 = 1.

The moments of the normal distribution are written as follows:

(28)' 2s
95517

The density function of the normal or Gaussian distribution N (m,c?) is the most

Mos = H2s41 =0 (s>1).

important theoretical distribution in the mathematical statistics. The normal dis-
tribution arises, when the variable £ is formed as a result of a sum of a great number
of independent (or weakly dependent) random addends, which have a comparable
contribution to the sum.

The probability of the hit into a symmetric interval (—I,!) around me is equal

P(I€ —me| < 1) = 2<1><i) —1.

g¢

Probabilities of the hit into the intervals

P(—1.64 < £ < 1.64) = 0.90,
O¢

P(-1.96 < =™ < 1.96) — 0.95,
O¢

P(=2.58 < £ < 9.58) = 0.99
O¢

are used most frequently. Function N(0,1) is called the standard normal density
function, and

O(z) = \/%j exp{—%tQ}dt

is called the standard normal distribution function. The functions N (0, 1) and ®(x)
are tabulated.

If the random variables &1, &o, ..., &, are independent and have the normal dis-
tribution, their linear combinations have the following properties.

(1) An arbitrary linear combination of the random variables &; has a normal distri-
bution. Let us assume, that the mathematical expectations and the variances of
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random variables &1, £» are denoted accordingly as m1, mo and U%, U%, then a1&;
and a2&> are independent normal variables with the characteristic functions

. 1
Ya1&1 (t) = eXp(Ztalml - 5#&%0’%)

. 1
Yazés (t) = eXp(ZtQQmQ — 2t2a202)
The characteristic function n = a1£; + a2€s is equal

1
In(t) = Gar¢, - Gane, = explit(army + agma) — 5752(0101 + a303)],

i.e. n has the normal distribution with the mathematical expectation m, =

2 2

aimi + azgme and the variance o; = a?o? + a302. Tt is possible to show, that

n
n = > a;& have the normal distribution with the mathematical expectation
h n
my = Y a;m; and variance o) = Y ajo;.
i=1 i=1
(2) The sample mean

n

_ 1
SZEiZ&

=1

and sample variance

i=1
are independent random variables, if £; have an equal normal distributions (with
equal m¢ and o¢). This is a property of the normal distribution only.

1.8.2 Multivariate normal distribution

System of random variables &1, &a, . . ., &, or n-dimensional vector € = (£1,&2,...,&,)
has the normal distribution, if its density function f¢ (x) reads as

fe (@) = @m) "2 De| 2 exp { ~(1/2)(x = me) "D Mz~ me) }
where the mathematical expectation ME = m¢ and covariance matrix with the
elements [D¢l;; = M[(& — me;) (& — me;)] determine the distribution completely.
The characteristic function is written as follows:
ge (t) = exp {it Tme — (1/2)t "Det }.
In case of a two-component random vector the density function looks like
1 { 1 [(331 —mq)?
x1,T2) = expq —
f§1£2( 1 2) 271’01(72@ p 2(1 _ T2) 2
_ _ _ 2
_gplmmm)(@e mma) | (@2~ ma) |} (1.43)

0102 0y
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_ M[(& —m1)(2 —mo)]
) 0109 )

U% rc102

D =

rc102 U%
where 7 is the correlation coefficient of the random variables £; and & (Fig. 1.30).
To find the marginal density function f¢, (x1):

fsl(xl)Z/fglgz(ml,wz)dxg.

2
(a) X (b)
1
0.2
0
ol ‘\\Q\\&\‘-_ B o
= 717 ;‘ \\\\\‘\‘::_‘__._.‘ 1
2 x, -.:.;/;;Ill XN \ N % 2
0 0 X,
-2
-2 -2 -2 -1 0 1 2

Fig. 1.30 Two-dimensional normal density function for the random variables &1 and £2: mp =
mo =0; 01 =02 =1; r =0.75: (a) is a three-dimensional representation; (b) is a representation
at the (z1,z2) plane.

To perform an interaction of the density function (1.43), we obtain

o 1 (ml—ml)Q
e L =

i.e. the variable £; has the normal distribution with the mathematical expectation
my and the variance o%. It is similarly possible to show, that
1 (ZIJQ — m2)2 }
Tg)= ——expy —————— 5.
feslan) = — = exp{ -2 2
To find conditional density function

feryen (2/21) = %ﬁll)@)

) \/%U;/m eXp{2(1__1T2) |:(l‘2 ;2m2) _ ;1m1)] }

_ \/ﬂ@h eXp{ 2 —_i2)a§ |:(l‘2 —ma) — ri—j(xl - ml)] 2}

and, accordingly,

1
f§1/€2 (z1/22) = W

! By [(361 —ma) =2 (g —mz):|2}.

><eXp{_2(1—r 2 o2
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After an analysis of f¢, /¢, (x2/21) we can conclude, that this is a normal distribution
with the mathematical expectation
mgz/gl =Mmo + 7"(0'2/0'1)({1?1 — ml)

and the standard deviation

0'52/51 =02V 1-— 7’2,

Thus myg, /¢, is called the conditional mathematical expectation, and 022 J¢, is called
the conditional variance. The dependence my, /¢, is possible to represent on a plane
as a line, which is called the line of a regression £ on & (Fig. 1.31). In the case

A (a) 4 (b)

m
%
M, rey e

fg,rﬂ(xnxz) (c) t X, c, (d
i ll'll M, ==== ’V’
I %
m /[ _.’ | Xa .. \0. E 8
* — l ;n xr

Fig. 1.31 Two-dimensional normal distribution: (a) and (b) are conditional mathematical expec-
tations & and &2 accordingly; (c) is a representation of the density function; (d) is a contour of
the density function at a plane (z1, z2).

of independent random variables &1 and & the lines of a regression are parallel
to the coordinate axises. The section of a surface of a bivariate density function
fer &, (@1, 22) by the plane, which is parallel to the axis of values fe, ¢, (21, z2), gives
curve, similar Gaussian curve. The section of the density function by plane, which
is parallel to the plane z;0x5, gives an ellipse

@ =m)® (@ —m)ae—ma) | (oz = ma)f
o 0102 03

The center of the ellipse is in a point with coordinates (my,mz). A direction of
symmetry axes make with an axis Ox; a corner a:

2ro109

tan 20é = 5 -
g7 — 0.
1 2
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Such ellipse are called the equiprobability ellipse or the ellipse of dispersion (see Fig.
1.31(d)).

Yielding transfer of an origin of coordinates to a point (m1,msg) and rotational
displacement with a corner a, we get a canonical form of an ellipse.

The set of variables, when each of them is a linear function of variables with the
normal distribution, also has the multivariate normal distribution.

Example 1.17. The random point (£1,&2) has the normal distribution on a plane

with parameters m; = 1, mgo = =2, 01 = 1, 07 = 4, r = 0. To find a probability
that the random point will hit inside of the area D, which restricted by the ellipse
zo +2)?
—1)? (w2 +2)7 =1
R T?

To write the density function as

ferex(1,2) = : ‘3XP{—l {(ml _21)2 + (@ 421)2} }

2mo109 2 ok) lop

The ellipse of dispersion Dy, is determined by the formula

(21 — 1) L+ (z2 +1)?

2 2
01 03

= k%

Let us make a change of variables (z1 — 1)/01 = w1, (z2 + 1)/02 = us and we
transform an ellipse Dy, to a circle ¢ of the radius k. Then the probability of the
hit can be written as follows:

P((&1,6) € Dy) = //exp{ ( : )}duldug.

Let us transfer to the polar frame
uy = pcosh, ug = psind.

The Jacobian of this transformation is equal p. After the integration, we obtain

T k
2
P((£1,&2) € D) = %//pexp{—%}dpdﬁ
k e "
Z/peXp{—g}dpzl—exp{—g},
0

and for the case k = 1 we have

P((&1,6) €Dy) =1 —exp {—%} ~ 0.393.
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fe ()

(b-a)”

A J

a b
Fig. 1.32 Uniform density function.

1.8.3 Uniform distribution

The random variable ¢ has the uniform distribution on the interval from a to b, if
its density function

fe(z) = { b _ch)_ ’ ii ; EZ z; (1.44)

on this interval is constant (Fig. 1.32).

Mathematical expectation: M¢ = (a + b)/2.
Variance: D¢ = (b — a)?/12.

Asymmetry coefficient: v, = 0.

Excess 7o = —1.2.

The typical requirements of origin of the uniform distribution consist in the fol-
lowing: the point M is tossed randomly on an axis Oz, which is divided on equal
intervals of length [. The lengths of random segments &; and &2, on which the point
M divides an interval (on which it has hitted), has the uniform distribution on the
interval (0,1).

1.8.4 xZ-distribution

n
The random variable n = > &2, which is a sum of random variables having the
i=1

standard normal distribution & € N(0,1), have the x?-distribution with n degrees
of freedom (Fig. 1.33):

(2/2)") L exp(~x/2) | /(2D (n/2)), >0,

0, x < 0.

fo(z) = (1.45)

The density function f;(«) depends on one parameter n, which is called the number
of degrees of freedom.

e Mathematical expectation: M& = n.
e Variance: D¢ = 2n.
e Asymmetry coefficient: v1 = 24/2/n.
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Fig. 1.33 x2-distribution: I —n=1;2—n=2;8—n=3; 4 —n =6.

e Excess 72 = 12/n.
The characteristic function of y2-distribution reads as
g(t) = (1 —2it)™"/2.

At the limit of n — oo the x2—distribution tends to a normal distribution, and at
n > 30 with an enough good accuracy it is possible to consider this distribution as
the normal one. The x2-distribution has found wide application in problems of a
test of hypothesis.

If &,&,...,&, is a sample belongs to the normal distribution N(m,o?) with
the sample expectation

and the sample variance

then the random variable
(n - 1 1 &
’]7 = = — Z E XTL 1
O. :
has the y2-distribution with n — 1 degrees of freedom.

1.8.5 Student’s distribution (t-distribution)

If &,&, ..., &, are the random variables and each of them has the normal distribu-
tion N(m,o?), then the random variable
g= Yole—me), (1.46)
s
where
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are the sample expectation and sample variance accordingly, have the Student’s
distribution with n — 1 degrees of freedom. The density function for the Student’s
distribution is given by the formula (Fig. 1.34):

n 2\ —(n+1)/2
0.4
S (x) 2
0.2 1
ok I all
5 0 5

Fig. 1.34 Student’s distribution: 1 — n =1; 2— n = 10.

Mathematical expectation: Mn = 0.
Variance: Dn=n/(n—2), n > 2.
Asymmetry coefficient: ~v; = 0.
Excess: 72 =6/(n—4), n > 4.

At the numerator of n (from (1.46)) is placed the random variable

m = \/7_1(5— me),

which has the normal distribution N(0,02). A random variable 79, which is the
sample variance, is placed at the denominator of (1.46) and, as mentioned above,
7 is independent from random variable 7. The random variable (n — 1)s?/a? has
the x2-distribution with (n — 1) degrees of freedom.

The Student’s distribution is symmetric relatively of ¢ = 0. If n = 1 then
the Student’s distribution transforms to the Cauchy distribution and at n — oo it
tends to the standard normal distribution N (0, 1). Using the Student’s distribution
function is possible to draw the confidence interval for the mathematical expectation
me.

1.8.6 Fisher distribution and Z-distribution

Let us &1,&2,...,&,, and n1,7m2,. .., M, are the random variables which belong to
normal distribution & € N(mq,0?) and n; € N(ma,03) accordingly. Their sample
variances
1 & 1 &
2 F\2 2 12
= o d = .
d = ;(& O and sf= ;(m )
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are independent and the random values n1s2 /07 and nys3/o3 have the distributions

2 , and X%Q accordingly. It is said, that random variable
(=4 (1.48)
G '
has the Fisher distribution or F-distribution (or distribution of ratio of variances)

with (n1,ng) degrees of freedom (Fig. 1.35):

fe(F) = n?Z/zngl/gF(—m;n‘Q) F(m/2)-1
INCINE (n1 + ngF)(mtn2)/27

where degrees of freedom n; and ng are the parameters of distribution.

1
Je(¥)

0.5

0 —
0 2 4 6

Fig. 1.35 Fisher distribution (n1 = 5, na = 50).

e Mathematical expectation: M{ = ng/ng — 2, ng > 2.

e Variance:
2n3(ny +ng — 2)
D¢ = 2 . ng >4
ni1 (TLQ — 2)2(712 — 4)
The Fisher distribution is positive and asymmetric one and tends to the normal
distribution for n1,n2 — oo, but rather slowly. If (n1,n2 > 50) then the Fisher
distribution is close to the normal distribution. The Fisher distribution is used

in tasks of a test of hypothesis, for example, at the definition of a degree of an

polynomial approximation.

The random variable Z = (1/2) In F' (Z is a real number) has a distribution which
is considerably close to the normal one and the distribution is called Z-distribution.
The parameters of Z-distribution are the degrees of freedom n; and ny. The density
function reads as
£(2) = 2n§”/2n32/2 ez 7

B(ni/2,n2/2) [nye2% + ng](ni+n2)/2
The mathematical expectation and variance are given accordingly by the formulae

1, _ _ 1. _ _
M§:§[n21—n11]——[n12—n22]

and

1. _ _ 1. _ _ 1, _ _
D¢ = 5[”11 +n21]—|—§[n12+n22]+§[n13+n23].
Z-distribution is used for an estimation of the confidence interval for the correlation

coefficient.



Basic concepts of the probability theory 55

1.8.7 Triangular distribution

The random variable ¢ has the triangular distribution, if its distribution function
describes by formula

felw) = r 4|z —m|/r?, ifm-—r<z<m+r,

e = 0, for all others z.

The parameters of distribution: m, r > 0.
Mathematical expectation: me = m.
Variance: D¢ = r2 /6.
Asymmetry coefficient: ~; — 0.
Excess y2 = —0.6.

As an example of appearance of the triangular distribution it is possible to
consider a sum of two independent random variables & and &, which have the
uniform distribution.

1.8.8 Beta distribution

The random variable £ has the beta distribution, if its density function can be
represented as

fe(z) = %xm*l(l —z)" 1t ifo<x <,
¢ 0, for all others x,

where n and m are positive integers.

e Mathematical expectation: M& =m/(m +n).
e Variance:
mn

(m+n)2(m+n+1)

D¢ =

The beta distribution is used in the mathematical statistics, when the random
variables with double limiting, for example 0 < x < 1, are considered.

1.8.9 Exponential distribution

The random variable £ has the exponential distribution, if its density function can
be represented as

[ Aexp(=Azx), ifx>0,
k@%—{ 0 <o, (1.49)

where A > 0 is a positive number (the parameter of distribution) (Fig. 1.36).

e Mathematical expectation: M¢ = A1,
e Variance: D& = \72.
e Asymmetry coefficient: v, = 2.
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4
f:(x)
2 2
1
X
0 o S
0 0.5 1 1.5 2

Fig. 1.36 Exponential distribution: I — A =2, 2 — A =4.

o Excess: 72 = 6.
The characteristic function is given by the formula
g(t) = (L—it/n)".

The exponential distribution has significance in the theory of Markovian pro-
cesses. If on the time axis there is a stationary Poisson flow with the intensity A,
the interval of time between two adjacent events has an exponential distribution
with the parameter \.

1.8.10 Laplace distribution

The random variable £ has the Laplace distribution, if its density function can be
written as

fe(x) = (A/2) exp(=A[z), (1.50)

where A is a parameter of the distribution (Fig. 1.37).

2
Je (x) 2
1
1
X
0b——=
-2 -1 0 1 2

Fig. 1.37 Laplace distribution: I — A =2, 2 — A =4.
e Mathematical expectation: ME = 0.
e Variance: D& = 2/)\2.

The Laplace distribution plays a vital part at the robust estimation, when the
models with a great spread of data are considered.
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1.8.11 Cauchy distribution

The random variable ¢ with the density function

fe(w) = (1/m)(1/(1 +2%)) (1.51)
has the Cauchy distribution (Fig. 1.38). This distribution can be obtained as a

0.4

£, (x)
0.2

0= |
-5 0 5

Fig. 1.38 Cauchy distribution.

distribution of a ratio { = £/n of two random variables with standard normal
distributions: £ € N(0,1), n € N(0,1).

The mathematical expectation M ( is undefined and variance, asymmetry coeffi-
cient, excess are represented by the divergent integrals. The characteristic function
is written as

g(t) = exp(—[t]).
The Cauchy distribution has the special place in the probability theory and

applications — its mathematical expectation is undefined and all other moments are
divergent.

1.8.12 Logarithmic normal distribution

If the random variable 7 = In ¢ has the normal distribution, then the density func-
tion fe(x) is called logarithmic normal and is written as (Fig. 1.39):

1 -1
fe(z) = r o exp {ﬁ(lnx — m)2} , (1.52)

where m, o are the distribution parameters.

/e (%)

0.1 3 =

0
0 5

Fig. 1.39 Logarithmic normal distribution. (a) — m = 2.0, o = 0.5 (1); 1.0 (2); 1.5 (3); (b) —
o =1.0,m=10 (1); 1.5 (2); 2.0 (3).
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Mathematical expectation: M¢ = exp(m — 02/2).
Variance: D¢ = exp(2m + o2)(exp(o?) — 1).

Asymmetry coefficient: v; = (exp(0?) — 1)Y/2(exp(c?) + 2).
Excess:

72 = (exp(c?) — 1)(exp(36?) + 3exp(20?) + 6 exp(a?) + 6).

The logarithmic normal distribution is used as a model for the description of
errors of a random process, which include a great number of multiplicative errors.

1.8.13 Significance of the normal distribution

The mentioned above distributions, which using more frequently for the description
of the geophysical models, are connected with the normal distribution. The most
part of these distributions either asymptotically tend to the normal distribution
or appearance of them is induced by the normal distribution. The asymptotic
properties of the distributions and their connection with the normal distribution
are represented at Fig. 1.40.

p—>0
Binomial Poisson
np =const =a
n—ow
n —w Normal Student
ny, =
n—>ow

F- distribution ‘ 1™ distribution

Fig. 1.40 The asymptotic properties of the distributions and their connection with the normal
distribution.

The probability distributions of random variables being the functions of random
variables with the normal distribution, are represented in Fig. 1.41.

2
N EXm-n
1

c=2Eln| x*@c) F- distribution

N, € 1(2..,-1;
\N(O,l)
Cauchy | &enN(0,) N N2 €%

¢=&/n 1 eNOD) ¥ Normal

n=Ing n eN(mo?) Student

Fig. 1.41 Probability distributions, defined on the basis of the normal distribution.
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1.8.14 Confidence intervals

Owing to a randomness of outcomes of the random experiment it is impossible
to establish narrow limits for possible deviations of an estimate of the parameter
from its true value. Therefore there is a problem of a definition by the results of
experiments of such limits, which the error of the estimation would not go out with
a given probability.

The random interval, which covers the unknown parameter p with the given
probability 3

Plp—pl<e)=p, Plp—e<p<pte)=0

is called the confidence interval for the given parameters, and the probability 3 is
called the confidence probability. The quantity 1 — § is called the significance level.
The endpoints of the confidence interval Iz = (p — €, p + ¢) are determined by the
confidence bounds.

Let us consider the creation of the confidence interval for the mathematical
expectation and variance. It should be noted, that the problem of determination
of such confidence intervals for an arbitrary number of the experiments n is solved
for the case of the normal distribution of the random variable £. At creation of the
confidence interval we shall use a sample estimate for the mathematical expectation

p:
~_7_1 n
p—e—ﬁgfi,

which is the arithmetic mean of the quantities &;, which obtained from n independent
experiments.

If the variance ag of the random value ¢ is known, the sample mean ¢ has
the normal distribution with the mathematical expectation m¢ and the standard

deviation o,,, = 0¢/+/n, therefore
P{—1 < (= me)v/foe <1} = 20(1) — 1,
P{& —loc/vn < mg <& +log/v/n} =28(1) — 1.

If the variance 0’2 is unknown, let us consider the random value

n=/n(§—mg)/s,

where
R SR (1.53)

n—1+4
=1

is the sample variance of random variable £. It is possible to prove, that the random
variable n has the Student’s distribution and it leads to the determination of the
confidence interval, P{|n| < tg} = B

P{& —tgs//n <me <& +1tgs/v/n} =B
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0.4
SO

0.2

Fig. 1.42 Student’s distribution (n=10) and the confidence interval (8 = 0.95).

At Fig. 1.42 the confidence interval for the Student’s distribution is represented by
the confidence probability 8 = 0.95.

To find the confidence interval for the variance U? of random variable & (§; €
N(me, ag)). The quantities &1,&s,...,&, are obtained as the results of n indepen-
dent experiments. It is possible to prove, that the random value

(n—1)s?
2

9e
has x2-distribution with n — 1 degrees of freedom. To take into account the follow
equalities

1-P(x*>x7) =P(x* <xi) =a/2, P(*>x3)=q/2
P(xi<(n-1s*/0® <x3)=1-P(x* <xi) - P(*>x3) =1-a,

let to write an expression, which connects the length of the confidence interval with
the significance level a:

P<M<UZ<M>=1—O¢.

% Xi
At Fig. 1.43 the areas with the significance level of «=0.13 are marked.

0.1

0.05

0 % 10 %320 30

Fig. 1.43 x2—distribution: a=0.13.

1.8.15 FExercises

(1) To find the distribution function F(x) for the random variable £, which has
the uniform density function on the interval (a, b).



(2)
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The random variable has the Simpson’s distribution (triangular distribution)
on the interval (—a,a). To draw the distribution function graph. To calculate
ME, DE, v1. To find the probability of hitting of the random variable £ into
the interval (a/2,a).

The quality control of detonators for an explosive source on seismic survey
is implemented in the following way. If a resistance R of the detonator is
satisfied the inequalities Ry < R < Ry, then the detonator can be used, but
if the inequalities are not valid, then the detonator rejects as defective. It is
known, that the resistance of the detonator has the normal distribution with
the mathematical expectation M R = (R1+ R2)/2 and standard deviation o =
(R2 — Ry)/4. To find the probability of the rejecting of the detonator.

For the case of the above considered task, to find the standard deviation of
the resistance of the detonator og, if it is known, that rejection is 10 % of all
detonators.

During a device operation at the random moments can be malfunctions. The
time T of the device operation up to the first malfunction is distributed under
the exponential law f¢(t) = vexp{—vt} with parameter v (¢ > 0). The mal-
function is immediately discovered and the device acts in repair. The duration
of repair is equal tg, then the device again acts in operation. To find the den-
sity function f¢(¢) and cumulative distribution function F¢(t) of a time interval
¢ between two neighboring defects. To find its mathematical expectation and
variance. To find probability that ¢ will be greater than 2t,.

Consider the Poisson field of points with the constant density A. To find a
distribution law and the numerical characteristics m,., D, for a distance apart
arbitrary point and a nearest neighbor point.

In the some star set the stars are three-dimensional Poisson field of points with
the density A (the mathematical expectation of a number of stars per unit
volume). Let us to fix one (arbitrary) star and to consider the nearest star,
the next (second) star with greater distance, third star and so on. To find the
distribution low for the distance between the fixed star and the n-the star in
this line.

The iron-manganese concretions are placed at the bottom of ocean in the ran-
dom points and forms the Poisson field of points with a density A (mathematical
expectation of number of concretions per unit area). The arbitrary point O at
the bottom is chosen. Consider the random variable R, which is a distance
between the point O and the nearest concretion. To find the distribution of R;.
Let us consider an amplitude of seismic signal at the time point ¢y as a random
variable & which has the normal distribution and the mathematical expectation
mg = 0. There is an interval (o, 8) and origin of coordinates does not belong to
this interval. At what value of the standard deviation the probability of hitting
the random variable ¢ inside the interval (o, 8) will be maximum?
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1.9 Information and Entropy

A physical matter of the information appears from thermodynamics and statistical
physics and is based on a notion of entropy, which is a measure of the state of
indeterminacy of the physical system.

1.9.1 Entropy of the set of discrete states of system

In a case of a finite set of the possible states of a system z1, z2, ..., x, (with
probabilities p1, pa,. .., Pn,), which forms a complete group of the disjoint events,
the entropy is defined by the formula

H = —Zpilogpi. (1.54)
i=1

A choice of the base of the logarithm is determined a unit of the entropy If the base
of logarithm is 2, then we deal with binary unit of information bst.!, If the bases of
logarithm are e or 10 we deal with Napierian or Hartley units correspondingly. If
we choose 2 as the base of logarithm, then unit value of entropy corresponds to a
simplest system of two equally possible states

| Ty | X2
pl1/2[1/2]

1 1 1 1
H=- <§log§+§log§) =1
this is the entropy of the bit site if it can be 0 or 1 with the equal probability.

If the system has n equiprobable states x; with probabilities p; = 1/n, then the
entropy of the system is equal

and

H = —nl log 1 = logn.
n n
If we know the state of the system a priori, then its entropy is equal to H = 0.
In this case all states have the probabilities p, = 0, except for one state p;, = 1.
The entropy of a system with a finite set of states reaches a maximum, when all
states are equiprobable.
The entropy can be represented as the mathematical expectation

H¢ = M[—logpe], (1.55)

where logpe is a logarithm of the probability of the random state of the system,
which is considered as the random variable &.

1A word bit is made up the words binary digit.
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1.9.2 Entropy of the complex system

Let us consider a union of two systems £ and n with the possible states x1, o, ..., Ty,
and y1,y2,. .., Yn correspondingly. The states (z;,y;) of the complex system (£,7)
are the complex combinations of x;, y; and together with appropriate probabilities
(Table 1.2).

Table 1.2 Representation of the joint distribu-
tion function for a case of two discrete random
variables x; and y;.

yi\zi | x1 r2 | ... Tn—1 Tn
Y1 P11 P12 Pln-1 Pin
Y2 P21 P22 P2n-1 P2n
Ym Pm1 Pm?2 “ee Pmn—1 Pmn

The entropy of the complex system is written as

n m

Hep = — Z Zpij logpij,  Hey = M[—logp(&,n)].

i=1 j=1
For a case of independent random variables we have

p(&n) = p(&)p(n)
and, hence,

H§77 = Hg + Hn, (156)
or extending on a case of an arbitrary number of independent systems, we shall
obtain

H€17€2:~~~7€n = Hgl + H£2 + T + an'

in a case of a union of independent systems their entropies are summed.
In case of dependent systems the notion of the conditional entropy of a system
& with respect to a state y; of the system 7 is introduced:

Hepy, = =D _p(wi/y;)log plwi/y;), (1.57)
or =t
Heyy, = M[—logp(§/y;)]- (1.58)

The mean entropy or the total entropy is defined as
Heppy = ijHg/yj = Z ijp(xi/yj) log p(xi/y;). (1.59)
j=1 i=1 j=1
Taking into account that p;p(z;/y;) = pi; (joint probability), we obtain

Hepy ==Y pijlogp(xi/y;). (1.60)

i=1 j=1
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The entropy of a joint system (£,7) is determined by the formula
Hey = He + Hyje, or Hey = Hy + Hen, (1.61)

that can be proof using the notion of the entropy and formula for multiplication of
probabilities

p(&,n) = p(&)p(n/&) = p(n)p(§/n)-

1.9.3 Shannon information (discrete case)

A notion of the amount of information is tightly connected with a notion of the
entropy being measure of the indeterminacy. The deriving of the information is
accompanied by a diminution of the indeterminacy, therefore the amount of the
information can be measured by a diminution of the indeterminacy, i.e. entropy.

Let us £ is an observed random variable, that describes a physical system. The
entropy before observation (a priori) we shall determine H gpr, and entropy after
observation (a posteriori) we shall determine H POt then the Shannon information
is defined as follows:

I = HP" — HPo (1.62)

In that special case, when as a result of the observation £ the state of a system was
completely spotted, i.e. H." ot — 0, the information is equal

I"=H == pilogpi
i=1
or
IE" = M[-logp(&)]- (1.63)

However a direct observation of the random variable £ frequently appears impos-
sible and the inference about a state of the system described by &, is implemented
by observations of another random variable n which is connected with £. So for
example, in a radiolocation an operator observes a reflected signal 7 by a screen of
the locator, instead of the direct observation of an airplane £. In a seismic explo-
ration the inference about an interior structure of the Earth crust £ is yielded on
the basis of the observation of a seismic field 7 on original ground. The amount of
the information about the system £ at the observation of the system 7 is defined as
a decreasing of the entropy of the system £ at observation of the system 7:

Sh
)% = He — He )y, (1.64)
I ésin is called the complete (or mean)information, which contains in the system 7

about the system &. It is easy to show, that

I, = Hy— Hye. (1.65)
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Taking into account the equalities
Hey = He + Hyje = Hy + Hen,
we obtain
IE—m In—>£ In<—>5’
where Isgg is called the complete mutual information. If the random variables &
and n (that describe the system) are independent variables, then I, = 0, since

H, e = Hy, H¢/yy = He. Tt is possible to represent the information I,).¢ using the
entropy of the joint system

Iyee = He + Hy — Hey (1.66)
or, with the help of expectation operator, we obtain

Le.e = M[—1logp(&) — log p(n) + log p(&, n)],

p(€,m)
T = [k’g (é)p(n)] ’ (167)
Pij
774—’5 - ;jzlpzj 1 g p&pm . (168)

In a case of the practical problems solution there can be a necessity for an estimation
of the partial information I, ., about the system ¢, contained in the individual
message, connected with a specific state y;, where the complete information I,.¢

is the mathematical expectation of all messages y; j = 1,2,...,m, over partial
information
m
Ly = ijfyj—@ (1.69)
where

%_Zp v y;) log L/ Ys) p(x z/yg)

The expression (1.70), which deﬁnes the partial mformatlon, it is possible to rewrite
as:

(1.70)

_ p(§/v;))
Iy, e = My, [1og (@) }, (1.71)

where M, is a conditional expectation operation. It could show, that partial in-
formation I, ¢, as the complete information I, ¢, can not be negative one. The
partial information about an event x;, which is obtained with the help of a message
about the other event y;, can be represented as follows

p(ﬂii/yj). (1.72)
DPe;

It is necessary to note, that the such partial information from an event to an other

event, as against entered above the complete I;,.¢ and the partial I, ¢ information,

can be both positive and negative.

Iy, .y, =log
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1.9.4 Entropy and information for systems with a continuous set
of states

The measure of indeterminacy of a system, which is described by a continuous
random variable £ with the given density function, is the differential entropy He,
defined by the formula

——/M@m&@w

or

He = M[~log fe(x)]. (1.73)

In a case of two continuous random variables (or two systems) £ and 7, their

density function fe,(z,y), marginal densities f¢(z), f,(y) and conditional densities

Tn/e/x), fe/n(x/y), it is possible to introduce the partial conditional entropy H,,/.,,

i.e. the entropy of the system 7 on condition that the system & is in a definite
condition

H(n/z) = /nwmmmwm

The total or mean conditional entmpy is defined as

H(n/¢) = / Fe(@) fyye (/) 108 fye () 2)dedy,

or, taking into account, that fe,(x,y) = fe(x)f,/¢(y/x), we obtain

H(n/§) = / fen(x,y)log fre(y/x)dxdy.

Similarly, how it was made for a discrete case, it is possible to show, that the
entropy of the system (£, n) is equal

H(&n) = H(E) + H(n/S), (1.74)

and in a case of independent random variables (or independent states of the system)
& and n:

H(&,n) = H(E) + H(n). (1.75)

Example 1.18. In the class of continuous distributions fe¢(z) which belong to the
random variable £, to find such, that for the given mathematical expectation my
and the variance o7 provides a maximum of the entropy He (max Hy).

It is given

oo

/ fe(x)de =1, / zfe(x)de = me,

— 00
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oo

[ @ me?fetayda = o2,

To find
fg(x) = max | — / fe(z)log fe(x)dx

Finding fg(x) is reduced to the solution of a variational problem

oo

fe(x) = max / O(fe(x),x)dx
with the side conditions
/ oi(fe(z),2)de = ¢ (k=1,2,3),

where

D(fe(x),x) = —fe(x)log fe(x),

o1 = fe(x), a=1,

2 =xfe(x), ca=mg,

03 = (x —me) fe(z), c3= 02.
To write down the Euler equations:

8%, /0f = 0,

1(f,x) = —flog f + M f + Xexf + Xs(x — me) f.

After the differentiation we obtain the equation

—1—log f+ M + oz + As(x — m5)2 =0,
with a solution relatively to f:

fe(z) = exp(A1 + Aaw + Az (z — mg)? — 1).

Using additional conditions

oo

/ exp(A1 + Xz + A3(z — me)? — 1)dz = 1,

—0o0

o0

/ rexp(A\1 + Aoz + A3(z — me)? — 1)dr = m,

—0o0

o0

/ (z —me)? exp(\1 + Aoz + A3(x —me)? — 1)dz = o

— 00

2
&

67
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we obtain

A =1-— ln(\/ 27T0'§), Ao = O, )\3 = —(20’2)71

o 50}

Thus, the normal distribution corresponds to the peak entropy in a class of distri-
bution with the predetermined first two moments.

The expression for the complete mutual information contained in two continuous
systems £ and 7, is similar to expression the (1.68) for a discrete case, but with the
replacement of the probabilities of discrete events by the distribution functions, can

and

be written as

(] feali 1)
e /oo fenlz,9)log 3 (0 Gy 4

or, using the expectation operator,

Iyee = M [log(fen/ fefo)] (1.76)

where I,,..¢ is the nonnegative value, which is equal to zero only for independent
random variables & and 7.

Example 1.19. Let us consider a simple model

n=~&+¢,
where 7 is a recorded signal, ¢ is a transmitted signal with the normal distribution
N(m¢ =0, Ug), ¢ is an additive noise with the normal distribution N (mg, Ug), where
¢ and ( are independent random variables.
To find an amount of the information I, about the signal &, which is contained
in the recorded signal 7.
By definition we have

= Jen. ] - [ M] — _ fn/&
Iyee = {log oy M |log 1, Mk, k=log——~ i

By problem situation U% = 0¢ + ¢,
2
¥y
fn y { }
‘/27”/054'04 U£+UC)

1 1 y 2
e i ¢ p{ﬁ R }

To find the correlation coefficient of n and £ taking into account that n =& + (:

S My €) = —— [M(&) + M) = .

0'770'5 U’ZG§ 0'77

T =
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By substituting = into f,/¢(y/x), we obtain

1 )2 1 9

We use the obtained relations for finding the quantity x:

02 + 02 2 2
Ve ¢ 1

= 1 —_— —_— e —
s o¢ In2 |20  2(0f +07)

Now it is necessary to calculate the mathematical expectation

\Jo2+o? 2 2

13 ¢ 1 | M M

Mr=Iye=log Yo ¢ LM M
o¢ In2 | 20 2(0f +0¢)

Taking into account that M¢? = o2, Mn® = 0f + 07, we obtain

/ 2 2
U§+J<

I¢=1o

ne§ 12 o

So, the information on a signal ¢, contained in the recorded signal 7, is equal

to the logarithm of the standard deviation of the signal n (o,) to the standard

deviation of the noise ¢ (o¢).

1.9.5 Fisher information

Let us a random variable £ has the density function f¢(x,6), where 6 is a parameter.
Let us assume that fe(z, 0) is differentiable on 6, then the Fisher information about
the unknown parameter 6, which is contained in a random variable £ or in its density
function fe(z, ), is treated as the diminution of indeterminacy about the unknown
value 0 after an observation of the random variable £. The amount of the Fisher
information about 6, contained in a random variable £, is defined as

I7(0) = M[(9log fe(x,0)/90)2]. (1.77)
In a case of a random vector £ = (£1,&2,...,&,) and a parametric vector 8 =
(01,62, ...,05) the Fisher matriz with the dimension [S x S] and the elements

8logf§(x1,x2, e ,a:n,H) 810gf§(331,$2, . ,J;,L,H)
00, 00

150 =M

ss’

(1.78)

is introduced.
The properties of the Fisher information.

(1) Let & and & are independent random variables, T éf) (9), Ig)(ﬂ) are the quan-

tities of information about 6, which are contained in the pair (£1,&2). Then the
following equality is valid

i) o) = 170) + 17 (0).
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Proof.
F 9 ’
1484,0) = 3 { 3 o e (0.0) - fes (0]
B Olog fe, (x,0) 2 Olog fe,(x,0) 2
=M l( 06 M 08
Olog fe,(z,0) Olog fe,(x,6)
M [ 06 06
=1700) + 17(0),
since
" dlog fe,(x,0) Olog fe,(,0)
00 00
_ Olog fe, (x,0) dlog fe,(x,0)]
=M [T M=% | ="
Let &1,&, .. .,&, are independent, identically distributed random variables and
Ig(F)(G) the amount of information about @, which is contained in an each ran-
dom variable. Then the amount of information in £1,&s,...,&, is equal to

nIéF)(H). Analogously to the scalar case it is possible to show:

(1) It Ig) (0) and Ig)(ﬂ) are information matrices, which are connected with
the random variables £; and &5, then the information matrix for the pair of
random variables (£1,&2) is equal to

10y =10 + 117 0).

(2) If &,&2,. .., &, are independent, random variables with equal distributive
law and I, gF (@) are amount of information about 6, which are contained in
an each random variable &;, then the amount of information contained in
£,&,...,&, is equal to nIE(F) 9).

Let us a function T = T'(§) of a random variable £ is given, then
17(0) - 1,7 (9) > 0,
i.e. the matrix is nonnegative defined and in a case of a single parameter 6
F F
i >,

i.e. the amount of information about # which is contained in a random variable,
ever more or equal than the amount of information, which is contained in the
function of the random variable T' = T'(€).

When it is possible by using an observed value of a random variable with the

probability 1 to restore precisely a value of parameter 6, in this case we tell, that
the random variable contains the greatest possible information about parameter.

But if the distribution is a constant at all values of parameter, it is impossible to
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judge about the value of 6 by the results of observations of the random variable.
The sensitivity of a random variable with respect to a parameter can be measured
by the quantity of the change of the distribution of this random variable at change
of the value of the parameter.

In the case of a vector parameter 6 a distance between distributions at transition
from (61,09,...,05) to (61 + 861, 02 + 862, ...,0, + 005) describes by a quadratic

form
SN 1 @)06.06,.

The formula (1.77) for the Fisher information can be rewritten as

15(0) = M [—732 log fﬁ(””"))} , (1.79)

13 062

since

Plogf i<8f)2+182f. (18f)2:<8logf>2

002~ f2\ 00 F062 \ foo o0
1O2f\ [ 1 9 fe(x,0)
M(?w)‘/ff(“)fme) o™
2 T
— 4 | Felwt)iz =0

In the case of the vector parameter (6), using analogous relations, we shall obtain

0% log f(z,0)
1) =m |- 2L 27 1.80
Do) TR (1.80)
Example 1.20. Let us the random variable £ belongs to the normal distribution
with the known variance ag and the unknown mathematical expectation m¢. To
find the amount of information about mg¢, which is contained in a single observation
of {&. The Fisher information about m¢, which is contained in a single observation
is equal

Ig(F)(mg):_/ 0 [_(x—?é)z_lnagm]

2
. 5m§ 205
1 (. —me)?
X exp | ———=—| dz
V2nog P [ 20’?

oo

1 (x — m§)2 1
= ——exp | ——> | dx = —.
/ G?\/ 2no¢ P [ 202 ag
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For the case of n observations (x1,...,2,), we have

() —7(% — m5)2 n(o ™
151, 7€n / / 3m§ |J 1( a_g ! In( éﬁ)>]

1 (x; — 2
exp[ M] dxl...dxn:%.
O¢ Ie

Al

1.9.6 Ezxercises

(1)

(2)

To find the entropy of the random variable £, which corresponds to a phase of
a seismic signal, on condition that £ belongs to the uniform distribution at the
interval (—7/2,7/2).

To find the entropy of the random variable £, which corresponds to an ampli-
tude of a seismic signal, on condition that £ belongs to the normal distribution
N(0,02).

Let us specify a state of a seismic signal by the three values: an amplitude & 4,
belonging to the normal distribution N(0,0%); a phase &y, belonging to the
uniform distribution at an interval (0, ); an arrival time, belonging to the uni-
form distribution (0,7"). To find the entropy of the system, which corresponds
to the seismic signal.

At an urn is contained five white and six black spheres. Five spheres have been
extracted from the urn, they are three black and two white ones. To find the
information contained at the observation of an event A; with respect to an
event As: the next extracted sphere will have a black colour.

At one square of chess-board a chess piece is situated. A priori any arrangement
of the chess piece is supposed. To find the information, which contains in a
statement about the location of the chess piece.

1.10 Random Functions and its Properties

The function £(t) is called the random function of the argument ¢, which value at
any value ¢ is a random variable. The argument ¢ is considered as a nonrandom
value.

In many geophysical problems the argument ¢ is the time, for example, at a

record of seismic waves (seismic trace) or record of an electromagnetic field in a
given spatial point. Therefore in the further the argument ¢ we shall call as time.

(1)
(2)

Usually two types of argument of a random function are considered

The argument of a random function ¢ can possess any values in a given interval,
which can be finite or infinite.
The argument of a random function ¢ can possess only definite discrete values.



Basic concepts of the probability theory 73

In the first case £(t) is called as a random process, in the second case it is called
as a random sequence. An example of the random process can be a graphic pre-
sentation of a seismic trace and an example of a random sequence can be digital
records of a seismic trace. Let’s consider a random function £(¢) and we shall as-
sume, that for its study is yielded n independent trials, for example, the seismic
traces from n identical explosions is filed. In each trial the realization of the random
function 1 (t), z2(t),...,xn(t) is obtained. Let’s fix an instant ¢ = ¢;. If we were
interested with properties of £(¢1) only in an instant ¢, then for a continuous ran-
dom variable £ = £(t1) a complete description is reduced to the density function
f(xz1/t1). An example of two realizations of random process is given in Fig. 1.44.
For more detailed description of a random function we shall choose two points t;

0 50 100

Fig. 1.44 An example of two realizations of the random process.

and to. The ordinates, relevant to them, £(¢1) and £(¢2) will be random variables &;
and &, which are completely characterised by a two-dimensional density function
f(x1,22/t1,t2). The random function is specified, if the multivariate density func-
tion f(x1,22,...,Tn/t1,t2,...,t,) is given. Though such description of a random
function is complete, in practice, usually, only the first two moments are considered.
The first moment

me, = M[§(t1)] = (£(t1))

is the mathematical expectation of the ordinate of the random function at an arbi-
trary time ¢;. Omitting an index 1 at ¢, we shall write

me(t) = M[E(t)] = (£(2))-
The function me(t) is not random and is completely determined by a distribution

law f(z/t):

oo

me(t) = /xf(x/t)dac

— 0o

The central moments of the second order.

(1) Variance of a random function £(t) at fixed timing ¢:

DIE(t)] = M((t) — me(t))*] = ((€(t) — me())?).
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(2) Covariance moment of the random functions £(¢1) and £(¢2):

R(t1,t2) = cov(§(t1), §(t2)) = M[((t1) — me(tr))
X (E(t2) = me(t2))] = ((€(t1) — me(t1))(E(t2) — me(t2)))-
The function R(t1,t2) in the theory of random functions is called a correlation

function or an autocorrelation function. Writing down the explicit expression for
the mathematical expectation, we shall obtain

o0

M&H=/@W—meﬂWW%

mwm=/7mm—mm»

X (x(tg) — mg(tQ))f(l‘l,xg/tl,tQ)dxldxg.

A branch of the theory of random functions operating only the moments of
the first two orders is called as the correlation theory of random functions. For any
random process £(t) the time average (on parameter t) is determined by the formula

T
€)= Jim (1/21) [ e(oyar,
=T

if this limit exists. As a result (£(¢))r is a random quantity.

1.10.1 Properties of random functions

For the case of the stationary random function all multivariate distribution laws
depend only on a cross location of instants ¢1,to,...,t,, i.e. for the stationarity of
a random function at arbitrary n should be fulfilled the next relation

f(xl,...,xn/tl,...,tn) :f(:v17...7xn/t1 +t07...,tn+t0),

were tg is an arbitrary number. In the specific case at n = 1 and n = 2, assuming
to = —t1, for stationary functions we shall have accordingly

f(z1/t1) = f(21/0) = f(21)
and
flxy,z2/t1,t2) = f(x1,22/0,7),

where 7 = ty — t1, i.e. the one-dimensional distribution law of an ordinate of a
random function does not depend on an instant of time, for which this ordinate is
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chosen, and the two-dimensional law depends only on a difference of instants. Using
expressions for distribution laws of stationary random functions, we shall obtain

[ee]

me(t) = / xf(z)dr = const,

— 00

o0

DIEW] = [ (alt) = me(t)* () = const,

— 00

o0

R(t1,t2) = /(x(tl) —mg(t1))(z(t2) — me(t2))

— 0o

X f(xl,xg/tl,tg)dxldxg = R(tg — tl) = R(T)

The conditions m¢ = const, D[{(t)] = const and R(t1,t2) = R(ta — t1) = R(7) are
the necessary conditions of the stationarity, but not the sufficient conditions, for
they can be carried out, but, beginning at some n, the distribution law will cease to
satisfy to a condition f(z1,...,2n/t1,...,tn) = f(@1,..., 20 /t1 + to,. .., tn + to),
so the random function £(¢) will be non-stationary. However for the solution of
practical problems frequently it is restricted to the application of the correlation
theory, therefore A.Ya. Khinchin has entered concept the stationarity in wide sense.
The random function is called stationary in the wide sense, if its mathematical
expectation and variance are constant, and the correlation function depends only
on a difference of instants, for which the ordinates of a random function are taken.
The examples non-stationary in the wide sense of random functions are submitted
on Fig. 1.45.

E10)

MIE(1)] # const

DIE(¢)] #const R(t,,t,) # R(t, —1,)

Fig. 1.45 Examples of non-stationary processes.

The normal distribution law is used most frequently at the study of the random
functions. The total characteristic of the normal random process are the mathe-
matical expectation and correlation function. The values of ordinates of a normal
random function in arbitrary instants tq,ts,...,t, are completely described by the
mathematical expectation and covariance matrix

Rij = R(Q — tj).

If the probability properties of a random function in the subsequent time interval
are completely determined by the value of ordinate of this function in a given instant
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and do not depend on its values at the previous moments, such random function is
called Markovian, otherwise the random function is called non-Markovian.

The stationary random process £(t) satisfies to the ergodic hypothesis, if with
the probability 1 the time average is equal to the assembly average (on a set of
observations)

PE)r =MIE@)]] =1,

always supposing that these averages exist. The application of an ergodic hypothesis
enables to spot the statistical properties of the process on one member function,
that is very important for the practical applications.

1.10.2 Properties of the correlation function

(1) Autocorrelation function is an even function:

(2) Ordinate of a real autocorrelation function does not exceed a variance of a
random function:

R(0) > R().

(3) Multiplication of [£(t) —m¢(t)] on real function z(t) gives a following inequality

b b
//Z(tl)z(tg)R(tg - tl)dtldtg 2 0.

At sufficiently great value of an interval 7 = to — t; the diversion of an ordi-
nate of a random function from its mathematical expectation in an instant ¢,
becomes practically independent from the value of this deviation in an instant
t1. In this case the function R(7), giving value of connection between £(t2) and
&(t1), at 7 — oo will tend to zero. Most frequently used approximations of
autocorrelation functions are submitted in a Fig. 1.46.

(4) The adding to a random function of a nonrandom quantity or a nonrandom
function does not change a value of the correlation function. Let us

n(t) = &) + »(1),
where ¢(t) is a nonrandom function. Taking into account
ma(t) = me(t) + (1),

we obtain

Ry(t1,t2) = M[(n(t1) — my(t1)) x (n(t2) — my(t2))]
= M[(&(t1) — me(t1))(E(t2) — me(t2))] = Re(ty, ta).
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R(x) =c* exp(—at|) R(t) = o * exp(—a|t|)cos(Bt)
0.2
0 \/\/‘\/\/H——-
T T
—05 0 5 -5 0 5
- R(t) =’ exp(z0’t?) R(t) =o* exp(-a.’t*)cos(Br)
0 — -
T T
9 0 5 -5 0 5

Fig. 1.46 Examples of approximating functions for the autocorrelation function (¢ = 0.5, « = 1.0,
8 =4.0).

1.10.3 Action of the linear operator on a random function

An linear homogeneous operator L is called the operator which preserves linear
operations

(1) L[c&(t)] = cL[&(¢)], where ¢ is a constant.
(2) L& (1) + &(t)] = L& (E) + Lé2(t)-

Let us &(t) is a random function with the mathematical expectation m(t) and
the correlation function Re(t1,t2). Let us n(t) is one more correlation function

n(t) = L(t)].
To find the mathematical expectation
my(t) = MIL[E(t)]] = LIM[£(t)]] = Lme(t)
and the correlation function
Ry(t1,t2) = M[(n(t1) — my(t1))(n(t2) — mn(t2))]
= MA{(L[£(t1)] — L{me(t2)]) (L[S (t2)] — L[me(t2)])}

= L, L, M[(§(t1) — me(t1))(§(t2) — me(t2))]
= LtlLtQRg(tl,tz).

1.10.4 Cross correlation function

Let us consider a system of two random functions £(¢), n(t) and to define a cross
correlation function as following

Ren(tr, ta) = M[(E(t1) — me(t1))(n(t2) — my(ta))]-
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In a case of the real functions we obtain
Rey(t1,t2) = Rye(t2,11),
and for the stationary random functions:
Ren(1)= Rpe(—7).

According to the definition of the correlation function we can write

Rey(t1,1) = / / (£(tr) — me(t2)(y(t2) — m(2))

X fen(z,y/t1,t2)dady.

Using the Cauchy-Bunyakovskii inequality we can write
2

/ / (1) — me (1)) (y(t2) — mo(t2)) f (.5 /b1, £2)ddy
< // (t1) — mg (t1))2 f(x, y/t1, to)dady

x / / (y(ta) — iy (02)) (2 9/t ) deedy,

whence follows

[Ren(t1,t2)] \/Rg (t1,t1) Ry (t2,t2),
and
Ren(1) < \/DeDyy

for the stationary case. Thus, for non-dimensional cross correlation function

Rin(tlatQ)
VRe(t1,t1)v/Ry(t2, t2)

the following inequalities are carried out

T¢n (tlv t2)

—-1< Tgn(tl,tg) <1.

1.10.5 Wiener—Khinchin theorem and power spectrum

In the most of applications the function £(t), describing the stationary random
process, is a real function with the following properties:
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(1) There are the finite values of quantities

T
(el = Jim (1/27) [ fa(olar
=7

and
T
<|f|2>T=jlil{1)o(l/2T)/|x(t)|2dt.
“r

A quantity (|€]?)r is called the average power.
(2) In each finite interval the function £(t) is a function with a constrained variation.

The correlation function (with time dependence) for a real random function &(t)
is defined by the formula

T
Re(r) = tim_o [ e(og(e+
7

This limit exists always, when exists (|¢|?)r. The function Re(7) is real at real £(t).
For an ergodic random processes the function Re(7) with probability 1 coincides
with the correlation function R¢(7) on a set of observations.

The cross correlation function (with time dependence) for two real functions
&(t), n(t) is defined by the formula

Rep (1) = hm —/5 n(t + 7)d

This limit exists always, when exists (|¢|?)r, (|n|?)z. The function R, (7) is real
at real £(t), n(t). A spectral density R¢(w) for a function £(¢) and a cross spectral
density Rey(w) for a pair of functions §(t) and 7(t) are determined with the help of
Wiener—Khinchin relations (the Wiener—Khinchin theorem):

Re(w) = / Re(7) exp{—iwT}dr = 2/R5(T) cos wrdr,
0
1T , -
Re(r) = % R¢(w) expfiwt}dw = = R¢(w) coswTdw,
0
Rep(w / Re (1) exp{—iwr}dr,

Re (7) / Re(w) expliwr o,
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where both integrals with cosine in the right hand sides of two first relations are
applicable only in case of real R¢(7). For the real process £(t) the spectral density
Re(w) is an even function

Re(w) = Re(~w).

Assuming 7 = 0, it is possible to get an expression for a variance of the process
through the spectral density

1 oo
D= Re(0) = o- / Re(w)dw.

Let’s consider three examples of an evaluation of the spectral density.

Example 1.21. Let the correlation function is approximated by the expression (see
Fig. 1.47)

Re(r) = Jg exp{—alT|}, (1.81)
Then its spectrum is given by the expression
Re(w) = O'g / exp{—iwT — o|7|}dT

%) 0
= ag l/ exp{—(iw + a)7}dT + / exp{(a — iw)T}dT]

0 —o0

1 1 ] a
=20 —5——. 1.82
[a+iw+a—iw_ 7802 + w2 (182)

10

R, (®) (b)

Fig. 1.47 Graphic representation: (a) for correlation function (1.81), (b) for spectrum of the
correlation function (1.82), (o0 =2, a =1).

Example 1.22. The correlation function reads as
Re(1) = a? exp{—a|T|} coswgT.

Taking into account that

1
COSwoT = §(exp{iw07'} + exp{—iwoT}),
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let evaluate its spectral density:

2 7
R¢(w) = 75 [/ exp{—iwT — a|7| + iwoT }dT
+ / exp{—iwT — a|7| — iWOT}dT]

9 @ . @
=0 .
Slw—w)?+0a2 " (w+w)?+a?
Example 1.23. The correlation function is given by the formula
Re(r) = O'g exp{—a’7?} coswoT.

Expressing coswg7 through the exponentials, we shall have for the spectral density

of i 2 2
R¢(w) = 5 / exp{—a“T° + iwgT — iwT }dT
+ / exp{—a’*7? — iwoT — in}dT] .

Each of integrals can be reduced to the Poisson integral, if an exponent in the
integrand results in the form

2
LW .Wo 1 9
(OéT +Z% :FZ%> + E(UJ ZIZUJO) .

Evaluating these integrals we shall obtain
o2\/T —( 2 —(w — 2
- w4 wp) (w—wo)
Re(w) = == [eXp{T} +eXp{T '

1.10.6 Definition of estimations of the characteristics of random
variables

Let a realization of a random process is registered in the digital form with a step of
discreteness At — x(t;), j = 1,...,m. The estimate of the mathematical expecta-
tion is determined by the formula

me(t;) = % > @ilty).
=1

An estimate for the correlation function is given by the formula
R JR— . .
Re(tj tr) = —— Y [(wilt;) — e (t;)) (i (tr) — e (te))],

n—1
i=1
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or
n
Re(t ty) = —— () mi () — —— t
e(tj, te Zw J2i(t) — ——gme(t;)me(t)-

In a case of a stationary ergodic random processes an estimate of the mathe-
matical expectation is written as:

1 m
e

or, change over integral, we shall obtain

For the autocorrelation function the estimates in the discrete and integral forms,
taking into account the accepted assumptions, can be written accordingly as follows:

m—l1

Relr) = ———= 3" (alty) — ) (et +7) — ),

j=1
where 7 = Atl = ¢;, and

T

T—
Re(r) T / [e(t) — til[(t +7) — el dt.
0

T



Chapter 2

Elements of mathematical statistics

The mathematical statistics studies both statistical description of experimental
observations, and checkout of competing mathematical models describing natural
physical process. The mathematical statistics is the basic tool of processing of re-
sults of physical, including geophysical, experiments with the minimum losses of the
information about investigated object.

The basic notion of the mathematical statistics is the sample or block of ob-
servations £ = (x1,xa,...,x,) of any quantitative variable. If this variable is a
random one, the sample & = (x1,x2,...,%,) is a random vector. The number n is
called as the sample size. The sample is called repeated, if the components of the
vector ¢ are independent and identically distributed. Any function g(x1,x2, ..., %)
of observations (1, z2,...,x,) is called the statistics.

The examples of the statistics:

n
e sample mean T = (1/n) > x4;
i=1

sample variance s = (1/n) Y (z; — 7)?;

i=1

sample variance coefficient v = s/7;
greatest sample element xp,x;

least sample element x iy, .

The modern level of a geophysical experiment is characterized by the great data
flow. So, at realization of seismic operations by the sea for one day 10'° bit of the
information is filed. Thus the visualization of the data, even without interpretation,
is impossible without application of statistical methods of processing of the seismic
data.

2.1 The Basic Concepts of the Decision Theory
The results (measurement data) of a real geophysical experiment are always random
because of an inevitable presence of errors of measuring. These data represent val-

ues of a random vector £ with the distribution f(z,6) which is considered partially

83
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known. It is supposed, that parameter 6 is an element of a set Q (space of param-
eters). The observations € usually are used for deriving the information about the
distribution of € or about a value of the parameter 6 (vector of parameters @), on
which it depends. The implementation of the statistical analysis is necessary in con-
nection with the indeterminacy of an interpretation of results of observations, arising
because of the ignorance of the distribution of £ and consequently the ignorance of
basic elements of the mathematical model of a phenomenon. Therefore there is an
indeterminacy in a choice of best “activities” according to results of observations.
The problem is to find a rule erecting correspondence between results of observa-
tions and reached decision. This correspondence is given by the decision function
0(x1,...,xy,) (decision rule), which to each sample of experimental data z1,...,x,
assigns a particular expedient of an activity or a decision d = §(z1,...,z,), and
the domain of the definition of this function is the set X, and a range of values
is the set of the possible decisions D. In the decision theory for a choice of the
function d the loss function ¢(6,d) is introduced, which describes the losses, bound
with a decision making d provided that the distribution of ¢ is equal f(z,0) and 6
is considered as a true parameter.

It is possible to emphasize the following basic elements, which define a solution
of problems of the mathematical statistician.

(1) Distribution class F = {f(,8),0 € Q}, in which distribution of £ is included.
(2) Structure of the space D of possible decisions d, d € D.
(3) The shapes of a loss function (8, d).

In this connection three various spaces are used. The observation space X con-
tains all possible results of observations. The parameter space € contains all possible
values of the parameter 6 or vector of parameters 8 = (61,...,60,). The decision
space D contains all possible decisions. The connections between spaces X, D and
Q are shown at Fig. 2.1.

"'I_Y XieenX), \“'QDG

Fig. 2.1 The connection between spaces X, D and 2.

The loss function ¢(0,d) is a random value, because d = §(§) depends on a
random vector £. It is possible to define an average loss, which arises from the
application of the decision rule d = 6(€) at major number of repeated observations in
an experiment, approximately as the mathematical expectation of the loss function:

Rs(0) = M[p(6,5(6))] = /.../@(0,5(5))f5(x,0)da:1...dxn.
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The function Rs(#) is called the risk function for the decision rule 6.
If we consider 6 as a random variable and there is a priori density function f(6),
then the notion of Bayes risk is introduced:

0)(6) = / R (6) £ (6)do,

or

’I"f(g)(5) = My [Mé [@(05 5(6))“ :

Let us consider the main elements, which define the statistical problem defini-
tion.

2.1.1 Distribution class of the statistical problem

Definition of the distribution class f(x,6) is based on a priori information about
properties of the random observations and an experiment environment.

Example 2.1. If in a fixed time or spatial interval the probability of an occurrence
more than one event (seismic wave) in a small time interval is quantity of higher
order of smallness, than probability of the occurrence of one event (seismic wave),
and if such events are nonoverlapping intervals statistically independent, at these
guesses the number of occurrence of events (seismic waves) is described by the
Poisson distribution:

a™ —a
P(ﬁzm):me (m=1,2...).
Example 2.2. The study of a microseism shows, that they are a sum of a great
number of the independent factors, and the influence of each of them it is very
small in comparison with all total, hence, at the realization of conditions of the
central limit theorem it is possible to make the guess about a normal distribution
of microseism & € N(mg, D).

Usually type of distribution is chosen from the preliminary analysis of the ex-
periment statement and the physical nature of investigated fields and errors of
measurements. The vector of parameters 6 is determined during the solution of a
problem.

2.1.2 The structure of the decision space and the loss function

The structure of a decision space substantially determines a type of a current sta-
tistical problem, i.e. it underlies an expedient of the classification of statistical
problems.

Example 2.3. Let us (z1, 2, ...,x,) is a sample belonging to a sample population
with the distribution f(z, ), where 6 is an unknown parameter of the distribution,
as, for example, in the cases of the considered earlier Poisson distribution (0 = a)
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and the Gaussian distribution § = (me¢, D¢), and let us v = v(0) is a real function
of the parameter.

(A)

If it is necessary to determine, exceeds v(#) some threshold value vy whether
or not, then pick one from the solutions: dy : v > vy or dy : v < 7. The
loss function ¢(7,d) is picked usually so that it is equal to zero, if the right
decision is chosen, and it is a steadily increasing function |y—-g| at the incorrect
decision. Such statement agrees with a task of a single signal extraction (on a
noise background). In this case 7 is a relation) signal/noise, 7 is the threshold
relation signal/noise, dp is a presence of the signal, d; is an absence of the
signal.

If it is necessary to find numerical value of «(6), then in this case, the decision
d is equal to an estimate of 4(8). The loss function is usually represented
as p(v,d) = w(y)yY(ld — 7|), where ¥(|d — 7]) is the steadily increasing error
function |y — |, relevant to a deviation of an estimate from a true value. More
often in the estimation theory the square-law loss function is used. So, for
v(0) = 0, d = 6 we shall obtain

0@ —0)=(60—0)TW(O-0)
for the vector parameter and
(0 — 0) = w(0 - 0)°

for the scalar parameter 6.

The parametrisation of a signal which is received on a noise background can
be considered as an example of the point estimation problem: u; = Ap(t; — 7)
+ &; with the vector parameter 8 = (A, 7).

If at decision-making it is necessary to estimate an interval (a, ), in which
with a given probability the estimate §(6) lays, then in this case we come to a
problem of an interval estimation. As a posteriori density f(6/z) is the most
complete characteristic of the parameter # at a given sample of observations
(z1,...,2n), the problem of an interval estimation can be formulated as a
problem of a choice of an interval («, ) of values 6, which in the best way
describes f(6/x). In this case the loss function ¢(8;a, 3) is a function of the
parameter f and the interval. For example, the loss function can look like

wy (B—a)?,if 6 € (o, B),
0(0;0,8) = wy (0 —a)?, if 0 < (a, B),
ws (0 —B)2, if § > (a, B),
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and a posteriori loss is equal

My /ele(0;a,6)] = w1 [ (B — Q)2 f(0)xy,. .. x,)d0

(0 — )2 f(0/x1,...,x,)d0

+ wo

+ ws

— Tt — TT—=x

O —B3)2f(0)x1,...,x,)d0.

The decision-making is connected Ov;/ith a value of an interval minimizing a
posteriori loss.

(E) From the practical point of view, the problem is important, in which it is
necessary to implement decision-making about a state of the object and to
yield an estimate of desired parameters, i.e. to combine the problems such as
A and B in one problem. As an example it is possible to give a problem of the
signal extraction with a simultaneous estimate of its parameters (an amplitude
and a time of the arrival).

The statistical classification of foregoing problems consists in the following:

The problems such as A with two decisions are stated usually in the terms of
hypothesis checking, which should be accepted or is rejected. Such problems belong
to a wide class of problems, which is called the test of hypothesis.

The problems such as B, in which it is necessary to find numerical value of
parameter, belongs to a class of problems of the point statistical estimation. Prob-
lems such as C, in which the interval covering an estimate of the parameter with
the given probability is determined, belongs to a class of problems of the interval
statistical estimation.

In the statistical theory of the interpretation of geophysical observations the
following classification of foregoing problems is used.

(1) Problems such as A, in which it is necessary to determine a quantitative state of
geophysical object (there is a seismic signal on a given interval of a seismogram
or there is only seismic noise; whether there is a magnetized object of the
given shape or it is realization of a noise registered, for example, on a vertical
component of a magnetic field etc.), have received a title of problems of the
qualitative interpretation.

(2) Problems such as B, in which the point parameter estimation of geophysical
objects (the determination of an amplitude and a time of the arrival of a seismic
signal; a finding of a magnetization and an occurrence depth of the upper edge
of a magnetic body; the determination of an electron concentration at given
height etc.) is called as problems of the quantitative interpretation or point-
quantitative interpretation.
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(3) Problems such as C, in which the interval parameter estimation of geophysical
objects (the determination of an interval of the occurrence depth of a reflecting
seismic horizon; the finding of an interval of an occurrence depth of the upper
edge of the magnetized body; the determination of an interval for quantity of
an electron concentration at a given height etc.), is called as problems of the
interval-quantitative interpretation.

(4) Tt is necessary to estimate problems such as D, in which both a qualitative
state of the object, and parameters, describing it (a signal extraction together
with the determination of its parameters — an amplitude and a time of the
arrival; the detection of the magnetized body and the determination of its
parameters — magnetization, the occurrence depth etc.), is called as problems
of the quantitative-qualitative interpretation or by the combined interpretation.

2.1.3 Decision rule

The classical approach to a choice of a decision rule §(€) is based on a risk function
R;s(0). The best decision rule minimize the risk. Let §; and d2 are two various
decision rules,

Rs,(0) < Rs,(8) for all 6,

then d; is the best decision rule in the comparison with ds.

Let’s consider an example of the analysis of three risk functions, which are
connected with three decision rules.

In a given range of values # the decision rule §; is more preferable than do. While
the decision rule d3 at some values of the parameter has the least value of a risk
function in the comparison with §; and d-, and at other values of the parameter it
is greater, it is impossible to find a rule, which is the best at all 8, however at fixed
6 it is possible to find a sole best rule. The basic indeterminacy in a such choice is
arises from an unknown value of 6.

The decision rule ¢ (6 € D) is called admissible, if the decision rule §; (4, € D)
with the inequality

Rs(0) > Rs,(0),

which is valid for all 8, does not exist. Thus, if the solving rule is admissible, then in
a class of the decision rules D the decision rule §; does not exist, which is not worse
than ¢ for all §. Usually admissible estimates meet much, therefore it is necessary
to offer a criterion of a choice of the best rule among admissible rules.

Bayes strategy for a choice of a decision rule ¢ for a priori density f(6) is based
on a function of a posteriori risk r;(4)(6). The best, from the point of view of the
Bayes strategy, is a decision rule relevant to the minimum of a posteriori loss

B) =
7'50(9))(5) < Tf(e)(d)
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for arbitrary ¢, or

6= arg min / Rs(0)f(0)d6.
2

The minimum risk T;?e)) (8) is called the Bayes risk for a priori density f(6). To
use this criterion, it is necessary to assume, that the parameter 6 is a random one
and its a priori distribution is known. The knowledge of a such distribution is not
always possible in practice. Frequently f() is interpreted as a weight function,
which is determined a degree of a significance of various values of the parameter.

If a priori information about the parameter # misses, it is expedient to view
a maximum of a risk function as its most important characteristic. Among two
functions is more preferable one which has the minimum value of a maximum of
risk. The decision strategy ensuring a minimum of the maximum risk are termed
the minimax procedure:

HMInmaX — g o min max Rs(6).
As the maximum designates most major (on the average) losses, which can arise at
the use of the given procedure, the minimax decision in the comparison with other
decisions gives the greatest protection against great losses.

Other criterion of a choice of the decision rule is based on the likelihood func-
tion. Let us consider a sample of n independent observations x1, xs, ..., x, of the
components of a random vector . As z1,xo,...,T, are independent, then a joint
density function is equal

n
L(x,0) = [ [ f(:,0).
i=1
The function L(z,#) is called the likelihood function for 6, if we consider it as a
function of the parameter 6 or the vector parameter 8 at stipulated z1, 22, ..., z,,
which are registered at an experiment.

If the decision is reduced to a problem of the determination of a value of the
parameter 6, then the natural estimate of  can be picked on the basis of the con-
dition of the greatest probability at the given sample of experimental observations
T1,T3,...,Tn, i.e. the estimate maximizes the likelihood function

OMLM = arg reneaé( L(z,0).

The method of an estimation, when an estimate of the parameter brings the
greatest value of the likelihood function is called as the mazimum likelihood method.
Using the likelihood function, it is possible to formulate the procedure of a decision
not in the terms of a loss strategy, and in the terms of a winning strategy. The
winning is equal to zero (a(f) = 0), in a case of the improper decision, and it
is positive «(f) > 0, for the proper decision, where 6 is a true quantity of the
parameter. Then it is advisable to supply the likelihood function with a weight
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function connected with winnings, and to determine the value of 8, maximizing a
product «(0)L(zx, ).

If we consider 6 as random variable and designate as «(f) a priori distribution
of the parameter, then a posteriori distribution of parameter the 6 is written

p(6/) = ﬁaww(m,m.

The maximization of a posteriori probability can be considered as a strategy of the
estimation

Omap = argmax p(0/x) = arg max o(9)L(z, 0)

(the multiplier p(z) does not influence a value of the argument at the maximum
point of the likelihood function, therefore we have rejected it). The estimate Onap
is called the mazimum a posteriori probability estimate.

Consider a two-alternative problem. Let wo and w; designate a range 6, for
which dy and d; accordingly are the proper decisions and «(f) = ap at 6 € wg and
a(f) = a; at 0 € w; are valid. We make a decision do, if

o gréfi)l(L(m, 0) < ag gréng(L(x, 0),

maxgew, L(SL‘, 6‘) Qo
b)

maxgew, L($, 9) (5]
and the decision dy, if

o gréfi)l(L(m, 0) > ag gréng(L(x, 0),
maxgey,, L(z,0) o
maxgeu, L(z,0) ~ a1’
A such procedure is called the likelihood ratio method. If 6 it is possible to con-
sider as a random parameter, then ag and « it is possible to interpret as a priori
probabilities of belonging of the parameter to the field of wg and w; accordingly.

2.1.4 Sufficient statistic

A high profile in the practical sense has such a transformation of observations
T1,...,Tn, which gives in cutting number of experimental data, but thus the infor-
mation about parameter 6 (with distribution f(x,6) )or vector of the parameters
0 (with the distribution f(z,8)) is completely maintained. Such type of a trans-
formation is connected with the concept of the notion of the sufficient statistic
T(z1,...,2n), which contains the complete information on the parameter §. The
statistics T'(z) is called sufficient for 6, if the conditional density function « at given
T is independent from 6, and T and 6 can be multivariate and have various di-
mensionalities. The necessary and sufficient condition, that 7'(z) is the sufficient
statistic for 6, leads to the next writing down of the likelihood function

L(xv 0) = g(T’ a)h(x)v
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where h(z) does not depend from 6 and ¢(T,6) and it is proportional to f(T'/6),
which is the conditional density of T" at the given parameter 6.

Example 2.4. Let ¢ is in the accord with to the Gaussian distribution N (me, Ug),
then the likelihood function

—n 1 -
L(z,m¢,0?) = (2m07) /2 exp l—ﬁ Z(xz - mg)Q]

€ i=1
. n o, I~ _
= (27mg) /2 exp l—@(x — m5)21 exp [_Tﬂ Z(xz - 95)2] )
3 € i=1

n

where Z = (1/n) > z;. If og is known, then z is in the accord with the Gaussian
i=1

distribution N (mg,oZ/n) and the likelihood function can be represented as

L(z, m¢) = g(z, me)h(z),
where

1/2
g(z,m¢) = f(z,me) = (%) exp [_L(m - m&)ﬂ ,

2
¢ 20¢

h(z) = n_1/2(27m§)_("_1)/2 exp l Z 1 .

511

Consequently, z is a sufficient statistic for m¢. Using the sufficient statistics, we
reduce a volume of data, which is necessary for the parameter estimation. It is
especially essential in a case of a great information flow.

Example 2.5. Let x1,...,2z, are an independent components of vector & with
Gaussian distribution. The likelihood function in this case reads as

B 1 n
Lz, me,0?) = (2m0f) "/ exp (—ﬁ > i+ —5 Z -3 m)
=1 =1
The factorization criterion shows that the statistics T(z) = (3. x;, Y, x?) is sufficient
; i

K3
for o?, me, i.e. for the estimation of the parameters of the Gaussian distribution is
sufficient to have a sum of observations and a sum of squared observations. Thus,
it is necessary to store in a computer memory only two numbers — > z; and ) x%,
i i

that can appear essential at a great sample size n.
2.2 Estimate Properties
The wide class properties of important problems of processing of the geophysical

information brings to finding of estimates of desired parameters (an amplitude and
an arrival time of a seismic signal, a magnetization and an occurrence depth of
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the magnetized body, an electron concentration at the given height etc.). Because
the estimate is a statistics, then to it the concept of the sufficiency surveyed in
the Sec. 2.1.4 is applicable. The finding of the estimate is reduced to a choice of a
function according to the accepted criterion. The quality of a criterion is determined
by the following basic properties: a consistency, an unbiasedness, an efficiency and
a robustness.

2.2.1 Consistency

The estimate 6,, for the parameter 6 is termed a consistent, if 0, converges to a true
value of the parameter 6y with increasing of number of observations. It is possible to
define different types of a competence, using various definition of convergence. In the
mathematical statistics at the definition of a consistency a probability convergence
is used more often. The estimate én is consistent one, if if there is such N for
arbitrary small € > 0, 7 > 0 , that

P(|6, — | <€) >1—1
for all n > N. In this case it is said, that 6, converges on the probability to 6y at

the increase n (Fig. 2.2).

k -~
P(0, -0,l<e)

»
n

Fig. 2.2 The illustration of the convergence in probability.

2.2.2 Bias

A bias bn(é) of the estimate 6, obtained by n observations, means a divergence of
the mathematical expectation of the estimate of a true value of the parameter:

b (0) = M[6,,] — 6.
An estimate 6 is called unbiased, if for all n
bo(§) =0 or MI6)] = 6o.

At Fig. 2.3 a changing of the distribution function at the increasing of a number
of observations n (marked by arrow) under conditions of the consistency and the
unbias and without a such condition is demonstrated. Among the estimates of the
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6.0,) ¥

(==}3 v
oy

s ¥

Fig. 2.3 Consistency and unbias. An estimate of a parameter §: unbias and consistent (a);
consistent, but bias (b); unbias, but inconsistent (c); inconsistent and unbias (d).

parameter 6, which can be bias, there is an asymptotically bias estimate, which sat-
N n— oo

isfies the condition M[0,] — 6y. The mathematical expectation of such estimates
is tend to a right quantity of the parameter.

Example 2.6. Let for a repeated sample (x1,22,...,2,) of normal observations
& € N(mg,0f) to find an estimate for of.
Using the relation for a sample variance

1 n
2——E -—72:—
8 _ni:l(xl z) n

—
g
8
=0
I
|
w

we obtain

M(s?) = =3 M[z2] - M[?] = <1 - l)ag.

n

So, the estimate of Ug is biased in the direction of smaller values. Obviously, that
the unbiased estimate of a? can be written as

o . n 5 1 S Y
S _n—ls _n—lg(% z)4,
because
1 1 21 _ 2

The estimate s? is an asymptotically unbiased estimate of Jg, because M [s?] — Ug =
—Ug/n—> 0 at n — oo.
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2.2.3 Rao—Cramer inequality. Efficiency

An accuracy of the parameters estimation at a given number of observations and
an existence of the lower edge for the variance of the parameter was solved by S.
Rao and G. Cramer independently. They have proved the existence of the lower
edge for the variance of the estimate (Rao, 1972; Cramer, 1946).

Let us consider a case of a single parameter. Let the likelihood function

L(zq1,22,...,2,,0) for a sample x1,x9,...,z, depends on the parameter 6, and
6 is an unbias estimate 0 = 0(x1,x2,...,x,) of . The likelihood function satisfies
the normality condition

/.../L(xl,xg,...,xn,ﬁ)dxl,...7dxn:1. (2.1)

Assuming permissible parameter differentiation of integrand, we obtain

/ /—dxl,...,da:n —0. (2.2)

As the estimate § (M6 = 6) is unbias, we have

/.../9de1,...7dxn =0, (2.3)
/ /G—d;vl,...7 T, = 1. (2.4)

Taking into account the relations (2.2) and (2.4), we can write

from which

8L a:l,...,xn,ﬂ) o
/ / 00 dxl,...,da:n—l, (25)
or
10L
/ / —G{Lae}Ldml,...,da:nzl. (2.6)
To rewrite the equality (2.6) as
P 1 0L

To denote 6 — 6 = V and (£)(0L/80) = W, and using an analog of the Cauchy—
Bunyakovckii inequality

MV MW?] = (M[V - W])?,

we obtain

MV M[W?>1 and M [(é - 9)2} M [%g—ﬂg > 1. (2.8)
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To implement a transformation of the expression M [(1/L)(0L/06)]. Let L # 0,
then
oL  10L
00 — Lop’
?mImL 1 [dL]® 10°L
%2—‘Eﬂ%} o0

We multiply the expression (2.9) on L and, taking into account
M[%%] :/ a2—Ldgcl,...,docn:0,

we obtain the equality for the mathematical expectations

1 @] M {EH_L]

L 00 002 |’

Taking into account the equality (2.10), the inequality (2.8) can be rewritten as

1
020 L/062]

M[ (2.10)

D)= M — )% > " (2.11)

The inequality (2.11), which determine the lower edge for the variance of the pa-
rameter estimation, is called the Rao—Cramer inequality. A quantity

_621nL] B [alnL

06? 06

is the quantity of Fisher information, which has been introduced in Sec. 1.9.5. So,
the quantity of the Fisher information describes the lower edge for the variance of
the parameter:

M{ ]2 =1 (p) (2.12)

DIf) > (1) (6))". (2.13)

As mentioned above, this quantity does not depend on the way of the estimate 0
and it is the lower edge for the accuracy of an arbitrary estimate So, at given a
sample size the accuracy of the estimate has the bottom limit. In a case of the bias
estimate with bias b(#) the Rao—Cramer inequality reads as

plf] > b/

= m, (2.14)

where b(0) = M[) — 6].
In the case of repeated sample is valid

L(x1,...,2n,0) = fe(x1,0) fe(22,0) ... fe(an,0)
fe(zi,0) # 0, then

P’InL 0% f(xy,0)
002 Z 062
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and
9?InL " 0?1n f(x;,0) 0?1n f(x;,0)
M | = M _— | = M = | -
[802};{ 902 }”{ 902 }
Since all quantities M [0%In f(x;,0)/06?] are equal for all i, we obtain
- 1 1
D[f] > = . 2.1
0] = nM [—0%1n f(z,0)/00%] nIF)(0) (2.15)
In a case of a few parameters @ = (1, ...,0s) the Rao—Cramer inequality reads
as
Do) > (I'V)(9))7, (2.16)
where

A F
D[e] = ||DSS,||SS78’:1 and I(F)(a) — ||I( )”S

ss Ils,s'=1
accordingly the covariance matrix for the estimates of parameters
Dy = M [(B = 05)(0 — 04)]
and the Fishef Fi)nformatioggrlr;lag(ig 9 510 Lz, ) 1n L(z,0)
Lom=M {_ 20,00, } - M{ 20, 0. }
An estimate of the parameter 6 is called an efficient estimate, if its variance
reaches own lower edge, i.e. the Rao—Cramer inequality transforms to the equality

D[f] = (1) ()~ (2.17)
As the efficiency measure a function
e(0) = (1"(0)D(9)) ", (2.18)

is used. This function has values from 0 up to 1, moreover for the efficient estimate
e(f) = 1. In the case of repeated observations the efficiency can be written as

e(8) = nIF)(9)D[A]. (2.19)
The estimate is called as an asymptotic efficient estimate, if e(é) — 1 at n — oo.
Consider a case of the wvector parameter 6. Let for the vector
s
V = ||V||; an equality > V2 = 1 is valid. Let project on it a random vec-
s=1
tor of estimates of parameters § = (6y,...,0s). We get a random variable with
a variance VT D(@)V and in accordance with the Rao—Cramer inequality we can

write

VID@W > v @) 'v. (2.20)
It means, that the correlation ellipsoid VTD_l(é)V = 1 of the random vector 6
envelops a fixed ellipsoid V' TT()()V = 1. If the correlation ellipsoid of the system
of unbias estimates (f1,...,0g) can be written as V7' D=1()V = 1 and coincides
with an ellipsoid VT IU)(@)V = 1, then (61,...,0g) is called the system of jointly
efficient estimates. The system of jointly asymptotic efficient estimates is defined
as the consequence of the system of estimates (éln, .. ,ésn) for the parameters
(91, . ,95), which depend on a sample size n, asymptotically unbias and their
correlation ellipsoids V7D=1(8)V = 1, at n — oo asymptotically tend to the

ellipsoid VTT(F)(9)V = 1, which gives by the Fisher information matrix.
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2.2.4 Sufficiency

An estimate é(xl, ..., xp) of the parameter 0 is called a sufficient estimate, if the
likelihood function for a sample £ can be represented as
L(z,0) = g(6,0)h(z), (2.21)

where h(z) does not depend on 6. In this case the conditional distribution of a vector
z at fixed 6 does not depend on 0, so the sufficient estimate 0 of the parameter 0
accumulates the complete information on 6, contained in the sample. The effective
estimate necessarily is sufficient. The set of joint sufficient estimates (91, e ,és)
leads to the representation of the likelihood function as a product of functions

L(z,0) = g(8,0)h(z), (2.22)

where, as before, h(z) does not depend on 6.

2.2.5 Asymptotic normality

Let us present n measurements (z1,...,x,) of random variables £ with a density
function f¢(x,0), where 6 is an unknown parameter. Let’s consider asymptotic
properties of the distribution of an estimate, which we shall consider as consistent.
Let’s take the advantage of the central limit theorem. From this theorem follows,
that

n

=3 o) (2:23)

=1

at an asymptotic bound (n — oo) has the normal distribution with the mathemati-
cal expectation M[g(§)] and the variance D[g(€)]/n, always supposing, that D[g()]
is a finite value. From the law of large numbers follows, that

n

=396 "5 Mlg(©)) = [ a@)f e, 0)d. (2.24)

=1

Supposing there is a such function g(x), that the right hand side of the equation
(2.24) is a known function ¢(8):

M{g(€)] = / o) (x, 0)dz = q(0). (2.25)

If the equality (2.25) is valid for the true value 6, there is an inverse function ¢—!

for ¢, determined by the expression

¢ '[a(60)] = . (2.26)
Using the equality (2.24), we obtain

O = q~ {M]g(&)]}- (2.27)
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For a finding of an estimate 6 we shall take the advantage of the expression

= {23 229
i=1

The expression (2.28) it is possible to take Taylor about a point M[g(&)]:

b— g { }-M{M[()}}ﬁql

g0

At such order of the accuracy the estimate 6 asymptotically distributed under the
normal law N (g, D(0)) with an asymptotic variance

D] =M [é - 00)2} -1 {82;1}213[9],

{Mlg()]}

3=
HM:

5)]} +0(1/n).

where DJg] is a variance g(§).

In the case of a vector of parameters 8 = (61,...,60s), the functions g and ¢
~! accordingly. In this case matrix of the second
moments of an asymptotic distribution 0 reads as

-1

become the vector functions g and ¢

Dlo) = a1 [0 00)6 —00)"] = 1 [%~| Dlg [3‘;’99_1]T,

where D][g] is a matrix of second moments g, g 1 /dg is a matrix with the elements
dg;”"/0g; and q;"(9) = boi-

2.2.6 Robustness

Robust estimation is a such kind of estimation, which does not depend on a type of
the distribution or insensitive to the deviation from the guessed distribution. As a
rule, at processing the experimental geophysical data the normality of an errors of
measurements is supposed. The great outliers lead to the deviation from the normal
distribution. The robust procedure allows to exclude the influence of great errors
(examples of robust procedures see in the Sec. 6.14).

In addition to the mentioned above desirable properties of estimates of sought
for parameters (consistence, unbiasedness, efficiency, normality, robustness), at the
practical realization of a method of an estimation the essential factors are compu-
tational complexity of a method at the processing of the bulk of the geophysical
information and the computation time.



Chapter 3

Models of measurement data

At the design of the geophysical experiment and the interpretation of its data the
concept of a model is a basic concept. The success of the prognosis of a geological
structure of an explored parcel of the Earth crust substantially depends on the
chosen model. In the geophysical literature there are various aspects of the use
of the concept of the model. At the first, the notion of the model is connected
with the concrete a priori assumptions concerning a structure of one or another
geophysical object. For example, the layered model of the medium is a basis of
many methods of the processing of the seismic data: build-up of a pseudo-acoustic
impedance section with the purpose of the prediction of a geological section; the
migration of a seismic time section in the depth section etc. In more complicated
geological conditions is possible to use models of an anisotropic layered medium, in
which the velocity of the propagation of the seismic waves depends on a direction of
the propagation. In a case of a magnetometry and a gravimetry an example of such
models can be an object with a priori assigned shape, which creates an anomalous
magnetic or a gravitational field. Secondly, the concept of the model includes a
priori assumptions about the connection between the observed experimental field
and parameters, interesting for the investigator, and conditions of a parcels of the
Earth’s crust, thus the random character of experimental data should be taken into
account. The explored geological object is a complicated multiparameter system,
and for its study it is necessary to take all available geological and geophysical
information. At the analysis of real objects the principle of a “black box”, which
guess a complete absence of a priori information is completely unacceptable.

3.1 Additive Model

Let’s suppose that the observation of a geophysical field u will be carried out in a
Cartesian frame (z,y, z) in discrete points of the space (xg,yi, zm) in instants t;,
wherek=1,..., K, l=1,....Lym=1,...,M,i=1,...,n. If a step at measuring
is uniform, then xy = kAx, y; = lAy, 2, = mAz, t; = iAt, where Az, Ay, Az, and
At are the quantization steps on the space and time accordingly. The important

99
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special case of a system of observations are the measuring along a linear profile,
when, combining an axis 0z with a direction of the profile, we shall obtain for a
seismic field w(zg,t;) and for a magnetic or a gravitational field we shall obtain
On the basis of the available a priori information an investigator creates the
model of the medium, which allows with the use of the physical laws to establish a
functional connection between desired parameters of the medium 6 = (64,...,0s),
where S is a number of desired parameters, and a model field on a observation
plane f(0, zk,yi, Zm, t;). Thus, a random component of the model e(zk, yi, 2m, t;) is
functionally connected with the the model field and the observed field:

(@, Yiy 2m, ti) = @(f (T, Y1y Zm, ti,0), €(Tk, Yt 2m, ti))- (3.1)
The additive model has a greatest prevalence in a practice of the processing of
the geophysical data. In a case of this model a functional connection ® corresponds
to a simple superposition of a model field f and a random component of the model
e:
Wk, Yty Zmy ti) = [Tk Y1y 2ms i, 0) + €(Th, Yis 2m, i) (3:2)
Such representation points to the independence of sources of a model field and
noise. Using the formula (3.2) for a seismic trace, we guess, that f includes the wave
field, computed according to the accepted model of the medium, and ¢ is the con-
tribution of a microseism, a noise of the received chain, geological inhomogeneities
unaccounted in a model field. For problems of the magnetometric prospecting and
gravimetric prospecting the possible example of a such model can be written as
a superposition of a model field f of the object of the known sample shape (for
example, layer, bench etc.) and a random field e, which is caused by errors of ob-
servations, the influence of non interpretive sources of a field, and also errors, which
is connected with a replacement of the real magnetic object by its physical analog.
The model (3.2) can be obtained from a general model (3.1) by a linearization
at a small enough €. The parameters 6, included in model, depending on a physical
statement of a problem can be either unknowns values, or random values, thus the
various algorithms of estimations of parameters are used. At the formalization of a
model, together with the physical basis, it is necessary to take into account a com-
puting complexity and a practical realizability of the chosen approach. Further the
models as with known (but not random), and with random parameters will be used.
Let’s mark, that the representation about a random character of an experimental
material underlies the statistical theory of the interpretation and determines the
concrete algorithm and the efficiency of a processing algorithm. It is necessary to
underline, that the information substance of the interpretation becomes up to the
extremely clear only within the framework of the statistical theory, in which the
gained information is determined by a difference of entropies of a priori probability
distributions (before interpretation) and a posteriori probability distributions (after
interpretation) about a state of the object. So a random character of inferences thus
admits which is a direct consequence of a random character of measurements.
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3.2 Models of the Quantitative Interpretation

The model (3.2) belongs to the set of models of the quantitative interpretation.
The function f(zk,yr, 2m,ti,0) is supposed to be known and is determined by the
physical problem statement. The problem consists in a finding of an estimate of
parameters 0 on a given experimental material u(xk, yi, 2m, t;), that corresponds to
procedure of a point estimation of the parameters in the terms of a mathematical
statistics.

As an example of a such model we shall consider a model of a seismic trace:

ult) = 3" Auplts — 7)) +£(t), (3.3)
p=1

with the vector of sought for parameters 6 = || A, 7,[[}L,. At that time-continuous
analog of the model (3.3) can be written as

u(t) =Y Aup(t —7,) +£(t). (3.4)

An example of the seismic trace is represented at Fig. 3.1.

2

1.2

u 4 4, 4@ v \/\/ (o)
0 M«
T T :
1 Ta W E h, km
05 1 15 0 0.5 1 15

Fig. 3.1 An example of the seismic trace: (a) it is seismic trace with the Gaussian noise
(N(0,0.1)); (b) depth dependence of velocity of the wave propagation and the time dependence in
a seismic source. Observation point is located near the free surface.

In some problems of the data processing it is expedient to carry out the analysis
in the frequency domain. Using the Fourier transform, the model (3.4) is possible
to rewrite as

u(w) = Z A, ®(w) exp{—iwT,} + E(w), (3.5)

where
o0

u(w) = /u(t)exp{—iwt}dt,

— 00

o0

B(w) = / o(t) exp{—iwt}dt,

— 00

o0

E(w) = /s(t)exp{—iwt}dt.

— 00
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In the case of the model (3.3) we use the discrete Fourier transform or Z-transform
(Z — e—iwAt):

p=1
u(z) = Zuizi, D(z) = Z 02", E(2)= z:eslzZ (3.6)
i=0 i=1 i=0

Let’s consider an example from a magnetometry. Let a vertical component of a
magnetic field u(zy) is registered along a linear lateral profile in points xj, is caused
by a vertical magnetic dipole, then a linear model of the experimental field can be
written as

M(2h% — 23)

u(zy) = W +e(zg), (3.7)

where M is a magnetic moment of the dipole, h is an occurrence depth (Fig. 3.2).

2 u

1

0 0 X, Km

-2 -1 1 2

Fig. 3.2 Magnetic field with the Gaussian (N(0,02)) noise (3.7) along the linear lateral profile
(h=1,M=1,0=0.1).

3.3 Regression Model

At the processing of the geophysical information the interpreter frequently confronts
with a problem of the smoothing of the initial or the intermediate data by functions
of a given degree of a smoothness. So, for example, at the calculation of the normal-
moveout spectrum of velocities with the purpose of the definition of the velocity
Vepp the hodograph of a wave is approximated by a parabola of the second order
the similar approximation of a hodograph is used also at a static correction. For
extraction of the local magnetic or gravity anomalies it is necessary to remove the
influence of a regional background, which can be circumscribed by a smooth surface.
The similar problem arises at the analysis of structural maps obtained on the data
of a seismic exploration, where it is necessary to extract an anticline with a small
amplitude on a background of a regional raising. These and many other problems
are solved by the regression analysis.
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The classical model of a linear regression can be obtained as a particular case of
(3.1), with a linear dependence of the model on the desired vector of the parameters:

s
U(xk, Yty Zms tl) = Z eﬂﬁ] (xka Yiy Zm, tl) + €($k7 Yty Zms tl) (38)
j=0
The formula (3.8) can be considered as a basis of four dimensional space re-
gression, which is applicable at a numerical realization of the ray method. At the
processing of the geophysical data at present time three dimensional spatial model
and the three dimensional space-time model are widespread:

5
w(Th, Yk, 2m) = Z 050 (xk, Yy 2m) + €(Tk, Yk, Zm ), (3.9)
=0
5
u(Tk, Yk, ti) = Z 050 (xk, Yk, ti) + e(Tk, Yi, ti)- (3.10)
=0

The formula (3.9) is used for the description of a formation velocity, values
of magnetic and gravitational fields at an areal spread on a ground surface. The
expression (3.10) is applied as a model of a seismic trace, thus function ¥ (xg,t;)
describes the shape of a signal with unknown moments of the arrival 6;.

In the geophysical practice one-dimensional models are widespread

s
u(wr) = 050 (xx) + (), (3.11)
=0
s
ulti) =Y 05;(ti) + e(ti)- (3.12)
7=0

The formula (3.11) is used, for example, for the velocity smoothing in CDP or
seismic horizon smoothing along a profile of observations. The representation (3.12)
is an initial model of a seismic trace for a great number of processing algorithms,
such as the predictive deconvolution and adaptive filtration. In the matrix-vector
form the formulas (3.11), (3.12) look like

w=10+e. (3.13)

For example, in the case of the model (3.11) the vectors u and € have the components

u:[ul,...uK], 8:[61,...751(],
’lr/)ll--~1/)15
VK1 - YKS

The matrix v is called a design matriz.
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3.4 The Models of Qualitative Interpretation

If as a result of the interpretation a geophysicist can obtain the information only
about a qualitative state of a target object, the appropriate model of experimental
data is called as a model of qualitative interpretation:

either fl (fka Yiy Zm, tia 9) + 5((Ek, Yty Zm, ti)a

£, t,
Wwny g 2y ts) =4 O F2@k b Zm b, 6) @k, g, 2m, ), (3.14)

v=1,2,....N
or fN(xkaylazm7ti79)+€(mk7ylazmati)7

where f,(xk, yi, 2m, ti,0) is a field of the idealized object of the investigation with
a state with a number v = 1,2,..., N. As an example we can consider a problem
of the detection of a seismic signal with the noise background using an area of a
seismic trace
u(t) = {either Ap(t; — 1) +e(ts), (3.15)
or (i),
where A, 7 are known signal parameters (Fig. 3.3).

Fig. 3.3 Qualitative interpretation (either “signal and noise” or “noise”).

In the case of a choice between two signals we have (see Fig. 3.4)

U(tl) _ { either Aﬂp(ti — 7'1) + 6(t1‘),

or AQ(,O('Q — 7'2) + S(ti). (316)

Fig. 3.4 Qualitative interpretation (“signal (A:) and nose” or “signal (A2) and noise”).

The important class of problems of the resolution of seismic signals is founded
on the following model of a seismogram (Fig. 3.5)
either Agpo(t; — 10) + &(ts),

U(tz) - {OI’ Al(Pl(ti — Tl) + Ag(pg(ti — Tg) + E(ti). (317)
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Fig. 3.5 Qualitative interpretation (either “signal (A;) and noise” or “two signals (A1 and A2)
and noise”).

The statistical hypothesis test will allow to establish (with a given significance
level) consistency of hypothesis that on the given interval of a seismogram there is
only one wave or, this hypothesis is rejected.

The statistical hypothesis test can be applied also to the spectral representa-
tion of a seismogram. In this case the problem consists in the examination of the
resolution at the separation of two spectral lines:

u(w) = {either Apg®o(w — wp) + E(w),

.1
or Al(bl(w—w1)+A2(I>2(w—WQ)+E(W), (3 8)

where wq, wi, wy is a frequency delays, which determine a location of the signals
(I)(), (I)l, (I)Q (Flg 36)

D(w)

e
8“’

(0]

Fig. 3.6 Qualitative interpretation in the frequency domain (either “signal (Ag) and noise” or
“two signals (A1 and A2) and noise”).

3.5 The Models of Qualitative-Quantitative Interpretation

At the solution of composite interpretation problems of a modern geophysics the
investigator deals with models of a type

eitheffl(xka Y, Zmatia 91) + 6((Ek7yl7 Zmati)a

t;,0 ti
W@ Yty 2o t) =4 Jo(@e, g1, 2m, i, 62) + @k, Y1, 2, ) (3.19)

v=1,2,...,N
or  fN(Tk, Y1, Zm, iy ON) + €(Th, Yty 2m, i),

where the state of an interesting object is characterized by N various deterministic
components f, (v =1,...,N), each of which depends on the vector 8, of unknown
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parameters with components 6, (s = 1,...,5). The problem consists in finding an
optimum procedure of a choice among probable states and an estimation of unknown
parameters on a given experimental material. The competing states of the object,
for which the models of an experimental material are under the construction, should
form a complete system of alternative (incompatible) events.

Let’s note, that at the formalization of the model of an experimental material
it is necessary to determine properties of a probability distribution of a random
component of the model, that can be implemented on the basis of available a priori
data.

3.6 Random Components of Model and its Properties

The properties of a random component ¢ in surveyed above models substantially
determine the structure of algorithms of a finding of an estimate of required param-
eters. Therefore at processing of a real geophysical material it is necessary carefully
to explore properties of a random component of the model. Let’s consider the vari-
ants of the representation of a random component having the greatest practical
interest at the solution of approximation problems of the geophysical data.

The central place at the determination of properties of a random component
is a choice of its distribution law. The geophysical noise field has a composite
character and it formed by the great number of the independent factors. So, for
example, at the description of a seismic field the random component of the model
can conventionally divide on the following basic components.

e Noise, which is connected with the passage of a signal through the seismic channel.

e Microseism is a weak oscillation of the ground determined by a state of a sur-
rounding environment. The level of the microseism is determined by meteorologi-
cal conditions, the motion of a transport, and also series of the geological factors;
for example, the water-saturated sedimentary rock produces 100 — 1000 times
greater noise than the solid basement rock.

e The assembly of a partial regular and not enough extended waves formed owing to
an inhomogeneity of the medium, an inclusion, a roughness of seismic interfaces,
and also the great number of multiple and partial multiple waves with a small
energy create the complex interference and irregular field of a seismogram. This
field it is permissible to consider as a sampling of some random function. Taking
into account a physical nature of the noise, it is possible, basing on the central
limit theorem, which proves an asymptotic normality of the sum of independent
random quantities to make the guess about the normality of a random component.

It is necessary to note, that at an increasing of a number of observations the
majority of distributions tend to the normal distribution (Student’s distribution,
binomial etc.). If it is known the first two moments — (mathematical expectation
g0 and variance 02) only, the maximum entropy principle, which leads to the solution
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of a variation problem with constraints, gives a normal distribution.
We write an explicit form for a random vector, which belongs to the normal
distribution € = [e1,...,&p]:

e) = ) R e { e — e R e e ). (20)

where T is a sign of the transposition, g¢ is a vector of the mathematical expectations
R is a covariance matrix with elements R;;, |R| is a determinant of the covariance
matrix, R~! is an inverse covariance matrix. The main diagonal of the covariance
matrix contains the variances o? of the random values ¢;, non diagonal elements
R;; describe a linear relations between values €; and ;.
Along with the covariance matrix R a correlation matrix with the elements
_ Ry

VRiv R
is used often enough. The main diagonal of the correlation matrix contains units
and nondiagonal elements r;;; are the correlation coefficients of the values e; and
IS

Let’s consider special cases of the covariance matrix R, which are very important
from the practical point of view.

1. The vector € has a property of a stationarity in the wide sense, i.e. the
values of a vector of the mathematical expectation and the variance are constant,
and the correlation matrix depends only on a difference of indexes ¢ and i/, thus on
diagonals, parallel to the main diagonal, the identical values are placed

T

1 . ro ... 1Tp

Tn Tn-1Tn—2 ... 1

2. In a case of a noncorrelated random component the covariance matrix can be
written as

Riiv = 076,
where ¢;; is the Kronecker delta:
Oii = {(1)7 le:Z:’
, ifd £
At equal accuracy measurements
R =21,
where I is an identity matrix. In this case it is easy to calculate the inverse matrix
R = %I.

Now the density of probabilities is possible to write as

p(e) = (2m0%) " exp {—;7@ - )} |
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0
-5 0 5

Fig. 3.7 The elements of the covariance matrix in the case the Markovian process (3.21) (o =1,
c=1).

3. To consider the Markovian type of the correlation. In this case correlation of
random quantities £; and €; is described by the following function
Riyr = o2 exp{—cli —i'|} (3.21)

(Fig. 3.7). Introducing the designation v = exp(—c) we obtain the next representa-
tion for the matrix R:

Loy 9 "
Reo?| T b7 (3.22)
A ATl g2 ]
the determinant of R can be written as
|R| = o?"(1 —4*)" L. (3.23)

An essential advantage of a matrix R is that it can be inverted irrespectively of
the quantity n, thus the inverse matrix looks like

Rl 1 v 1+~ —y... 0

BT [ (3.24)

The formula (3.20) for the density function of € taking into account (3.23) and
(3.24) can be rewritten as
1
20201 =7
x [(14+~%) Z €7 — 272 gi€it1 — 72 (e +€2)]}.

pe) = (2m0®) 21— )" D2 exp{~

The simplicity of the matrix inversion (3.22) allows to use the Markovian type of a
correlation for the approximate description of more complex correlations.

The practical interest, for example, for the model (3.10), represents the fol-
lowing variant of the assignment of the random component ¢;: the mathematical
expectation is equal to zero and finite interval of the time correlation

(e4), (ei€i—j), J=>ma,
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where (-) is an averaging operator. In this case for € the next representation is valid

ni

g =€&; + E Djz-:i,j,
Jj=1

where (g;) = 0, (g;6;—;) = 020;; (J;; is the Kronecker delta function). The ma-
trix D; can be diagonal as well as nondiagonal. Such description of the random
component can be helpful for the sesimogram processing.

Along with stationary or quasi-stationary components of a random variable we
shall consider the non-stationary random component using an example of the one-
dimensional model

u; = fi + oi(fi)es,

where f; = 3 1;;60;, €; are independent and identically distributed random variables

with the ma%hematical expectation 0 and an unknown symmetric density function.
According to a priori receipt about the character of a stationarity choose a view of
a functional dependence of o;(f;). For example,
oi=o(1+fil)}, oi=0cexp(\fi), o =o0lfil,
oi=0(1+Af2), o5 =01+ f2)2
where A\, 0 are unknown parameters, which estimate together with .

Let’s note, that the made above assumption about a normality of estimates in
practice is not always observed. The presence of sharp outliers in a noise realization
can give an essential deviation from the normal distribution, thus statistical proce-
dures basing on the moments of the first and second orders, can lose the optimum
properties. Under this conditions it is expedient to make the assumption, that the
variance of noise is known only on average. Applying the maximum entropy princi-
ple, we shall discover a distribution, which at the accepted assumption ensures the
greatest indeterminacy of the system, i.e. it is necessary to find density p(e), which
gives a maximum of an entropy,

oo

H.=- / p(e)Inp(e)de, p(e) = arg max H..
—0o0
Let’s we have a normal distribution for a random component, but the standard
deviation is a random variable with the mathematical expectation og. In this case
a desired density function p(e) can be written as follows

) = m/—exp{ 5_50)} do'—/lsa

where ¢ is the mathematical expectation of the random variable . The density

function of o satisfies the conditions
oo

/ap(a)do* = 0y, (3.25)

0
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/p(o)da =1 (3.26)
0

For finding the density function p(e) it is necessary at first to determine p(o).
The maximum entropy method, taking into consideration the constrains (3.25),
(3.26) is reduced to finding of a conditional extremum. For its finding, we shall take
an advantage of the Lagrange method. The functional subject to a maximization,
looks like

L(p(o)) = — / / (e, o)p(o)do | In / e, o)p(o)do | b de
— 00 0 0

+ M /p(a)do’ — 1] + A /ap(a)do’ — 09
0 0

The necessary condition leads to the solution of the equation

oL

o
/ l(e,0) ln/l(a, o)p(o)do| de+1— X — A0 =0. (3.27)
—0oo 0

It is easy to test, that the solution of the equation (3.27) with conditions (3.25),
(3.26) is a density function

plo) = (2/X3*)o exp{—0?/A?}, (3.28)
where A\ = 20¢/+/7. Then

Be) = 71(5, oYp(o)do = 5- p{@}
0

(67

the density function of the standard deviation o is equal

= i—g exp{—a?/\?}.

The obtained function p(e) is the Laplace density function. “The Tails” of this
density function decrease more slowly, than “tails” of the normal density function,
i.e. the values of errors ¢ with the appreciable deviation from the mathematical
expectation €p can appear with higher the probability. Therefore the assumption
about an error of the distribution of observations ¢ under the Laplace law is more
cautious in comparison with the assumption of the normal law, if the dispersion of
the noise is not accurately known or unstable. In a Fig. 3.8 the density functions
of the normal and the Laplace distributions are represented.

p(o)
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Fig. 3.8 Density functions: I — normal (eg =0, o = 1); 2— Laplace (e0 =0, a = 1).
3.7 Model with Random Parameters

Along with the model (3.1), in which the vector of parameters is considered as
unknown, but nonrandom, the model with random parameters of signals can be
considered

M
w(ap ti) = Y App(ti — mur) + (T, i), (3.29)
p=1

where A, 7, are the random amplitude and moment of the arrival of the wave
with a number p. Let’s consider the distribution of these arguments as normal with
the mathematical expectation 0 and variance 0%, 02. The shape of the signal ¢(t;)
is supposed the known determined function. A random component £g; has also a
normal distribution with the mathematical expectation 0 and covariance matrix R.

3.8 A Priori Information

Usually at conducting geophysical operations the interpreter has a priori informa-
tion, given by past geophysical explorations in this or adjoined regions, and also
given by the well logging on available deep wells. The engaging of this informa-
tion at creating algorithms of the interpretation and for making the automatized
system of the processing of geophysical data requires its formalization in the pure
mathematical shape.

In general case a priori information can be introduced by a system of algebraic
equations or inequalities:

®(0) =c, (3.30)

C1 < <I>(0) < Co, (331)

where 6 is a vector of unknown parameters, ®(0) is a given vector function.
For many practical applications it is possible to be confined to a special case of
the formula (3.30), by the system of the linear equations:

A9 =V, (3.32)
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where A and V are the given matrix and vector of absolute terms. Special case of
the formula (3.31) is the linear system of inequalities

Vi <A<V, (3.33)

where V'’ and V" are low and upper bounds of inequalities. As the problem of
an estimation, as a rule, consist in finding an extremum in the space of required
arguments, the account of a priori information leads to the problem of finding of a
conditional extremum, for finding of which one the method of Lagrange multipliers
is usually used.

If the model parameters are considered as random, the natural shape of the
representation of a priori information is the assignment of a priori probability dis-
tribution of required parameters. As such distributions the normal or uniform dis-
tributions are used more often. So, if for each of arguments, which one are assumed
independent, it is possible to specify a priori intervals of their variation, and the
arguments with the equal probability accept any values in these intervals, a priori
distribution of arguments will be uniform:

S
H 1/(0/8/ - 0;)7 9/.9 <0 < 0;/5
s=1

0, Os,

p(6) = (3.34)

where 6 and ¢/, are the low bound and upper bound of a priori variation of param-
eter 05 correspondingly.

At presence of great number of independent random factors affecting arguments,
as a priori distribution the normal distribution is usually chosen, issuing from the
central limit theorem. If we shall assume, that the arguments are independent, then
a priori distribution will be written as

S S

p(6) =[] (20} )1/ exp{—% > w } (3.35)

s=1 s=1 095
Let’s assume, that the wave amplitude has the normal distribution with the mathe-
matical expectation (A) and the variance 04. While the moment of the arrival time
to and the apparent slowness v have an uniform distribution with intervals [t(, ¢(]

and [y/,7”]. In this case the joint distribution function will be written as

VaraA(t — th) (7" — 2| th < to < 1]
p(A to,y) = xexp{—(A—(4))*/20%}, and ' <y <4,
0, for other tg, .

It is possible other alternatives of the assignment of a priori information, however
described here distributions are used most frequently in practice at constructing
algorithms of the interpretation of the seismic data.

The considered models of an experimental material do not encompass all variety
of practical situations. But they full enough illustrate conditions and opportunities,
connected with the statistical approach. At the solution of a concrete geophysical
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problem it is necessary with the maximum attention and carefulness to choose the
model of an experimental material. The development of an optimum model should
be carried out together by geophysicists and mathematicians, it should be included
“art”, intuition and rich a priori information of the interpreter formalized in the
rigorous mathematical form.
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Chapter 4

The functional relationships of sounding
signal fields and parameters of the
medium

Basic part of remote sounding tasks are the mathematical models of the propagation
of the sounding signals of the different physical nature in the media under the
investigation. In the present chapter the laws of elastic, acoustic, electromagnetic
wave field propagation are formulated and the ray energy or homoenergetic neutrons
transfer equation are considered.

4.1 Seismology and Seismic Prospecting

As a sounding signal in the seismology and in seismic prospecting the elastic waves,
excited by earthquakes (natural sources of the elastic waves), the shots, vibroplates
and other artificial sources are used (Aki and Richards, 2002; Jensen et al., 2000;
Karus et al., 1986). The elastic wave filed is registered by the seismograph, carries
the information on parameters of the medium, which determine the propagation
of elastic waves. So, in a Fig. 4.1 the examples of the tomography experiment by
elastic waves are represented ((a) — the scheme of the vertical seismic profiling; and
the sources are located on a free surface F; (b) — a section of the vertical seismic
profiling in a plane z0z; (c) — the observed data and the sources on a free surface).
The main aim of the seismology and the seismic prospecting consists in the
restoration the Earth internal structure in accordance with signals recorded in the
borehole or at the Earth surface. The most effective method of the seismic prospect-
ing is the reflection method, which is prevailing for the exploration activity and the
mineral exploration both in the land and the sea. The method is based on the
registration of the seismic waves reflected by some interface, which correspond to
some variation of the wave impedance of the geologic media. Those interfaces are
usually connected with lithological and geologic borders. On carrying out seismic
prospecting in the new area, where the seismic prospecting has never been previ-
ously applied to, it is primary necessary to build the macromodel of the medium,
i.e. to consider the main reflected horizons and to determine the average values of
elastic parameters (possibly with their gradients) inside of each geological horizon.
When working out the deposits the macromodel is usually known and goal of seis-
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(c)

Fig. 4.1 Examples of the tomography sounding by elastic waves.

mic prospecting is to obtain the detailed and reliable information about the elastic
properties of the medium.

The solution of problems of the seismology and seismic prospecting depends on
the connection between the media properties and the corresponding transformation
of the sounding signal, i.e. the propagation equation.

The foundation of the seismic waves propagation problem usually is the model
of the ideal elastic body, built on the linear connection between the strain (change
of a shape or volume of an elastic body) and the backmoving elastic force. This
model contains implicitly the statement about so called 'short-range acting’ between
pieces of solid, i.e. it is assumed that the interacting of two different parts of solid
accomplishes only through their interface. It is possible to consider the deformation
of the rock far enough from the center of an earthquake or a shotpoint being small.
Hence, it is possible to use the model of the ideal elastic body.

Let us write the basic relations of the mathematical theory of the elasticity. The
displacement could be induced by a volume force.

df = sdV,

where s = s(z) 2 af /dV is a density of the volume force f (or the surface force
df = tdo). Here t is the density of the surface force, acting to the piece of the
surface do of the considered volume dV, which is a called stress:
A df
t=t(z) = I
Let us denote the value of the displacement of the solid volume dV (with the mass
density p) from the equilibrium state as ¢ = () and write the equation of the

motion

0%

P o
where s’ = Ky is a density of the backmoving elastic force, induced by the dis-
placement ¢, which is a result of the integration of the stress vector acting to the

=s+¢/, (4.1)
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Fig. 4.2 Distribution of the stress on elementary tetrahedron.

[][sav=] s (12)

Taking into account that t = t(n), where n is an external (with respect to the
considered volume) normal vector:

chosen volume

Taking into account the condition

|JJ t)do] av—o 0

[ [ do

for the distribution of the stress on an elementary tetrahedron (Fig. 4.2) we obtain:

t(n)Ao, +t(—e1)Ao; +t(—ez)Aocs + t(e3)Aos AV=0

Aoy, + Aoy + Aos 4+ Aog 0

We can then derive
t(n) = t(e;)(e;-m) = t(e;)n;, (4.3)
J J
The relation (4.3) determines the connection between the density of the surface force
(stress) t, works into the n direction, and the density of the surface force works into

the unit vector e. The relation (4.3) gives us an opportunity to introduce a stress
tensor:

t=17n, (4.4)
ie. t; =) mjn;, where 7;; = t;(e;) i-th component of the stress vector, induced by

J
the external force of solid pieces laying outside of the outlined volume an acting into
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plane, the normal to the unit vector e;, Not that 7 = 7(x), i.e. deformed solid is
described by means of the stress tensor field. The symmetrical tensor 7 it is possible
to transform to the diagonal form: 7;; = 74;;, where 7
dij =1,1i=4,08;; =0,14# j (0;; is Kronecker delta). Using the expression (4.4)
and applying the Gauss theorem, we obtain

[ [ ttwdo = [ [ndo= [ [ [(v-5av.

whence for the density of the volume backmoving elastic force (4.2) is found

s = (V7). (4.5)

are principal stress axises,

In the linear elasticity the connection between the stress and the strain (displace-
ment ) assumed to be linear (the Hooke law), i.e.

? = Ké, (4.6)
where £ is the stress tensor, defined as
dyp 2 édx 2 2dx — fdx. (4.7)

In this relation the general form of the tensor é is represented as a decomposition
into two parts: the symmetric tensor

1/0p; Oy
At 1 i j
R 2(axj+axi)’

and the antisymmetric tensor
. 1/ 0p; Op;
" 77%] o 2 <83}J 8331 '
The antisymmetric tensor 7 = (V x ¢x)/2 describes the rotation under the condition
|0¢;/Ox;| < 1 the tensor K is a tensor of 4-th rank of the elastic modulus
T =Y Kijmew  (i,5,k,1=1+3), (4.8)
kl

é

U

determines the elastic properties of the medium and has got the next properties of
the symmetry due to the symmetry of the stress and the strain tensors:

Kijii = Kjir = Kijik = Kjik, (4.9)

i.e. the tensor K has 21 independent components.

The model of the isotropic elastic medium with a local invariance relatively to
the rotation is usually used for the solution of the seismic problems. Let us consider
the model with coinciding the main axises for the strain and stress tensors. Let, for
example, the tension stress is coincided with the direction of the homogeneous rod,
which becomes longer longitudinal direction and becomes clenched in transversal
direction. If the first Cartesian ort is directed along the rod, then the relation (4.6)
can be written as following

1

€11 = ETH, (410)
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€92 = €33 = —%7'11- (4.11)
The coefficient E is called the Young modulus, o is the Poisson’s ratio, thus E
and o are constants of a material of a rod describing its elastic properties. All
reductants of a stress tensor, except for 711, and three components of the strain
tensor 93, €12, €13 are equal to zero. If to the stress tensor 711 “to add” the tensors
Too and 733, then the strain €17 from the expression (4.10) will vary according to
the accepted linear model and the requirement (4.11) as follows:

1
€11 = ETM - %7’22 - %7'33, (4-12)

with 723 = 0 and 93 = 0. We can rewrite the expression (4.12) in the form:

Eein = (14 0)m1 — o(m11 + T2 + T33),

or Eé=(1+0)7 —osprl (4.13)
(I is the identity matrix). As it is visible, the connection of tensors of the stress and
the strain in case of an isotropic elastic medium is determined by two parameters,
for example, by the Young modulus and the Poisson ratio. By convolving tensors
in the left-hand and right-hand sides of the formula (4.13) we obtain
Espé = (14 o)spT — 30sp7 = (1 — 20)sp7,

therefore formula (4.13) can be reduced to

(1+0)f =Eé+ spél,
— 20
and
= £+ ob spel 2 2ué + Aspél. (4.14)
1+o (140)(1—20)

The parameters = E/[2(1+0)] and A = 0cE/[(1 + 0)(1 — 20)] are known as Lame
parameters. The tensor K of the elasticity modulus from the relation (4.6) for the
isotropic medium has a form

Kijri = X0ij0p + (05051 + 03101 ).
Let us consider the physical meaning of spé from (4.7):
IL;(1+ 0pi/0x;)dx; — [[;dv;  dV —dVp
I1, dz; vy
i.e. spé is numerically equal to the relative variation of the volume, named the
dilatation, and it is clear a sense of the Lame parameter A () is a coefficient of the
dilatation).

The free elastic energy F' = K£/2 (accurate within terms of the second order)
expresses through Lame parameters as follows

A
F= §(sp5)2 +u Z 2.
ik

itik

spé = (V- ) =~
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Fig. 4.3 Shear deformation.

Note, that any strain can be introduced as the sum of strains of the simple shear
and the uniform pressing (¢ = const]), we can write

The spur of the tensor which was written to round brackets, obviously it is equal
to zero, therefore F' it is possible to introduce in the form

2
F=np Zk (&k - %5ik3p<§> + g(spff)Z,
itik
where k = X\ + 2u/3 is the uniform pressure modulus. Let’s write the equation of
the motion (4.1), using the formula for the backmoving elastic force (4.5) and the
Hooke law (see relation (4.6)):

e = = g
as from formula (4.7) follows

oo .

g T N=€ [ (wa)x},

V- [K(V x p)z] = 0.
Equation (4.15) is called the Lame equation, and the operator
L2 o2~V Kbk (4.16)
is called the Lame operator. In the operator form (4.15) reads as
Ly =s.

We shall name an operator L including boundary and (linear) initial conditions lain
down to ¢ as a generalized Lame operator:

fjcp:s, Tp=g.

After this we can write
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The lame equation for the isotropic case:

0%
P o — A+ VV 90— uAp - VAV -
—VuxVxe—2(Vu-V)p=s. (4.17)

In the case of the uniform isotropic medium (A = const, u = const, p = const)
formula (4.17) can be written down as

p— — A+ p)VV - — uAp =s. (4.18)
Taking into account the equality
V.- Vo=VV.p-VxVxep,

we can write down the equation (4.17) in the form

D%

Poe
Using the Helmholtz theorem, the field of the vector ¢ can be introduced as the
sum of the potential (¢,) and the solenoidal (ps) field of vectors:

—(A+2u)VV o —uV x V X p =s. (4.19)

02+, =—Vd+V xA, (4.20)

where A : V- A = 0; ¢ is a scalar potential; A is a vector potential. Substituting
¢ =@p+ s and s = s, + s, to (4.19), and applying operator V x (-) and V- (+) to
its left hand side and right-hand side, we obtain the system of linear equations for
Pp:

nga,,zo:»g—;gap—AJr—pmVV-wpé (g—;—v§A><ﬂp=Sp (4.21)
and for ¢g:
V X ps =0 = 3—2% S A (8—2 - U?A)(ps =s,. (4.22)
ot? p ot?
Substituting the partial solution of the systems (4.21), (4.22) in the form
Pps = €ps fps(N - X — vpst), (4.23)
where |e, ;| = 1, and taking into account that conditions V x ¢, = 0 follows

[n x ep]f’ =0, and the condition V- ¢, = 0 leads to [n x e;] f’ = 0, we can interpret
@, as the longitudinal wave with the velocity of the propagation v, = ((A+2p)/p)/2,
moreover polarization vector e, is codirectional with the unit vector n, which is a
normal to the wave front. We can interpret ¢ as a shear wave with the velocity
vs = (1u/p)'/?. The displacement vector e, of such wave is orthogonal to direction
of its propagation. Because of conditions V - ¢s = spé and V - ¢, = 0 the shear
wave @, is not connected with the change of the volume. At the same time valid
V x ¢, =0, the longitudinal wave is a wave of the dilatation. It is necessary to note,
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that the representation about the longitudinal and shear waves is a consequence of
the translation (on time and space) invariance.

Let us consider the case of the uniform isotropic medium (Petrashen, 1978, 1980;
Petrashen and Kashtan, 1984). The tensor K of the elastic module is able to be
represented in the form of the block symmetric matrix due to symmetry relations
(4.8), (4.9):

K Ko ... Ky
K—>Ka5: Ko Koy ... Kog , (424)

Kg1 Kz - .. Keg

Kaﬁ = Kﬁaa

and, if between pairs ij and k! from relations (4.8), (4.9) and «, § respectively the
links is introduced, for example: 4,7 < 4; (2,3) = (3,2) < 4; (3,1) = (1,3) < 5;
(1,2) = (2,1) < 6. It is seen from (4.24) that tensor K has no more than 21
independent components in general case. By the virtue of translation invariance
three degrees of freedom are determined by a choice of the orientation of a coordinate
frame, therefore 18 components are independent.

In the notation (4.24) the tensor K of the isotropic medium has a form:

A+ 20\ A 000
A A+ 20\ 000

o B A A+214000
) 0 0 100
0 0 0 0uo

0 0 0 00 p

Let us write down the motion equation without the source (s = 0):

0%, o 0

= Kk ——=— k- 4.25

k,lLj

Substituting into (4.25) the partial solution in the form of the plane wave: ¢ =

ef(t — (p-x)), where p is a slowness vector (gradient of eikonal), we obtain the
condition:

=0. (4.26)

det|pdir — Z Kijripim

gl

The general solution of the equation (4.26) for an arbitrary anisotropic medium
misses.

In an isotropic medium the equation (4.26) is reduced to three quadratic equa-
tions for the slowness components: a longitudinal wave and two shear waves.
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4.2 Acoustics of the Ocean

The acoustic method has widely application at learning the water mass of the ocean
and the ocean sedimentary cover. During studies were found out, that the severe
ocean has a various bottom topography. The main structural elements of the ocean
bottom topography are: the abyss plains, middle-ocean mountain ridges, the small
shapes (middle-ocean island and shelfs of archipelagoes), large faults. The special
attention and detailed learning of these structure factors to take on the special
significance in connection with a progress of geodynamics, and also at the solution
of applied problems (for example, by looking up of ferro-manganese concretions,
oil and gas in a shelf). The presence of a wave guide in the near surface ocean
mass, supplying the long-range propagation of acoustic signals, stipulates unique
possibilities for the sounding of the vast water areas. The analysis of the underwater
propagation of the acoustic signal is founded on the laws of theoretical acoustics
(Brekhovskikh, 1960; Brekhovskikh and Godin, 1998; Brekhovskikh and Lysanov,
1991). The propagation of the acoustic wave is described by the wave equation
with the appropriate boundary conditions on a surface and at the bottom of the
ocean. The problem of the acoustic tomography is reduced to the restoration of a
velocity of the propagation of a sound, i.e. to the restoration of the wave operative
using values of the acoustic pressure in some space points (“receiver or observation
points”).

Let’s write the equation of the motion of a small liquid piece (dV') in the form
of the second Newton’s law:

%/pvdV =S+¥, (4.27)

where S = fspdV is an external body force, by analogy with (4.1); fs dav

resultant apphed force of the surrounding liquid to the considered volume, i. e

S = 7{ pdo = / VpdV (4.28)

oV

(p is a pressure). To write down the total time derivative from the left-hand side
of (4.27), let’s remember the connection of the substantial derivative (d/dt is a
trajectory derivative) and the partial derivative (9/9t):

d 8f dxl 8f dxg 8f dl‘g
preAC U f*agc G omy @t 0w i

. d 0

In the next turn, let us make the expression for the substantial time derivative of the
integral over a small volume V', moving together with a liquid element i.e. consist
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of the same particles
d d - d ~
F =— | F = [ —(F
< [pav =2 [wrav / L m)av
Vv 1%

:V/%di (FJ)D V/[ G%)]dv
:V/{gF+(v-V)F+(V~v)F}dV.

Here J is an Jacobian and in the last step uses the equality
1dJ
Jdt
Taking into account (4.29) and (4.28) the left-hand side of (4.27) becomes

d d d
/%(pv)dv— /(vap—l—pav)dv
v v

z/{ [;pﬂv V)p+(V-v) } —l—p%v}dv. (4.30)
\%4

The equation (4.27) contains the functions p, p, v. To obtain the close equation it
needs to add to the equation (4.27) the relations connecting these functions. Taking
into account, that the thermodynamic state equation is generally represented as
p=p(p,H) (H is an entropy of the system), shall write the complete system of an
equation of motion as

=V.v

C;lt(pv) + Vp =s; (4.31)
for continuity equation:
0
= 4.32
SpV (V) =0 (432
following the condition
gt pdV——]gpv-dU:—/(V-pv)dV
av v

or gthrp(V v)+(v-V)p=0);

for the state equation:
p=p(p, H); (4.33)

and for the iso-entropy (adiabatic) equation:

B
5+ Vo (Hv) =0 (4.34)
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(the liquid has no thermal conductivity).

By virtue of the continuity equation (4.32) the expression in square brackets in
the formula (4.30) will be equal to zero, and the equation of motion (4.31) (the
Euler equation) becomes

%v—i—(v-V)v—F%Vp:s.

The linear equations of motion can be obtained, using a few simplifying as-
sumptions: incompressibilities of liquid (V - v = 0); its barotropies (p = p(p(t)));
small perturbations of the stationary steady-state flow (p = po + p1, p = po + p1,
v = vg + v1). Let us replace the initial system of equations (4.31) —(4.34) by
another one, using above mentioned assumptions

%v + (v -V)v+ %Vp =580 +es; (4.35)

(we shall consider, that the solution of system (4.31) — (4.34): po = 0,po =0, vy =
0 corresponds to a hydrostatic state and is aroused by an action of the mass force s,
for example, by the gravity field g = sg, and the presence of perturbations p, p, v
is a result of the perturbing force sy containing a small parameter). The equation

0
§p+(v~V)p=0 (4.36)
corresponds to the equation (4.32) under the condition of incompressibility (V-v =
0). But there would be a system like
p=p(p). (4.37)
Then the system of equations for the perturbed medium becomes (with loss of index
1:pr=p, p1=p vi=>v,s)=s)

0 p 1
“v—LVp+—Vp=s; 4.38
A po+—-Vp (4.38)
0
5P TPV V) + (v V)po =0 (4.39)
dp A 2
= 2p2 3. 4.4
P=g,l P (4.40)

As a rule, in problems of acoustics of ocean the measured value is the pressure.
To derive of the closed equation relative to p we turn down in last system (4.38),
(4.39) the terms containing Vpy and Vpg (neglect an action of volume forces such
as gravity). Differentiate on time the left-hand side of the equation (4.39):
2

or oY)
and the substituting expression from (4.38) instead of 0/0tv, and expression from
(4.40) (p = ¢ 2p) instead of p, we obtain

P+ po(V =0
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So, the wave equation (4.41) describes a wave propagation aroused by the
perturbing force (s), thus the velocity of the acoustic wave propagation is ¢ =
(Op/ap)'/2.

Let’s note, that by using the known solution (4.41) p = p(x,t) it is possible
by the integration of the equation (4.38) at Vpg = 0 to obtain a field of velocities
v =v(z,t):

t
1
v(z,t) = v(z,tg) — p—V/p(a:,T)dT.
0
to

The law of the propagation of an acoustic signal (4.41) can be introduced now in
the operator form, similarly to the law of elastic waves propagation (4.16): Ly = s,
here L = A — [¢*(z)] 7102, ¢ = p, s =V -s.

4.3 Wave Electromagnetic Fields in Geoelectrics and Ionospheric
Sounding

The electromagnetic methods of the prospecting are based on the influence of the
medium parameters on the propagation of electromagnetic fields. The primary
electromagnetic fields can be excited, passing an alternating current through a loop
composed of many coils of a wire, or large loop. An occurrence of secondary electro-
magnetic fields is an echo of the medium. The arising fields can be registered with
the help of alternating currents induced by them in a receiving loop under influenc-
ing of an electromagnetic induction. The primary electromagnetic field is diffused
from a generating loop to the receiver loop both above and under the ground sur-
face. These fields at the propagating in the presence of a homogeneous medium
have a small difference. But at the presence of a conductive body of a magnetic
component of the electromagnetic field, penetrating on the medium, induces in the
body the eddy currents. The eddy currents generate a natural secondary electro-
magnetic field, coming to a measuring device, which one fixes the signals of primary
and secondary fields. These signals differ both on a phase, and on an amplitude
from a signal produced by only the primary field. Such distinctions between trans-
mitted and received signals of electromagnetic fields are conditioned by the presence
of a conductor and carry the information on its geometrical and electric properties
(Zhdanov et al., 1988).

The anomalous areas with a high conductivity produce strong secondary elec-
tromagnetic fields. Since 1970 years for electromagnetic sounding of the Earth the
heavy-lift impulsive hydromagnetics oscillators are used. One hydromagnetics oscil-
lator, allows geophysical mapping in vast territory and to reach penetration depths
about the first tens kilometers in areas with high resistivity.

The exploring of the the ionosphere by means of electromagnetic methods has
also a great significance. With the help of these methods the basic patterns of
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relationships of the structure of ionosphere are found.

The mathematical model of the electromagnetic signal propagation can be de-
rived on the basis of the Maxwell equations. Let us denote the basic physical laws
underlie the Maxwell system of equations.

From the Coulomb law

E = (¢/[rP)r,

using the superposition principle (E is a vector of an electric intensity; ¢ is a quantity
of an electric charge) we can obtain:

7{1«: - do = 47r/qu. (4.42)

ov \%4

fE-daz/v-Edv,
%4

ov

Applying the Gauss theorem

we can write down the relation of (4.42) in the differential form:
V- E = 4nq. (4.43)

The experimental confirmation of magnetic charges being absent (H is a curl
field):

%H -do =0, (4.44)
and its differential representation:
V-H=0. (4.45)

The generalized Faraday law (connection of an electromotive force in a loop
subtending a surface S, with the variation of a magnetic flux through this surface);
in a Fig. 4.4 the differentials of vector quantities in the Stokes formula are shown:

10
]fE-dl_ —E&/H-do. (4.46)

In accordance with the Stocks theorem ¢ E-dl = [(V x E)-do, and we can overwrite

Fig. 4.4 The differentials of vector quantities from the Stokes formula.
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(4.46) in the next

/(VXE) do————/H do, (4.47)
and the differential form of the above expression is:
10
VXxE=—--—H. 4.48
% c ot ( )

The Mazwell hypothesis consists in the assumption, that the circulation of a
magnetic field is connected with the variation of the flux (by analogy to the formula

(4.47)):
10

The Oersted law (the connection of the charger’s motion with the originating of
a magnetic field in a loop which enclose a current):

4 4
%H.dlzg/j.daz%r,], (4.50)

VxH= 4—”J (4.51)

and its differential shape:

If to accept the Maxwell hypothesis, the analysis of expressions (4.49) and (4.51)
demonstrates, that the circulation of a magnetic field is connected as to currents j,
and with the variation of E (“displacement current”)

VXH_12E+4—” (4.52)

cot
Let’s note, that the Maxwell hypothesis (4.49) can be validated with applying of a
continuity equation (“electric charges do not arise and do not disappear”), i.e. the
variation of a charge inside the chosen volume V' is connected only with a charge

stream through a covered surface of V:

gt qdV = —f(qv)da 2 /J do = — /v jav, (4.53)

v v v
and in the differential form:

0

il V-.i=0. 4.54
5l TV (4.54)
If to use for the connection of the circulation of a magnetic field and a current only
the Oersted law (4.50), that applying the operator of the divergence to the right

and left-hand sides of this expression, we write down:
4
V.V xH-= %v j

Here the left-hand side of the equation is identically equal to zero, and the right-
hand side is not equal to zero. In accordance with the equation of the continuity
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(4.54), we should add the expression 9/0t ¢q to the right-hand side of this equation.
So we have
0 4m 01
V.-VxH= _v‘]+6t CV +§EVE
Here we have used the Coulomb law (4.42) for the latest transformation. The most
simple dynamic equations of electromagnetic fields can be introduced with the use
of the field potential. Owing to (4.45) and the identity V-V x A =0, VA, vector

H can always be represented as:

H=VxA, (4.55)
where A is the vector potential. When A is used, (4.48) has a form
1 0
VXE=--|{Vx—=A 4.56
«B=-1(vxga). (1.56)

ie.

10
Vx|E+-—A)=0.
(B+La0)
Taking into account the last equality and the identity V x Vi = 0, V¢ we can write
the next representation

190
E+-—A=—-Vy, (4.57)
c ot
where ¢ is the scalar potential.
We use formulas (4.43) and (4.52) for the determination A and . Substituting

the expression for E from (4.57) into (4.43), we obtain

Ap = —4nq — laﬁv (4.58)

Substituting (4.55) and (4.57) into the formula (4.52), we (by analogy) obtain:

1 0? 1.0 A7
A=———-A--V_— —j. 4.
V x V x 29 CV8t<p+ - (4.59)
Using the identity VX V x A =V -V - A — AA we rewrite the formula (4.59) in
the form

2
AA%%A——4—W3+V(V A+ 1589:) (4.60)
At last, using a freedom in a choice of A and ¢, we shall accept a following require-
ment:
10y
c ot
is the “Lorentz gauge”. In this calibration the expression (4.60) becomes a vector
wave equation:

V-A+- =0

1 9°A  Am,
2 o2 c ¥
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and the expression (4.58) becomes a scalar wave equation:

52
Let us write the Maxwell equatlonb (4.43) — (4.52) for an isotropic medium:
V - €E = 4ngq, (4.61)
V- uH =0, (4.62)
19

VXE=—-u-—H, 4.63
X h 5 (4.63)

am 10
VxH——_H—a—EE (4.64)

Here ¢ is a dielectric permittivity and p is a magnetic permeability. It is a common
practice to supply the equations of (4.61)—(4.64) by the Ohm law

j=0oE, (4.65)

where ¢ is an electrical conductivity.

In the uniform isotropic medium (o0 = const, € = const, u = const). At the
absence of extraneous currents (j) and free charges (¢q) the fields E and H satisfy
the homogeneous telegraph equations

0? 5E
0? oH

In connection with the problems of geoelectrics it is possible to represent quasi-
stationary areas (field) (0%/0t*H < §/0tH, 92 /Ot*E < 9/9tE), so the telegraph
equations transform to the homogeneous diffusion equation

0
AE—Ua =0, (4.68)
AH—QH 0. (4.69)
ot ’

Let’s remind, as from the equations (4.49) and (4.52), it is possible to obtain the
connection between the energy and the vector of the energy flux (Poynting’s vector).
Let’s implement a scalar multiplication of the equation (4.49) on H and the equation
(4.52) on E. And after the summation of these equations, we shall write

E- %E—kH %H—CE VxH-cH-VxH-E-4xj. (4.70)
Taking into account that E-VxH—-H -V x E = —¢V - (E x H), we integrate both

parts of the expression (4.70) over the volume:

gt/(E E);T(H H) dV — /V ( (ExH)>dV_V/j.EdV (4.71)
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The equation (4.71) becomes the continuity equation for the conserved quantity &£,
which has the physical sense of the energy:

0 d€ = /V RdV — /J EdV,
3t
where
E? 4+ H?
dE=""T . rR=S(EXH)
8 47
is an energy fluz vector (owing to [V -RdV = — § (R -do)). The last expression
%

\4 0
has a physical sense of losses on the Joule heat (at j = gv Coulomb force F = ¢E,
and the work in a unit time is equal F-v =¢E-v =j - E).
Considering (4.65), we get in the similar way from (4.63), (4.64) the expression
for an isotropic medium:
0 E? H?
_/ﬁdvz_?{(f{.da)_/(ﬂg?dv’

ot 8
1% 1% v

i.e. the energy density is described by
eE?+uH?> E-D+H-B
87 B 87 '

Here the Poynting vector has the same form, as in the vacuum: R =
[¢/(4m)] ,E x H; the loss power on the Joule heat is given by:

j-E=(0E)-E =0E%

The expressions introduced in this section, form the basis mathematical model of
the propagation of the electromagnetic wave fields in the vacuum and the isotropic
medium.

4.4 Atmospheric Sounding

The remote sensing is a significant tool for the investigation of a structure and
dynamics of the ionosphere. So, in Fig. 4.5 the scheme of the sounding of the atmo-
sphere using a satellite (the geometry of the observation of a limb) is represented.
The received information is used for the improvement of the quality of a weather
forecast and development of methods of the artificial affecting on it, for the study
of atmospheric pollution. The remote sensing of the atmosphere is grounded on
the phenomenon of the carrying of the solar radiation or the heat radiation, gener-
ated by the atmosphere, which has electromagnetic nature. The phenomenological
transport theory can be considered as an extreme case of the rigorous statistical
theory basing on the stochastic wave equation (Kravtsov and Apresyan, 1996). The
transport theory operates with the so-called photometric concept (the authors of
(Kravtsov and Apresyan, 1996) point out that the photometric quantities with the
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Fig. 4.5 The schema of sounding of an atmosphere using satellite.

equal success can be called acoustic-metric) quantities). The applicability of the
phenomenological transport theory is ensured with following requirements: 1) the
wave field appears as ray one, i.e. the requirements of the applicability of the geo-
metrical optics are carried out; 2) a complete incoherence of the rays (the additivity
of the transferred field), i.e. the interference is excluded; 3) the observed value is a
time average and a space average process (i.e. the square quantities of wave fields
are considered); 4) the radiating is supposed stationary and ergodic.

Let us consider a radiant flux dP at the point X, passing in the bodily cone df)
through the area element do in the direction n (Fig. 4.6):

Fig. 4.6 Radiant flux dP through area element do.

dP = o(x,n)(n - do)dS.

The quantity ¢(z,n) is called the intensity or the brightness, i.e.:

dP
(p(l?, n) - -
dQdo cos(ndo)

Let’s consider the physical bases for the obtaining of the integro-differential
transport equation. The variation of the radiation intensity (Ap) on a small length
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(Al) in a direction n is connected, at the first, with an absorption, which one is
proportional to an intensity (¢), secondly, with a dissipation of the radiation ¢
from a direction n on all by another directions (in Fig. 4.7 the examples of angular
distributions of the dissipation of the radiation intensity by a small (a), large (b)
and super-large (c) particles) are given:

1 / ’r_ i ’ ’
g /q(n —n)p(z,n)dn’ = cp(x7n)4ﬂ_ /q(n — n)dn’,

Thirdly, with the contribution to the intensity of a flux with a direction of the
radiation n, dissipated in all other directions:

~ L / g(n — n')p(z, n')dn,
47

Fourthly, with a radiation source. Therefore the transport equation takes a form

—_—
e
—_—

Fig. 4.7 Examples of angular distributions of a dissipation of a radiation intensity by small (a),
large (b) and super-large (c) particles.

(with taking into account of V,, = (n, V) and a, + a4 a a)

(n-V)p(z,n) + ap(z,n) — 4i /q(x, n,n’)p(z,n')dn’ = s(x,n). (4.72)
7r
And in the operator form
- 1
Lo =s, L:(n-V)+aI—4— < q(n,n’)], (4.73)
m

where here symbol < ¢(n,n’)| means [ ¢(-)dn’; ¢ = ¢(z,n) is a field of the sounding
signal; s = s(x,n) is a signal source. Substituting the operator L from the equation
(4.73) as L = Lo — S (S is a scattering operator),
- 1
§ =l + = < qfnn)|
™
we write down the solution of the transport equation as an expansion on the multiple
scattering:
©=wo+ Ly SLyts+ Ly 'SLy'SLy's + ...,
where
Ly's =0, ©=¢o eXp{—/a(w)dl}.
Let’s note, that the equation of the carrying (4.72) is used for the solution of
the wide range of problems, for example, at studying of the transport of monochro-

matic neutrons (in this case it is accepted to call it as the Boltzmann equation), in
problems of X-ray and spectral tomography, at laser sounding etc.
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Chapter 5

Ray theory of wave field propagation

The exact solutions of problems of sounding signals propagation are constructed
only for limited number of media models. As a rule, this set of media includes
uniform medium, layered homogeneous medium, uniform medium with the inclu-
sions of high symmetry. For the interpretation of real geophysical fields (seismic,
acoustic, electromagnetic) it is necessary to construct the approximate solutions for
the wave propagation in non-uniform media. So, it exists in the Earth not only the
interfaces, on which one the elastic properties vary by jump, but also areas, inside
which there is a smoothly varying variation of elastic properties. From the physical
point of view the ray theory is interpreted as follows: the waves propagate with
local velocities along ray pathways and arrive in the observation point with ampli-
tudes described by a geometrical spreading of rays from a source to the receiver
point. At an enunciating of this chapter we shall follow the description introduced
in (Ryzhikov and Troyan, 1994).

5.1 Basis of the Ray Theory

One of the most common method of the solution of the equations of wave propa-
gation is the method of geometrical optics (Babic and Buldyrev, 1991; Babic et al.,
1999; Kravtsov, 2005; Bleistein et al., 2000). This method is a shortwave asymp-
totic of a field in weak non-uniform, slow non-stationary and weak-conservative
media: the sizes of the inhomogeneity are much greater than the wavelength and
time intervals of the non-stationarity much more than the period of oscillation. The
shortwave asymptotic allows to consider the medium locally as homogeneous and
stationary and is based on the assumption of a wave field in a form (¢) a “quick”
phase and a “slow” amplitude multiplier factors.

Let us consider a formal scheme of the space-time ray method. Let a field ¢ sat-
isfies homogeneous linear equations, which we shall write down, following (Kravtsov
and Apresyan, 1996), in a form of the integral equation:

Ly = /L(x,x')go(x/)d‘la:' =0 (5.1)

135
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(in this section we put © = (x1,x2,x3,t)). Let us assume that the operator L
contains a part Lg, carrying the responsibility for the description of the field ¢ in
the conservative medium, and the part L’ with a small parameter a:

L=Lo+ al'. (5.2)
We represent the field ¢ as an asymptotic expansion (the Debye expansion):
)
o= At a)exn{ L)} (5:3)

where y = ax is “ a slow” argument; 7 is a phase (or eikonal); A is a wave amplitude.
The expansion of A over power of « has a form

A= Ao(y) + aA1(y) + O(a2).

Let L is a near differential operator, i.e. L(z,z’) # 0 under small Az = 2’ — x.
Then the expansion of the phase function exp{(i/a)7(az)} in the point z’ accurate
to O(a?) can be represented as:

exp{éT(a(x + Ax))}

- exp{é [T(aa;o) +a(Az-9,)T + %oﬂ(m - 0y)*T + O(ag)} }

- eXp{éT(y)} « exp{i(p - Ax)} (1 + a(Ar 8,7,)27) +0(a?),

where p 2 V,7. The expansion of the amplitude accurate to O(a?) has a form:
Alaz’) = Ala(z + Az)) = (1+ a(Az - 9.))A(2),

where z = ax. Finally, the wave field in a point z’ is given by the formula

o) = exp{ L) f exlito- an))

X <1 + a{(Aw L0.) + %(Aw : ay)%(y)D
x A(2)]._, +O(a?). (5.4)

Regarding this expansion and keeping linear terms on «, we can rewrite (5.1) on
the next form:

/L(x,x’)g@(x’)d4x’
_ exp{éT(oza:)} y / 4o/ L(z, 2') explip(a’ — )}
<(14a)|(80-0+ J(aa-0,2r(0)] )4
_ exp{éT(ax)} (1 —a {i(apaz) + %(apay)%(y)D

X /d4x/L(x, 2') explip(z’ — x)]A(2).
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Introducing the denotation [ d*z’L(z,2’)explip(z’ — z)] = L(p), let us represent
(5.1) as

(1] @0+ 50020, | ) EDIAC =0

Finally, expanding the amplitude in the expression for A(z) in a point = by power
a and representing L(p) in the form L = Lo + «L’ (and equate the terms of the
equal order on «), we obtain the system of recurrence equations to determine the
amplitude (now we put the parameter a being equal an identity element):

Lo(p)Ao(z) = 0, (5.5)

Eo(r)n@) = {i] 0,00 + 50,0070, |Eole) = ) fote) 6.9

etc.

If the field is multicomponent, for example, the displacement field in the Lame
equation, electromagnetic field, then the amplitude A is a vector function, and the
operator L(p) is a matrix operator. The resolvability condition (5.5) is reduced to
the requirement of the equality to zero of the determinant:

det Lo(p) = 0. (5.7)

If Lo corresponds to the conservative medium, then the operator Lo is the Hermitian
operator and the next canonical representation of the matrix Lg takes place:

izo = Z )\ieie?, (58)

where {\;} are eigenvalues; {e;} are orthonormal eigenvectors of the matrix Ly, i.e.
Loei = )\iei, efej = 5”

The resolvability condition (5.7) subject to a canonical form (5.8) gives the
dispersion equations:

/\iz/\i(x,p):(), 7;:1,2,..., (59)

which determine the relationship between space wave vectors O7/0x1, 07/0x2,
O71/0x3) and the frequency 97/0x £ Ot /0t, as well as the phase (eikonal) T space
and time behavior. Because p = 97/dx, then the dispersion equation is the first-
order differential equation, which is usually solved by the method of characteristics.
It is usual to write the equation for the characteristic in the Hamilton form, intro-
ducing the parameter [:

dlx = 8p)\i,
dip = —Op\i. (5.10)

The equation (5.10) describes the rays corresponding to the different types of waves,
while i takes the different values.
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5.2 Ray Method for the Scalar Wave Equation

The scalar wave equation represents the mathematical model underlying the de-
scription of the set of the physical processes of the signal propagation. Therefore
enunciating of the concrete examples to use of the space-time ray method (Babic
et al., 1999) we shall begin from the wave equation

1 92

In accordance with the statement form of the operator equation of the sounding
signal propagation Ly = s, in this case L is
2
L:A—ciz%; o =p(xt); s=0
(we consider the wave field in an area without any sources).
Let us write the general form of an asymptotic expansion (5.3), extract the time
in the explicit form, as stated below

oz, t) = Ala, ax, at) expli/aT(azx, at)].

Let’s note, that the wave operator is a local operator (differential opera-
tor), i.e. in representation of the operator L as an integral operator (Ly =
J L(z, t; 2", t')p(a’, t')da’dt’), operator kernel is singular, i.e. the sign of integra-
tion get lost.

Approximation of the phase part of the wave field ¢ in the vicinity of xg,to
(expansion (5.4)) accurate to O(«) looks like

o(x,t) ~ expli(pAx — poAt)],
19
‘wo,to’ po = E&T‘wo,m’

At =t —ty, Ax=x— X,

1
where p=—Vr7
o

i.e. the approximation in the vicinity of xg,ty appears to be a plane wave. The
resolvability equation (5.5) implies that

(p,p) — mpé =0 (5.12)

(here Lo = A — [c?(x,t)] 7102 /0t?), therefore
2

2o

The resolvability condition (5.12), which we have written in the form of the dis-

Lo(p) = expl—i(px — pot)] (A )exp[i<px—pot>].

. . . . A
persion equation, gives a connection of the frequency pg = w and the wave vector

P Sk (spatial frequency):
w=wk) = clk|, (5.13)

where ¢ = ¢(z, t); w is the solution of the dispersion equation |Lo(w(k))| = 0.
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The ray approximation of the solution of (5.11) could be represented in the next
form:

pk,w) = A(k)d(Lo(w(k))) = Axd(w — w(k)), (5.14)

where Ay 2 AlowL(k,w)|~! (a consequence of the formula 6(f(z)) = |0, f| 1x
xd(x — '), where 2’ is a root of the equation f(z) = 0 ). The presence in the
representation of (5.14) the Dirac delta function §(|Lg|) means, that the amplitude
of a field ¢ can be differ from zero only for wave vectors k, fitting to the dispersion
equation, i.e. a constraint equation for the frequency and the modulus of the wave
vector (5.13).

Let us note, that the expression (5.14) corresponds to the single type of
wave (single-mode propagation in conservative medium), that means the equation
|Lo(w(k))| = 0 has a one real root.

In the general case of the multimode propagation, the wave field ¢ can be rep-
resented by the superposition of the several types of waves:

p=> Ad(w—w(k)).

In the space-time representation the solution ¢ is described as a set of the travelling
waves:

oz, t) = ﬁ /Ak expli(kx — w(k)t)]dk.

Writing the inverse Fourier transform of ¢(z, ), it is possible to find out that
. 1 .
Ayt — 7/ x, t)e” ¥ (x,
i.e. the space Fourier operator of the free wave field is an oscillating one.
The resolvability equation (5.5) written for a phase 7 is called a general eikonal
equation:
1 [o ]
VT, VaT) = ——|=7] . 5.15
(Vo) = s a7 19
This equation is a generalisation of the eikonal equation for the known case of the
stationary media (¢ = c(z), 7 = 7 — ¢, ¢~ 2(2) 2 n%(z) plays usually the role of the
refractive index).

We may name the equation (5.15) as a characteristic equation of the wave equa-
tion (5.11). The hypersurfaces 7(z,t) = const are the characteristics of the wave
equation. The equation (5.15) can be represented as the Hamilton—Jacobi equation:

0

a_z L H(Vyr,2,t) =0, (5.16)
where H = ¢(z,t)|V7|. The primary method to solve this equation is the charac-
teristics method. Let us remind the algorithm of this method for the general form
of the equation (5.16):

H[x”,%} =0, pu=0,...,M, (5.17)
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i.e. we consider the general partial equation of the second order (index p = 0 is
connected with the time parameter). Let supplement (5.17) by the initial conditions
defined on hypersurface @), we then start to solve the Cauchy problem.

We consider () as a parameter defined value, i.e.

Q:{xu: xg(717"'77m)}1 ’YGFv

where the vectors {0x/97} are linear independent (surface @ is regular, im kleinen).
Let the determinant D is nonsingular on the surface Q:

0H/0ty ...0H/0Tm
0z /0y ... 0x™ O

D= #0, (5.18)
0z /0y, ... OT™ | OVm,
where
T, 2 iT
H 87;1 :
To set the initial conditions on @ as
or
T\Q :T0(7)7 @}Q:TS(V)

The characteristic system of equations for the equation (5.17) is the system of equa-
tions

dz" /ds = OH /0T,
dr,/ds = —0H/0z",

dr/ds = — ZnﬁH/@TH, (5.19)
o
where
a(x0,... ™)
Y ENILAYA 0
‘6(87’71 ™) Lo 7

owing to (5.18), i.e. locally (in the vicinity of s) the coordinate frame (s,v!,...,4™)
is non-degenerate.

Let us present the method of derivation of the system of characteristic equations.
Let us consider (5.17) as a constraint equation of the independent variables {z*}

and {p" 2 Or/0x+}, ie. let’s find the solution in phase space X x P, where
X ={z=©"z...,2™)}, P={p="p....,p™)}, H(z",p") = 0. Owing to
this constraint, the differential H must be identically equal to zero:

OH
dH = Z<@d “+ﬂ >:o.

Hence, it is obviously, the formal vectors 0H/0x, OH/Op and correspondingly vec-
tors dx, dp are orthogonal. For the orthogonality condition to be certainly satisfied,
it is necessary to put the first components of dz, dp to be proportional to the second
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components of OH/0x, 0H/Jp, whereas the relation of other components has an
opposite sign of the constant of proportionality.

Introducing the formal parameter s (i.e. we let p = p(s), z = = z(s)), we can
write

dz/ds = OH/0p,,
dp*/ds = —0H/0x*.

To exclude the parameter s we should write the third equation, which determines
dr/ds under the condition p = d7/0x:

or da*
B ; dzy ds. Zp ap“'

Solving the system (5.19) under initial condltlons, we obtain x# = z#(s,v1,... ™),
T = Tu(s,¥h ™), T = 7(s,7',...9™). Using the initial coordinates
(2% ...,2™), we find the functions 7 = 7(z) and 7, = 7,(), that are the solu-
tions of the Cauchy problem, which satisfies both (5.17) and initial conditions.

Returning to the equation (5.16), let us write the characteristic equations (zg =
t):

dt 1 da! _OH dx™ OH

ds ' ds On ds Ot

dn _ _OH  drm __OH

ds 8;101”' ds T Qam’

__TO+ZTM A (520)

Here, in the last equation the addend To = O7/0t is emphasis ed and we take into
account that 0H/Jm = 1.
Let us remind an analogy between the ray in optics and the trajectory in me-
chanics. Writing the eikonal equations as
1
3| (po0) 209 =

we can obtain the equations for the rays in the Hamilton form:

H(z,p) =

dx/ds = p,
dp 1 o
Following to 07/0s = (p,p) we have the next equation for the eikonal 7
=174 /des =7+ /nQ(aj(s))ds
S0 S0

The parameter s is connected with an arc length of the ray (di) by virtue of

= (ax = (50 ) as?
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(in the last equality we take into account the first equations of the characteristic
system). In this case

ds = dl|0H/dp|~* = dl|p|~* = dl/n(x),

and 7 depends on arc length [ as
B
=1+ /n(x)dl.
A
The system of Hamilton equations relatively to x and p, excluding p, can be
written as
d?x
ds?
Let us compare this equation with the dynamic one for the motion of a particle
in the potential field (F = —V):

d*x/dt* = —V .

1

This analogy allows the results obtained in optics, to use in mechanics, and on the
contrary. Essential difference of posing of mechanical and wave problems is the
assignment of the initial data: by virtue of the specificity of the wave problems the
initial conditions determine not an alone trajectory, as it is accepted in mechanics,
but a set (congruence) of “trajectories” — rays.

For wave problems are of interest (exotic from the point of view of mechanics)
the next example

H(kTia tv LU) = kH(Ti; tv LU),
where i = 1+ m, k > 0, i.e. the last equation of the system (5.20) has a form
dr/ds =1+ H =07/0t+ H =0,

at that 7 = const along the curve, that is the solution of the system (5.20) (loss of
the dispersion).

Let’s note, that the solution of the characteristic system (5.19) as the system
of the ordinary differential equations with given initial conditions, by virtue of the
uniqueness theorem represents a family of curves without intersections in the phase

space.
It is accepted in geometrical optics to call a spatially-time projection of the char-
acteristic of the eikonal equation as the spatially-time ray, z* = z*(s,7%,...,y™),

which one can be obtained or as the solution of the system of equations (5.19), or

as an extreme value of the functional
B

T = /Zm%—ljds
A 123

on every possible pathways pairing a dots A and B. (In Fig. 5.1 the projection
of a characteristic, given in a phase space, on the physical space z1xs with the
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Fig. 5.1 Projection of the characteristic, given in a phase space.

formation of caustics is represented.) For the case of the simplest Hamilton function
H = [(p,p) — n?(x)]/2 this functional reads as

with a physical sense as a time of propagation from the point A to the point B.
Here the ray corresponds to the stationary time of propagation. The stationary
condition of the functional 7: é7 = 0 is called Fermat’s principle. The solution of
the appropriate extremum problem forms the basis for the constructing algorithms
of the numerical calculation of rays in inhomogeneous media.

The modern interpretation of the Fermat’s principle bases on the representation
concerning interference of the wave perturbations (Huygens—Kirchhoff principle),
propagating from the point A to the point B on every possible virtual pathways.
Thus, those pathways “survive” only, for which one the variation of the eikonal
(phase) has a value of ~ A/2. In Fig. 5.2 the rays having a common point with
boundary of the Fresnel zone are represented, i.e. taking into account the Fresnel
zone, the contribution of all remaining pathways will be a negligible small quantity
by virtue of a compensation of interfering waves with different phases (in calculus
mathematics it corresponds to the stationary phase principle). According to the
modern interpretation, the the ray concept lies in ray representation by a dimen-
sional ray tube (Fig. 5.3) with a diameter about the first Fresnel zone. Let’s mark,
that in a case of the nondispersive medium the Fermat’s principle can be interpreted
as a requirement of a stationarity of the propagation time of a wave from the point
A to the point B.
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Fig. 5.2 The rays having a common point with boundary of the Fresnel zone.

| 3|

do =/(Vt/|t|)do

Fig. 5.3 Space ray tube.

5.3 Shortwave Asymptotic Form of the Solution of the One-

Dimensional Helmholtz Equation (WKB Approximation)

Let us consider one more example of the application of the perturbation theory to

the solution of the Helmholtz equation:
2
@Q@ + V(:C)(p =0.

In accordance with the perturbation theory we write:
¢ = exp{ir(z)}.
Then the equation (5.21) has a form
— () +it" +V =0.
Considering 7/ being small we obtain 7/ = +v/V/, i.e.

T(z) = :I:/\/de.

Validity condition of the above approximation is
1| v’

"
T = 5| —=

21VV

< |V].

(5.21)

(5.22)

(5.23)

(5.24)
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With the help of the formulas (5.22) and (5.23) it is to see, that (v/V)~! has a
physical sense of the wavelength (“exponential length”, i.e. it is a character interval
of the variation of V in a case of Im7 > 0). Thus, the approximation (5.24) is valid,
if the variation of V' at distance about wavelength is much less, than value of V',
i.e. V(x) has a small variation in a scale of the wavelength.

Following approximation we shall find by solving of the equation (5.23) at

1 v i vV’ iV’
"t — VrV+-— '~ + - —. 2
MaEs s (PRVEZ S T VT (5.25)
After integration of the obtained expression and can write down
T(x) ~ £ / VVdr + %111 V. (5.26)

Using approximation (5.26), we can construct a superposition of the solutions
corresponding to the different signs. Therefore WKB approximation is valid, if
AV (@) < V()]

In the sewing point V(z) = 0 is valid, and AV (x) is singular, then the exact
solution of the equation (5.21) in this point is a regular solution, while the WKB
solution has singularity in this point. Therefore we find the solution ¢(z) as a speed
key o4 and ¢_:

p(z) = a4 @1 (z) +a-p—(z).
We shall find those coefficients using the next equality for ¢'(z):

¢ (x) = a4 @ (z) + a- ¢ (2),

a4+ = const, a_ = const. Solution of this system about ay and a_ is placed below
el — P
Uy = ————= =, = >
P+p_ — @l

and for approximation (5.26) we can write

o(a) ~ (V(x))1/4{c+ exp(i / de) be exp(—i / \/Vda;>} (5.27)

The solution (5.27) is suitable in any field, where the validity condition is satisfied,
but it is obviously broken in the vicinity of the point 2° : V(z") = 0, it is necessary
to be able to join of exponential (at V(x) < 0) and oscillating (at V(xz) > 0)
solutions, i.e. we need the connecting formulas.

Let’s note, that the WKB solutions (5.27), which we have written in a form ¢
and ¢_ (correspond to ¢y = 1 and ¢_ = 1), are exact solutions for the equation of
(5.21), where V(x) is exchanged by the following expression:

V(z) = V(z) + AV(2) £ V(2) + 5 — — — (=

_ 9Py — 9oy
210 — o
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Taking into account that determinant of the system is equal to ¢ @’ — @/, ¢_ = —2i
and p@ — ¢" ¢z = AV (z)pP+, we obtain
dai )

- )
P $§AV(5C)§0§0¢ =+35

AV (x)
V(z)

ai—l—a;expi;:/\/Vd;v
o

The above expression is an estimation of the error being able to appear in the WKB
approximation along the large interval Azx.

5.4 The Elements of Elastic Wave Ray Theory

According to the ray theory of propagation of the seismic wave, body wave prop-
agates with local velocity along the ray (having the jogs on interfaces of elastic
medium, according to a Snell’s law), with the amplitude given by a geometrical
spreading of the ray (Babic and Buldyrev, 1991; Goldin, 1984; Petrashen et al.,
1985). Using the general ray theory (see Sec. 5.1) in the stationary medium, we
represent the eikonal as 7(x,t) as t — 7(z), where 7(z) is called a wavefront. Ap-
plicability of the ray theory is connected with the assumption of much more fast
variation of the wave process in a normal direction to the wavefront (n = V7/|V7|)
in comparison with variations of the characteristics of the medium, i.e. we suppose
a validity of the shortwave asymptotic, when the ratio of the wavelength to the
typical sizes of an inhomogeneity of the medium is a small quantity.

Under the selected eikonal form the wave vector can be represented as p =
(po; p1,p2,03) = (po,P) = (1,VT), where vector p is coaxial to the vector of the
phase velocity (a normal direction to the wavefront) is called a refraction vector.

The Lame operator in the form (4.16) has the vector structure:

92 ~

here I is an unit operator in R3 space. Operator Oy reads as

R 8a1/8x1 8@/83:1 8&3/81‘1
8,( a = 8a1/8x2 8a2/8x2 8&3/81‘2
6a1/8x3 (90@/&%3 8&3/8$3

Let us write a concrete form of the equation (5.5) for the Lame operator
(pI — Kpp™ ) Ay = 0. (5.28)
Here (Kpp™ )i = 3. 30 Kijikpjpr,p = V7. The solvability condition for the
i1
equation (5.28)
det(pl — Kpp") =0 (5.29)

describes the fronts existing in the elastic medium. Let us write down the tensor of
the elastic modules K for the isotropic elastic medium:

Kijii = Nijony + p(dindj1 + a0 )
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Choosing a local (ray) orthogonal coordinate frame

1Y
e, =—, eg=e; X e,,
pl ’
then we write down the coordinate representation of Lo(p).4p = 0:
A +2u)(p-p") = p0 0 Ay
up-pf)—po0 A || =0. (5.30)
0 0 up-p") —pll || As

The solvability condition for the system (5.30) leads us to the conclusion that, in
accordance with the ray method, there are three kind of the waves in uniform and
isotropic elastic medium:

(1) quasi-longitudinal wave with the velocity (A(z) + 2u(x))/p(x) = cf)(a:) and the

polarization vector coinciding with e, which describes by the eikonal equation:

_ @)
MR R E)

2) quasi-shear waves of two kinds with polarisation vectors e, and eg, propagat-
B

ing with equal velocities u(x)/p(x) £ c2(x), which are describes by equation

(p-p) = p(z)/p(z).

5.5 The Ray Description of Almost-Stratified Medium

The propagation of an acoustic wave at ocean is well approximated by the model
of the almost-stratified medium, i.e. the medium with smoothly varying (in com-
parison with depth) velocity of the wave propagation in a horizontal direction.
Following the logic of Sec. 5.1, we shall consider horizontal coordinates p = (z,y) as
“slow” arguments, and vertical coordinate z — as a “fast” argument, i.e. velocity
¢ = clax,ay, 2).

The wave equation for the time component of the Fourier transform, in the
spatial domain that does not contain the sources (4.41), reduces to the Helmholtz
equation:

( 0? 0? 02

I AT AT = 31
(9332 + ayg + 822 + (OéiC,O[:%Z))QD Ou (5 3 )

e
2’

Let’s in the spatial domain in which the solution of the above equation is consid-
ered for the interfaces of the water column Z* = Z¥(ax,ay) the next boundary

condition is valid

[a® (o, ay)T + b (ax, ay)(n - v)]‘zi v =0, (5.32)
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+. b* are the real quantities and

e [y (225N, (02EN] P (LozE ozt
oz Ay ox > Oy’

is an outer normal vector. Let us write (5.31) and boundary conditions (5.32) in
the form Ly = 0:

where a

where operator [ in an explicit form allows the argument of the asymptotic expan-
sion.

Compressing the horizontal coordinates, we make the variation scale of the ve-
locity be the same in the all directions zo = ax, yo = ay, 20 = z. In the new
coordinates the operator £ looks like

2 2 2 B
L=> |:o[2 + ( 9 4 > + (a— + k2($0,y0,20)):| é OéQAO + L, (533)

oz o) T \o2
= 7+t 9 2(nt .V 5.34
=> |a” 1+ 3—20—04(11 Vo) | || 5+ (5.34)

Taking into account the asymptotic representation

7
© ~ A(zo, Yo, 20; @) eXP{ET(ffo, yo)}

the solvability condition (5.5) (with the presence of the boundary conditions (5.34))
can be written as

[efi(vo‘r»p) a2 Al (Vore) 4 I/z]AO =0,

r, 2 (aif+ bi3>A0 -0,
0z

where p = (z,y), i.e.

(V7-V7) = L.] Ay =0, (5.35)

.|, Ao =0. (5.36)

The equation (5.35) leads to the problem of eigenvalues and eigenfunctions of the
operator L, with boundary conditions (5.36):

L.Ag = X2 A,
I 4+ =0, (5.37)

where

N = (V7-V71). (5.38)
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Let us consider the equation (5.37) (omitting the zero index):

82 n ("')2 2 n
@AO + <cg7u(z) - /\n)AO - Oa
0
+ qn + n
a AO‘Ziy_Fb & O‘Zriﬂ:()

Introducing the notations ¢, (2), Z;'fy, we underscore “slow” arguments, i.e. we
consider the eigenfunction and eigenvalue problem (Sturm-Liouville problem) as
parametric one, which depends on a point (x,y).

Equation (5.37) can be solved by WKB method (see. Sec. 5.3), which allows us
to find the short-wave asymptotic for amplitude Af. It is obviously that eigenvalues
A2 depend on the interface position ZF, , the frequency w and the depth dependence

Zl),y)
of the velocity:
Ao =M (23w, oy (2))-

It is possible to solve the equation (5.38) (eikonal equation) by the method of
characteristics (see Sec. 5.2):

dp - dp _ 1 2
dS - pa dS - 2VA ( )a
dr dr 9
75 = (P-p), 7 = (o)

Let us represent the amplitude Af in the form

Ag = AO(xv Y, Z) = aO(xa y)wn(xa Y, Z)v
Z+
where {1, } is an orthonormal basis of the operator, f UpWprdz = dpnr. Therefore

it is possible to obtain the transport equation for reduced amplitude ag, which
depends on horizontal coordinate only; in accordance with formula (5.6) we can
write:

aoV31 +2(V7 - Vag) = 0.
It is possible to represent the transport equation as:
V- (aZVT) = 0. (5.39)

Integrating (5.39) on the ray tube volume (see Fig. 5.3)and using the Gauss theorem,
we obtain

/(a%-VT)-dozo.

Taking into account that the tube cross-section is represented as do = V71/|VT|o,

and at the tube wall is valid V7 -do = 0, we can write: A\,a3-Ac = const. Here Ao

is a square of the tube cross-section, i.e. reduced amplitude varies as ag ~ r~1/2.
For space-time ray, using asymptotic representation

)
w ~ A(ﬂfo, Yo, thO; OZ) eXp[ET(an Z/OJO)} B
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we obtain
An = A (w, 2, y, [c(2)],1)

and, respectively, the eikonal equation reads as

(V7 -V7) = X2 (w, 2,9, [c(2)],1). (5.40)
Taking into consideration (5.40), the characteristic equations can be represented as
d_x _ @ _oodt dr
Dz B Dy B AnOwAn B )\n(/\n _waw)\n)
dp dpy dw

= = = — 5.4]—
)\naz An )\nay/\n )\natAn ( )
(pe = 0/0x T, py = 0/0yT)
and define the horizontal space-time rays.
After differentiation of (5.40) on p = (ps, py) and taking into consideration that
w = w(p), we obtain

Using the first two equalities from (5.41) and equation (5.42), we can write
dp p
. = Vpw.
At~ MNOuhn P

Hence, the horizontal space-time rays determine the trajectories of points that
move with the group velocity.

Let us consider representation of the exact solution of the problem (5.31), (5.32)
in a form of the normal modes for a stratified ocean. Each normal mode is a solution
of the equation (5.31) with separated variables:

e(z,p) = 9™ (2)¢” (p),

|+ 02 - )] ) = (5.43)
e 0l2) =
56) el
Il ¢ =0 (5.44)

At Fig. 5.4 the system of rays into the sound channel with bounds 2’, 2", which are
turning points (in terms of WKB method), is represented.

The Sturm-Liouville problem (5.43) has an infinite number of simple real eigen-
values A3 > A\? > A3 > > ..., where \,, : A2 > 0 is the finite number and \? < 0
is the infinite number. We should choose A\, > 0, if A2 > 0, and Im)\, > 0, if
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Fig. 5.4 The system of rays in the sound channel.

A2 < 0. In this case the solution of the equation (5.44) ¢” satisfies under A\ = \,
the radiation condition:

lim p'/? <£<pp — iz\(pp> =0
p—00 8p
and it is proportional to the Hankel function H{" (A,p):

1
@F ~ Hé )()‘np)-
Thus, the exact solution ¢(z, p) of the homogeneous equation (5.31) with the
use of the basis {¢,,(2)} of the equations (5.43) can be represented as infinite series:

—
@(2,0) = Y Angr HEY Onp). (5.45)
n=0
Using the above expression, let us to write the solution of the wave equation with
the point source
3(p)
V2 + k) = —6(z — 20) 5= 5.46
(V2 + K)p = ~0(z — )5 2 (5.46)
For this purpose we shall take the advantage of the equality
0 0 1) 4i6(p)
N2 HEY (Anp) = :
o(eap) 2w =5
Substituting the solution (5.45) of the homogeneous equation (5.31) to the ex-
pression (5.46), we obtain the connection of the coefficients 4,, and eigenfunctions

o5 (2):

ZAn(pn - _5 Z_ZO)

n=0
Hence, making the scalar product of the above equality with ¢Z, we obtain

An = %‘me (20)-

The exact solution of the acoustic equation describing propagation of the signal,
generated by the point source at the depth zg, has the next representation in a
stratified ocean with a constant depth

Z%%% VHSY (Anp).- (5.47)



152 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

@ ¢ mis ®) o, ()
1450 1550 -0,1 0 01
T .___’ — _—!_._’
0
2000
4000+ B
z,m

Y \

Fig. 5.5 The typical profile of the sound velocity in ocean (a) and the first tree modes (b).

At Fig. 5.5 a typical sound velocity profile in ocean (a) and the first three modes
for the frequency 30 Hz (b) are represented.

The asymptotic of the exact solution (5.47) in the wave zone (p is great enough),
using asymptotic for the Hankel function, can be written as

—00 } > . . . T
o(p, 2) " W Z%A}Z/Q‘Pn(zo)%@n(z) exp [Z (Anﬂ - Z)} . (5.48)

(We will use the expressions (5.48) for the development of the algorithms.)

5.6 Surface Wave in Vertically Inhomogeneous Medium

At study of a crystal structure and the upper earth mantle, the information con-
tained in the surface waves which extracted on the seismograms is widely used,
because their signal-to-noise merit has enough high magnitude in comparison with
the body waves (an amplitude of surface waves are described by the factor »~1/2 and
for the body waves this factor is r—!). Transiting through an area with a various
geological feature, the waves accumulate the information on elastic properties and
a geometry of these areas. This information is most concentrated in dependence
of the velocity of propagation on frequency. In turn, the extraction of the surface
waves is guaranteed by a presence of the polarization.

At a long-range propagation of the ground waves allows the ray method and to
take advantage of the asymptotic expansion similar to the expansion of the acoustic



Ray theory of wave field propagation 153

field at a stratified ocean (see Sec. 5.5):
ey ti0) = Ao,z ) Lr(anay.an) .
a

In this representation the phase velocity is equal to ¢ = [V7|~! and we consider the
rays laying in a horizontal plane.
The Lame operator for an isotropic inhomogeneous medium reads as

L = pd; — (A +p)V(V:) = pA = (VA)(V")
— (V) x (Vx)=2(Vu, V). (5.49)

In order to use the expression (5.5) to build zero approximation of geometrical optics
for the sounding vector field

Lo(p)Ao =0, (5.50)
it needs to obtain the p-representation of the Lame operator (5.49):
) . A
exp{—i[(p - x) + pot]} L exp{i[(p - x) + pot]} = L(p).
Here p = (pg, py) is a gradient on horizontal coordinates; pg = 07/0¢. In Cartesian

coordinates (z,y, z) the matrix operator L has the next terms:

3
Ly = pd — [(A + )0 + p Z 2+ (0i\)0;

=1
i+2 3
=Y @y 23000,
j=it1 j=1

. 123 . . .
where ¢ = with cyclic permutation, for example,

3 2

Lij = =[(A+ 1)0:0; + 0:A0; + (9;4)94].

Let us write separately the appropriate components L;; (i,j # 2z) in p-
representation, taking into account that 7 = 7(x, y, t),

Lii(p) = —ppg + (A + 1)p} + p(p, p) — pd2 — 8.10.
= —ppg + (A + w)p? + p(p,p) — O-p0-,

Lij = (A + p)pipy,
and components which contain z

sz = _Z[(/\ + M)az + (az//f)ij

L.j = —i[(A 4 w)p;0= + (9:N)p;l,
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Loz = —ppg — (A +200)02 + pu(p - p) = (9:-(A + 201))0:.
Let us consider the local orthogonal coordinates (ray coordinates) with orts

e—VTép o
I Z T

Then A = (A;, Ag, A.); p = (pr,ps), furthermore pg = 0,

L+(p) = —ppg + (A + 2p1)(p, p) — 0 (1),
Lgs(p) = —ppg + p(p, p) — 9:(ud-),

=e,, eg=e; Xe,

L..(p) = —ppg + (P, p) — 9-((\ + 21)0.),
L:.(p) =—i [(A + u)m% + @u)pf] ,

. )
L.-(p) = —i [(A + u)pra + (32/\)197] ,
LﬂT = LTg = Lﬁz = Lzﬁ =0.

So, the matrix L(p) has the next shape

L+ 0 L.
L(p) =10 Lgg 0 ,
L. 0 L,,

and the vector equation (5.50) can be represented in the form

LgsAs =0, (5.51)

LTTAT + LTZAZ = 07

L. A, +L..A. =0. (5.52)

The equations (5.51) and (5.52) should be supplemented with corresponding bound-
ary conditions. If we consider the surface wave propagation inside half space with a
weak horizontal inhomogeneity, then boundary conditions should define at the free

surface Z° = Z%(7, 3) and over infinity Z — oo.

Let us write the operator I' of the boundary condition at the free surface t =

™ = 0:
TA=Ty;A;,
Tii = ni(A+2u)0: + > nipd,
ki
Lij = niA0; + nyp0;.
We remind that
n=(1+4(8,2°2+ (952°)2)"Y2(9,2°,052°, -1),
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then we can write the p-representation of the operator I' (T'(p) = e~ P*)Te(P:z),
p = (pr,pp)):

po. 0 iup-
IF(p)=—||0 p0.0

The complete solvability condition for the equation Ly = 0, I'p = 0 or Ly = 0
has a form Ly(p).Ap = 0, i.e. in this case the equation for the S-component of the
amplitude A (LggAg = 0, I'4g = 0) transforms to the Sturm-Liouville problem

8- (102)Ag — (A7 — pp3)Ap = 0,

0. Aglzo =0, Az =20, (5.53)
Here A2 = u(p,p), i.e. the eikonal equation (and respectively the ray geometry of
the surface wave) determines by the mode (A, ) and oscillation of the component
Ag along z axis.

We should note, that in the problem (5.53) the shear modulus p appears only.
The polarization vector is orthogonal to the propagation direction and lies in hori-
zontal plane. The such wave is the well known Love wave (Levshin et al., 1989).

The reminder of the boundary conditions at the free surface for a linear combi-
nation is described by the vectors with polarizations e, and e:

no, Ar —iupr A, =0,

iAprAr + (A +2p)0,A, =0.

Z—00

Supplemented by conditions A, —3 0 and A, 3 0 the above equations and
equations (5.52) describe the Rayleigh wave (Aki and Richards, 2002; Levshin et al.,
1989; Yanovskaya, 1996).

5.7 Ray Approximation of Electromagnetic Fields

The description of the processes of the propagation in the nonuniform medium
can be based on the ray theory of electromagnetic fields. The ray method can
be considered as a basis for obtaining the transport equations and to establish a
connection between the statistical characteristics of the medium and the parameters
of the phenomenological transport theory of an electromagnetic radiation.

Let us write the equations for an electric intensity vector using the formulas
(4.63), (4.64):

10
VxE=—u-—H,
x 'ucat

47 €0
VxH="j+°%g
x c‘]+08t ’
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If the medium is described by the inductivity tensor € and the magnetic conductivity
w1~ 1, and the extraneous currents (j = 0) are missed, we can write:
o o2
LE = <v x Vi — c2—é>E =0.
ot?
Using the general approach from Sec. 5.1, to write the asymptotic expansion of
the vector E in the next form

E = A(y, o) exp{éT(y)},

where y = (yo, y1, Y2, Ys3) 2 (at, ax, ay, az). The operator L in the p-representation

A
(p = (p07p17p27p3)

= (po, P), po = w) has the next form:

2
L(p) = e P [iPX) — _px pr — =&

c
Let us represent the operator L(p) as L = Lo + aL’, where oL’ 224 (—w?/c?)(é -
ITRespé/3) describes an anisotropy and a nonconservativity of the media, Lo =
—p X pr — (w?/c*)eol, g is real and equal to Respé/3. The equation for a zero
approximation of the ray method in the local coordinates

p Jseq

elzma 62=|asel|, e3 =e; X ey
looks as follows
©e0 0 0 A,
fal 2
LoA= |0 —(p,p) + “c)—ziio 0 | Az || =0, (5.54)
2
0 0 —(p,p) + Zeo|| 143

and in the canonical representation:
2 2
A w w
Lo(p) = (e2e3 +esey) [6—250 - (EP)} + ele{c—gﬁo

In the case of the equality of the eigenvalues Ao = A3 = (w?/c?)eg — (P, P), it is
possible to make the concluding about the degeneration of the polarisation of the
shear waves ((ez - p) = 0, (e3 - p) = 0). From the equation (5.9) in this case it
follows |p|? = (w?/c?)eq, i.e. the dispersion relation has the form

w—w(p,Xx) =w— |p|(:<€61/2 =0.

The group velocity vgy = (0/0p) w(p, x) is equal to vy, = 050_1/2e1 in this case.

Instead of the ray parameter s we introduce an arc length [, which is connected
with the ray parameter by the next relation

2
(d)? = (g—g) ds?,

H— % [(p,p) _ “0’_2250} (5.55)

where
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From here it follows that dl = |p|ds.
Let us write the ray equations using arc length of the space projection of the
ray dl:

Z—?:ﬁz—j:ﬁp:%:el, (5.56)
%:ﬁ%:%:@, (5.57)

Ccli_ll) = ﬁz—i = —ﬁ%—z = %ﬁ@xw = vg_laxw, (5.58)
62_7 = ﬁz—j = —ﬁ%—i{ = ﬁ%goatw(p,x) = vglﬁtw. (5.59)

Taking into account the equations (5.56), (5.59) it is possible to write equation for
kinematics of a point belonging to the ray
dx
7 = Ve
So, the point motion describes by the group velocity, which for the isotropic medium
is coincided with the vector p.
The equations (5.58), (5.59) allow to obtain the connection between the wave
vector and the spatial gradient w:
Cfi_lz = OxWw.
At last, from the relations (5.56) — (5.59) follow, that total time derivative of w is
equal to the local derivative:
dw
dt
The ray tomography can be realized not only using phase measurements, but
also using the polarization vector.
Let us consider the derivation of the law of rotation of the polarization vector
(Kravtsov and Apresyan, 1996). For this purpose we write the relation (5.6) for the
amplitude of a zero approximation of the ray method Eg:

0p0z Lo (p)Eo (z) = L' (p)Eo(x), (5.60)

= atw.

where

2 1.
L'(p) = —‘2—2 (é - gIRespé) .

We will use a doubled Hamilton function H (5.55) instead of Lo(p) and rewrite the
formula (5.60) as follows

1
8p0HatE() + 3pH8xE0 = §L/(p)E0 (3})
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To change the derivatives of the Hamilton function:

dt dx
o ) ——
ds’ % ds

and to pass to the parameter ! (arc length of the spatial ray), we obtain

ot dx 1 ,

Let us note, that in the left hand side of (5.61) there is the first total derivative

of Eg on length of the nonstationary ray, i.e.

d w ,
EEO = 2—1\/513 Eo.

Writing the equation with zero approximation for Eg on the dispersion surface, in
other words, taking into account that in accordance with the equation (5.54)

OpoH =

Eo = Ases + Azes,
we project the equation (5.61) to a plane which is orthogonal to
PidEy = %\/EPlL’EO, (5.62)
where
P=1—e;- e{.

If an anisotropy of the absorption is absent, then L’ = 0, and the relation (5.62)
can be rewritten in a form P;d;Eq = 0, i.e. we obtain the system of two equations
for Ay and As. Denoting the first derivative on [ by a dot, we write

AQ + Ag(eg, eg) =0,

As + As(es, e5) = 0. (5.63)

Multiplying the first equation of (5.63) by A3, the second equation by Ay, and after
summing up, we obtain

As Ay — As Az = A3(e3,€2) — Al(es, é3). (5.64)
Since d;(e2,e3) = 0, then the equation (5.64) is possible to rewrite in a form
o A2+ A2

Let us note, that in the right-hand side of the above equality there is the derivative
of arctgAs/ A3 = 0, and the scalar product (e, €3) is equal to |é3|. In turn, |é3] is
rotating of curve (ray) by definition. Having designated value of rotating as T', we
shall write the law of rotating of the polarization vector as

ag="T.
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5.8 Statement of Problem of the Ray Kinematic Tomography

Reviewed in the previous sections, the ray approximation is a natural basis for the
statement problem of a ray kinematic tomography. All ray approximations in an
explicit form contain a phase factor e™”, where the value 7 in a spatial point x is
determined by the value of 7 in the some point xg (for example, a source point) and
by the integration of the (ray) refraction index along the ray from the point x¢ to
a point x. Therefore if the experimental data allow to trace a phase of signal, then
the connection of properties of the medium and the travel time of a sounding signal
can be recognized. The same concept allows to institute a field of the attenuation
factor of the medium.

As an example of the interpretation of the ray approximation, let as consider
the case of an anisotropic reference medium. Let a scalar wave field ¢(x,t) satisfies
the equation

Ly =0, (5.65)
where

L:@f—ZAij(a:)&aj, 1,7 =1+3,
j

a matrix A is positive defined independently of a point x, i.e. the operator L
is hyperbolic everywhere in an applicable domain. The characteristic equation is
written in this case as

(p,Ap) =1 (5.66)

and it can be considered as an eikonal equation; the vector p is equal to V7. To
equate gradient of the characteristic surface to zero, we obtain a differential equation
(in a vector form) of the first order relatively to the derivative p:

2(V-p)" Ap + (p,(VA)p) = 0. (5.67)
From this equation we obtain the characteristic equations:
dx N
% - Ap7
dp 1 N
—_— = —= VA . 5.68
® 5 (p.v i) (5.68)

The last equality is the characteristic equation (5.66).
The characteristic equations (5.68) determine bicharacteristics of the wave equa-
tion (5.65), and for their building it is necessary to establish the initial conditions

X|s:0 = X(O)’ p‘s:O = p(O) ’

where p(@ : (p(®, Ap® ) =1.
The ray direction at the point s = 0 we determine using the first equation of
the system (5.68):

dx = Aggop(o).

%L:O
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Having noted, that p = fl_ldx/ ds, we write the equation (5.66) in a form

dx . _,dx
— ATt =) =1. .
( ds’ ds ) (5.69)

Parameter s accurate within additive constant is equal to eikonal 7, because

dr dx

Therefore from the equation (5.69) we obtain
ds? = dr* = (dx, A~ 'dx),

and we can interpret the characteristic equations (5.68). Taking into account the
relation

=194 / (dx, A= dx)'/? (5.70)

L
we conclude that the characteristic equations (5.68) determine the parametric de-
termination of geodesic curves in the space with the metric dr = = (dx, A~! dx).

Using the equality |dx|? = dI? (dl is a length of the ray arc), it is possible to write
dx = n(z)dl (n(z) is a unit vector with direction coinciding with the direction of
the signal propagation in the point x). The expression for the (slowness) can be
represented as

d

d_; =v Yz,n) = (n, A" 'n).

Therefore the integral from the formula (5.70) over a geodesic curve £

dl
-1 1/2 _
/(dx,A dx) /v(x,n)’
L

L
has a sense of a minimum propagation time of the signal along a curve connected two
spatial points. The explicit form of the velocity dependence v(x,n) on the direction
of propagation of the signal (n) contains a specific character of the anisotropic

model.

The restoration of coefficients A;; («) using the known lengths of geodesic curves
L, which joining the pairs of arbitrary points x and x¢ is a substance of the inverse
kinematic problem. In the standard statements of such problems, the pairs of
the points x and x( are considered laying on the boundary of the explored area.
Let’s consider a statement of the linearized solution of a three-dimensional inverse
kinematic problem. Let, the basic reference medium is characterized by a matrix
Ap (x), and the problem is to restore A(x):

A(z) = A (2) + ad; (z). (5.71)

Here « is a small parameter; Ay and A, are the positive defined matrices. To
represent the eikonal as the next expansion

T(z0 ,2) = Z a™ 1, (o, ). (5.72)
n=0
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By substituting the expressions (5.71) and (5.72) into the characteristic equation,
we obtain

(Po + ap1, (Ao + aA1)(po + ap1)) = 1.
Here, in expansion on p = V7 ~ Vry + aVn 2 Po + ap1 we keep only the linear
on a terms. Taking into account that

(p071210 PO) =1 ) (573)
and keeping the terms of order «, we obtain the equation
2(p1,A40)Po + (Po,A1po) =0. (5.74)

The equation (5.73) determines the geodetic Lo (g, x). Taking into account that
ds = dry we can write

dXO dT1
A = = —
(P1,40pP0) <P1 ) dT ) .’

and from equation (5.74) we get the expression for the deduction 7:

(e, m0) = 5 / (po, A1 (x)po )dro . (5.75)

L‘,o(woﬂ?)
This expression is a basis for solution the linearized inverse kinematic problem.

Let’s note, that A, (x) should satisfies the condition (A; (x) + Ag () > 0).
At the remote sensing problem the kinematic statement, as a rule, connects with
the isotropic reference medium, therefore
Ao (@) = ag () = 3 ().
Ay (2) = a1 (2) = v} (2)
aq ($) dlo

(Po,A1Po) = a1 (x)(Po,Po) = . dToZE,
and an appropriate constraint equation to correct the propagation time from the
point zy to a point x looks like follows

1 vf (x)dly A /
=—— —_— = O(z)dly . 5.76
neay=-3 [ LS (2)el (5.76)
L‘,o(woﬂ?) L‘,o(wo,w)
Here dlj is the length of ray arc Lo(xg,x), which joins together the points zy and

z in the reference medium with the velocity vg (z).

The representation (5.76) is a basis for the statement of the ray tomography
problems. It will be demonstrated in Sec. 11.7, the characteristic equation is de-
termined by higher derivatives of the propagation operator L only. Therefore the
ray concept is easily transferred on restoration of the attenuation factor, which is
connected with the first derivatives, which are included in the propagation operator

L:
o () dlo,
|<I>0 / B (@)l

where (®(w) is the Fourier transform of the blgnal @ observed at the point z; @ (w)
is the Fourier transform of a theoretical sounding signal, exited in the point z,
which propagates inside the reference medium; the ray Lo (xo,x) joins together the
source point and the observation point; 8, (x) is a ray attenuation coefficient for

In

the frequency w.
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Chapter 6

Methods for parameter estimation of
geophysical objects

At a choice of method for the parameters estimation, it is necessary to implement
study of properties of the estimated values. The main properties of the estimate were
considered in § 2.2, they are: the consistence, unbiasedness, efficiency (minimum
of variance), robustness and normality. Some of these properties can be executed
asymptotically, i.e. at a great number of measurements, for example, asymptotic
unbiasedness, asymptotic consistence, asymptotic normality. Let’s consider meth-
ods of a point estimation most frequently used at processing of real geophysical
data.

6.1 The Method of Moments

The method of moments is reduced to following. Let’s we have a repeated sample

T1,%2,...,Ty of a random variable £ with the likelihood function
L(x1, 22, ..., xn; 01, ..., 0) = [ [ p(is 01, ... 05). (6.1)
i=1

To find S sample moments

1 n
Qs = — E x5, s=1,2,...
n-
=1

If oy = M[22°] exists, then at n — oo the law of large numbers is valid, and we can
write
Pllas — as| > €] = 0if n — oo,

i.e. at a large sample size ag tends to s with probability close to 1. Therefore it
is natural to construct the equations

o0

/xsp(a:;ﬁl,...,ﬂs)dmzas, s=1,2,..., (6.2)
which allow to find the estimates of the desired parameters 64,...,0;. At n — oo

these estimates are asymptotically unbiased and asymptotically normal.

163
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6.2 Maximum Likelihood Method

For any sample (z1,%2,...,2y) the likelihood function (6.1) is a function of an
unknown parameter vector #. The maximum likelihood estimate of 6 is a quantity
é, which corresponds to a maximum of the likelihood function In L(z1, 22, . . ., zn; 0).
We can obtain the vector of estimates 6 by the solution of the system of S likelihood
equations:

OlnL(z1,...,zn;0)

00,

if the likelihood function is a differentiable function.

In spite of the fact that the maximum likelihood method leads to the more
complicate computation in comparison of the method of moments, the maximum
likelihood estimator is preferable (especially in a case of a small sample size) due
to the following theorems, which we shall give without the proof.

=0, s=1,...,5, (6.3)

(1) If the effective estimate exists, it will be the unique solution 6 of the system of
likelihood equations (6.3).

(2) If the sufficient estimate exists, each solution of the system of likelihood equa-
tions (6.3) will be a function of this estimate. At sufficiently general conditions
of the regularity of the function In L, that are usually executed in practice, the
maximum likelihood estimator has following properties.

(1) At a great enough number of observations the solution of the likelihood
equation 6 or the system of likelihood equations ] (in case of a parameter
vector) converges in probability to a true value 6 or 6, i.e. the maximum
likelihood method gives the consistent estimate.

(2) The estimate of the maximum likelihood method is an asymptotically ef-
ficient estimate, i.e. at a great number of observations the Rao-Cramer
inequality transfers to the equality, thus the variance of the estimated pa-
rameter reaches the lower edge:

or =10,

in the case of one parameter 6,

R(6) "= [17(6.,))

in the case of the vector parameter 6.
(3) The maximum likelihood estimate 6 is an asymptotic normal estimate, i.e.

\/ﬁ(én - 0) ~ N(O, [I(F) (on)]_l)

if n — oo.
(4) The maximum likelihood estimate is an asymptotic unbiased estimate, i.e.

M[én] =

if n — oo.
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For a finite sample size n there is only one case, when the maximum likelihood
estimator is optimal — it is the exponential shape of the distribution function
of the general population. The maximum likelihood method is widely used for a
finding of the estimates of parameters of geophysical objects in the problems of the
quantitative interpretation. Thus, as a rule, the additive model of the experimental
data is used

u={uy,u,...,un}, u=f(0)+e, (6.4)
where f(0) is the model of the geophysical field under investigation, which depends
on the vector of desired parameters, € is a random error of measurement. The
normality hypothesis of the random component € (¢ € N(0, R,)) allows, in the case
of an additive model (6.4), to write a logarithm of the likelihood function, without
the terms which do not contain @, in the form

1(.0) = — 3w~ £(0))" B u — (). (65)

It is necessary to note, that in case of the normal distribution, the estimates of the

maximum likelihood method are equivalent to the estimates of the weighted least

squares method where as the weights appear the elements of an inverse covariance
matrix R; 1.

For the noncorrelated random component € and observations with an equal

accuracy, the logarithm of the likelihood function (6.5) we can rewrite in the form

1 n
hu,0) =—5— > (ui — fi(0))*. (6.6)

9 i1
The maximum likelihood criterion in this case turn to the classical least square
method. Substituting the relation (6.6) to the system of equations (6.3), we obtain

1 0f
(u— FO) R 5

=0, s=1,2,...,8. (6.7)

6.3 The Newton—Le Cam Method

Let’s consider an approximate method of the solution of the system of equations
(6.7), which one is update of the Newton iterative method of the solution of the
system of algebraic equations. The idea of the method is reduced to following. The
initial parameter vector 8 (9) is picked from a priori data. Further, the logarithm of
the likelihood function in the vicinity of the point 8 (%) is expanded in the Taylor
series with three first terms

L)~ 1) +A07d - %AGTCAH, (6.8)

where AQT = (6 — 6y)7 is a difference of two vectors (row vector), d is a derivative
on parameters (column vector), C' is a matrix of the mathematical expectations of
the second derivatives

Pt B ()

s Jg—p 00,00, =0 ©
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Substituting the expression (6.8) to the system of equations (6.3), after simple
transformations we obtain the system of linear likelihood equations in a form

CAO = d. (6.9)

This system of the linear equations can be solved, for example, by the Gauss method,
if C'is an improper matrix. In the case of a singularity of this matrix, it is necessary
to use the singular analysis or regularization methods(see § 6.12).

By solution of the system (6.9) we obtain the estimate of the vector A8,

A" — 14,

and a corrected value of the parameter vector

0" =6+ 00",

The value of the superscript is a number of the iteration. Further, the value of the
vector 9(1) becomes as an initial vector. We calculate the tare vector A@ @ and
the corrected vector 6 .

The iterative process is prolonged until the relative variation of the vector AO "

becomes less than a priori threshold value 3:

Aés(n)

W Sﬂ, 8217...,5,

usually 3 is order of 1072 <1072, The rate of convergence depends on the function

f(@) and on the initial vector 9(0).

In the considered algorithm the elements of the matrix C' from (6.8) contain the
second derivative of the function f(6) on components of vector 6. In a practical
sense it is more preferable instead of the matrix C to use the matrix

C = M[C),

which obtains by averaging of the matrix C over the elements of the random vector
€ with the next assumption Me] = 0. In this case the elements of matrix C do not
contain the second derivatives of the function f(@). Let’s write the expression for
the elements of matrix C belonging to n-th iteration

~(n) _ _ T p—1 a2f
) = |~ fO) R |
n ofT ;1 of }
s lg—p — 085 |g_pn
o*f  ofT of
— _MleT\p %24 9 -1
[e"]R: 90,00 + 00, HZ@WRE 004 | p_pm)
_of” R of .
005 s |g—pn
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Let us note, that at the mathematical derivation of the components of matrix C we
take into account the next equality M[e] = 0 for the random vector e.

The matrix C does not depend on experimental data and completely defined by
the model of the determinate and random components.

Using the model of experimental data and the formula (6.8), to find an explicit
form of vector d:
1 0f

05 | g’

If the function f(@) is a linear one relatively to the desired parameters and we
work under the model

ds = (u—f(8))"R:

u =10 +e, (6.10)
where ¢ is a plan matrix (or structure matrix) with dimension [n x S|:
Y1 Yz ... s
b= Vo1 Yoz ... tog ’
Un1 Yn2 .. Uns

then the system of equations (6.7) is a linear one relative to 6 and it can be written
in a matrix shape

(TR0 =y R M.

It is easy to find the maximum likelihood estimate, if the matrix ¢7 R-14 is non-
singular:

6= (" R:y) W R . (6.11)

In the case of singularity it needs to use the singular analysis or regularization (see
Sec. 6.12).

We have demonstrated, that in the case of the normal distribution and at pres-
ence of correlations, the maximum likelihood method is equivalent to the weighted
least squares method, and for independent components of the random vector € it is
equivalent to the least square method.

6.4 The Least Squares Method

The maximum likelihood method (MLM), as it was mentioned in § 6.2, at a normal
distribution of the random component of the model is equivalent to the least squares
method (LSM). The computing circuit of LSM is one of the simplest, therefore the
method is used for finding the estimates even in the case when the distribution of
experimental data differs from the normal distribution. The estimates, obtained by
LSM in this case have smaller accuracy, but it is compensated by the simplicity of
their deriving.
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Let us consider a special case of LSM which has a great practical importance.
This is the case of the linear model relatively to the vector of desired parameters
(6.10). The desired estimates is found by minimization of the quadratic form

AO) = (u—0)" W (u — ),

0 = arg min \(9),

where W is a weight matrix. The necessary condition consists in making to zero

the partial derivatives of the quadratic form on variables 61,6, . .., 0s:
o\
=0, =12,...,5. 6.12
2. 5 (6.12)

The obtained system of equations is called the system of normal equations. Under
accepted assumptions, the system of equations (6.12) it is possible to write as

(" W) = " W

Using this relation it is easy to obtain LSM estimates, if the matrix 7 W4 is not
singular one:

6 =@TWy) W Wa. (6.13)

The estimate (6.13) coincides with MLM estimate (6.11) if the weight W matrix is
equal to the inverse covariance matrix RZ!. In the case of an uncorrelated vector
of experimental data wu, the main diagonal of the matrix R contains the inverse
2 of the measurements u;. The analogy with MLM to clarifies a sense
of the weight matrix W, which appears formally in LSM. In a case of observations
with the equal accuracy

variances o

W =021
the estimate (6.13) can be written as
0= ("y) u. (6.14)
The covariance matrix @
Ry =M |(6-6)0-0)"| = ") W Reyp(4)~!
is obtained from (6.14) by substituting R. = ¢2I. Finally, we obtain
Ry =oZ(v7y) "

The LSM estimates in the case of the linear model have the next optimal prop-
erties which do not depend on the distribution law of €.

(1) Unbiasness of 0. Taking into account that M[u] = 8, the mathematical ex-
pectation of the estimate 6

MB] = (") """ Mu]
is equal to the value of the desired vector parameter 6

MB) = ()"0 = 6.
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(2) Efficiency of 6. Among the class of unbiased estimates 6* of the parameter
vector @, which are a linear combination of the data w, LSM estimate 6 has a
minimum variance

Rys(0) < Rss(07)

for arbitrary s =1,...,5.
(3) An estimate 62 using residual sum of squares is given by the formula:

62 = (u—96)" (u—46)/(n - 5).

6.5 LSM — Nonlinear Model

The LSM estimate for the linear model has a simple computing circuit, but it also
can be used as a basis for the general case of the nonlinear model:

u=p(0) +e. (6.15)

Let’s represent () as an expansion in Taylor series in vicinity of some initial
vector 6y and keeping two terms of the expansion, we rewrite the model (6.15) as:

u=9PAf +e, (6.16)
where
- ow;
@=u—pb0), lvsl= 575 . 200 =0-0,.
s 19=0,

The model (6.16) is equivalent to the model (6.10). The applying of the weighted
LSM, gives the estimate

A0 = (WTW) T W

We repeat this procedure, but instead of 8y we use 6, = 6y + Af.

The convergence of the iterative process depends on a type of the function ()
and depends on a choice of weights. The iterative process stops, when the relative
variation of the arguments on the next step k becomes less than a given threshold
value 3

AF)

o | =7

Usually the value of 3 is equal to 1072 — 1073,
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6.6 LSM — Orthogonal Polynomials (Chebyshev Polynomials)

The inversion of the matrix 174 for a derivation of the estimate (6.14) is simplified
essentially, if as the determinate function the system of the normalized orthogonal
polynomials is used. In this case i-th row of matrix 1 can be represented as

Vi = |lwo(xs), p1(xi), - - s—1(xi)l,

where ¢, (z;) are orthogonal on a set of x:

n .
O (xy), if s =&,
-1

D pal@i)pe (@) = 4 = (6.17)
i=1 0, if s £ 5.

From the condition (6.17) it yields that the matrix 17 is a diagonal one

ﬁ:lgog(xi) 0 0
z/}TQ/J _ 0 ;@%(ml) 0
0 R S BCY

and it is easy to be inverted.

We will consider the Chebyshev polynomials. The scheme of their construct-
ing looks like the next. Let us assume that o(x;) = 1. The function ¢q(x;) is
determined as

p1(zi) = i + boo (). (6.18)

To find the coeflicient by using the orthogonality condition

n Xn: Tipo (i)

Z@l(xi)ﬁpo(mi) =0, bp="F——r. (6.19)
i=1 ;Sﬂg(xi)

Substituting by from the formula (6.19) to the right hand side of the equality (6.18),
we obtain

Using the expression

@2 (a:) = 7 + brp1 () + bowo (i),
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to find @a(x;). Using the orthogonality condition to find b, and b
2 wipo(i)

Y ee(zi)er(@) =0, b=
=1

Finally, for ¢o(2;) we obtain

Zn: w7p1(w;) .
o) = 27 — S—— () — = wo(:)
> 3 (@) > ehlai)

i=1
By analogy we can determine @3(z;) and so on. For an arbitrary s-th function we

have
;xfgps,l(xi) ;xf%(%)
@s(xi) = 2] — o1 (x) — -+ = 0 (x:) (6.20)
Z:l@?_l(xi) ; o5 (i)

It is easy to show the validity of a such expression. Let’s write the function

s(x;) in a following form:

0s(x;) = ] + bs—19s—1(x;) + -+ + bowo(x;).

After multiplying by ¢ (x;), s’ < s, summing over x1, zn, and using the orthog-
onality condition (6.17), we obtain

n n Z xf@s/ (371)

S g (@) 4 b S @) =0, by =L

i=1 i=1 > 02 (i)
=1

For a case, when the abscissas

)

that demonstrates validity of the equality (6.20).
xp are preselected with an uniform sample, the recursion formula

nQ(n2 —i?)

@S—Fl(ml - <3)1 - 23)1) <)OS 371 4(42 1)

for the calculation of the function ¢gi1(x;) on known @s(z;) and ps_1(x;) was

L1y,
—— s 1(Ti)

obtained by Chebyshev.
We have considered alternatives of a representation of the matrix ¢ by orthog-

onal polynomials for the homogeneous process.
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The estimate of the coefficients of orthogonal polynomials by the LSM method,
using (6.13) and orthogonality conditions (6.17) under W =1, 3 ¢?; = 1 has a
j=1

form

0. => puuj, s=0,1,2,...,5-1,
j=1

or = T u.
In this case, the covariance matrix of the estimated parameters is diagonal one
Rp = 0?1,
and the standard deviation gives by the formula

s (w—v0)" (u—h)

€ n—2S '

6.7 LSM — Case of Linear Constraints

At the solution of applied problems a necessity frequently appears to find the esti-
mates of desired parameters at presence of the linear constraints. It is one of the
alternatives to incorporate a priori information.

Let’s a vector of desired parameters 6 satisfies the system of ) equations

A9 =V, (6.21)

where @ < S. The matrix A has a dimension [Q x S] and the vector V has a length
Q. To determine the desired parameters the problem can be stated as a problem on
the conditional extremum, i.e. to minimize of A(f) under the condition (6.21). For
the solution of this problem, as usual, we will use the Lagrange multipliers method.
To build functional

©(60) = (u— )" (u— ) — 227(40 ~ V),

where a component of the vector A is the Lagrange multiplier. The length of A
is equal to the length of V', i.e. the lengths of the vector are equal to a number
of linear constraints. As the estimate of the parameters we will choose the values,
under which the functional ® (@) reaches an own minimum. The necessary condition
of a minimum consists in the equalling to zero of the first derivative on components

of the vector 0:
0P(0)

— =1,...,8. 22
698 07 S ) 7S (6 )

After the solution of the system of linear equations (6.22) relatively to 65, we obtain
the next estimate 6, expressed using Lagrange multipliers:

0" =0 AT AT, (6.23)
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where éT is an estimate obtained by LSM without taking linear constraints into
account.

To find A we multiply both sides of the equality (6.23) by AT from the right side
and take into account the condition (6.21). As the result we obtain

AT = (VT =87 ATY(A )t AT) L, (6.24)

Substituting the equality (6.24) into expression (6.23), we come to final estimate
for desired parameters

~T ~T ~T

0 =0 + (VT -0 AT AW )T AT) AW y) (6.25)
As it is possible to see from the formula (6.25), the estimate contains two addends:
the first one corresponds to an estimate obtained by the least squares method with-
out an account of the linear constraints, and second one characterizes the contri-

bution of the linear constraints to common estimate. The covariance matrix of the
estimates is expressed by the following formula:

Ry = Ry — o2(Tw) AT (AW 9) AT AW ), (6.26)

Ry =62 (4"y) . (6.27)

On a main diagonal there are dispersions of the estimates of arguments, and the off-
diagonal elements characterize a cross correlation between estimates of arguments.
It is interesting to note, that the elements of the matrix consist in two terms: the
first term corresponds to elements of the covariance matrix without an account of
the linear constraints, and the second term characterizes influencing of the linear
constraints.

To find an estimate for the variance by the formula

Jo_ (W= V) (u—y0)
€ n—8S—K '

Let us consider a case of a known inverse covariance matrix of the experimental

data TW. In this case the estimates (6.14), (6.25) are rewritten as

67 =0 (VT =0 ATYAWTW) AT AT W) (6.28)
0=@TWy) W W (6.29)

The covariance matrix of the estimates 6, 8 reads as
Ry = Ry — (T W) AT (AWT W) AT) T AWT W), (6.30)
Ry = (" Wy)~h. (6.31)

It is possible to use the obtained estimates (6.28), (6.29) and covariance matrices
(6.30), (6.31) at presence of a priori information about the weight of some experi-
mental data. Such cases frequently meet, when the data under the approximation
are the result of the processing and represent estimates of the desired parameters.
Then the appropriate variances and covariance coefficients of the estimates of pa-
rameters can be used to create the weight matrix W.
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6.8 Linear Estimation — Case of Nonstationary Model

Let us consider the methods for an estimation of the linear parameters
u=1Y0 +¢

under a condition, that random component is nonstationary one. For the simplicity
we will assume that

ol =3(fi,p) = po + prf7,

where f; = 1 16. In a special case p; = 0 we come to the stationary model. The
procedure of finding of the estimates of parameters 6 and p is reduced to following:

~(0
(1) Computation of the zero approximation of the parameter vector 0( ) by LSM
with the unit weight coefficients

0" = (W) T
(2) Determination of the estimate of the model function
fi _ 7/);[ 9(0).
(3) Computation of the squared difference
&} = (u; — fi)*.

(4) Finding of estimate p:

where

1f2 &
(5) Computation of the variance of the random component
62 = po+ i1 f}-
(6) Determination (by weighted LSM) the estimate
6= (W) W,
where W = diag (6, 2,65 2,...,6,2). i
(7) Computation of the deviation £2 subject to 6
& = (wi - fi)?,

where f; = x[)fé.



Methods for parameter estimation 175

(8) Comparison of £2 with the the threshold value (y. If £2 < S, then the iterative

~(0 - . -
procedure is finished. If &2 > 3y, then 0( - 60, ¢, =2, fi = f; and go to the
point 4.

At the enough universal propositions about the regularity of the function X,
which one are usually fulfilled in practice, the parametric models o2 lead to the es-
timates having the asymptotically normal distribution, which one at a great enough
sample size coincides with the distribution of estimates @, obtained by the weighted
LSM provided that the weight coefficients are known exactly.

6.9 Bayes’ Criterion and Method of Statistical Regularization

At the solution of practical problems of processing of the geophysical data the great
importance has an account of the available a priori information about parameters of
the explored object. The Bayes’ criterion opens the ample opportunities of the use
of a priori information in a statistical shape. Let’s assume, that in the model (6.15)
the vector 6 is random. The joint density function of the vector of experimental
data v and the parameter vector € can be written as

p(u,0) = p(0)p(u/0) = p(u)p(6/u), (6.32)

where p(@) is a priori density function of the vector of desired parameters, p(u/60)
is a conditional density function of the vector of experimental data u at the fixed
parameter vector 6, p(u) is a priori density function of the vector of experimental
data, p(@/u) is a posteriori density function for the desired parameter vector
at fixed realization of the experimental data u. Using the expression (6.32) it is
possible to find a posteriori density function of the desired parameter vector

p(0)p(u/6)
p(u)
In accordance with the Bayes’ criterion, as the estimate of the desired parame-

ter vector, the mathematical expectation of the desired parameter vector under a
posteriori distribution is accepted

05 = /ep(o/u)do. (6.34)

p(0/u) = . (6.33)

From an analysis of the formula (6.33) we conclude, that a posteriori density
function is a product of a priori density p(@) and conditional density p(u/0) (the
denominator does not depend on the desired parameter vector and it is introduced
for normalization). Hence, a priori information about desired parameter vector con-
sists of a priori information, which is obtained before experiment, and information
extracted from the experimental data. If one of the multipliers prevails over other,
then it determines a posteriori information in general. For example, if conditional
density has an abrupt maximum in the parametric space wy and it fast tends to
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zero in other space w1, and if a priori density p(@) is slow varying function in wy,
then a posteriori density practically does not depend on a shape of p(@), which may
put a constant in all space wy.

6.10 Method of Maximum a Posteriori Probability

Alongside with an estimate (6.34) which is the conditional mathematical expecta-
tion, wide practical applying has the method of a mazimum of a posteriori prob-
ability. In this method as an estimate 9, a position of a maximum of a density
function p(6/u) in a parametric space is accepted. As the logarithm is a monotone
function, the location of a maximum can be determined by the function In p(6/u),
that appears by more convenient at the solution of a wide variety of the problems. If
the maximum is placed inside the accessible region of variation of # and the density
function has the first continuous derivative, then the necessary condition consist in
the equality to zero of Inp(6/u)

Olnp(6/u)

= =1,2,...,5. .
893 Oa S Pl aS (635)

The equation (6.35) is called the equation of the mazimum a posteriori proba-
bility. Replacing p(6/u) by its representation (6.33) and taking the logarithm we
obtain

Inp(6/u) =Inp(@) + Inp(u/0) — Inp(u). (6.36)

For finding an estimate using the maximum a posteriori probability method
(MAP), let’s substitute the expression (6.36) into the system of equations (6.35)
and to obtain the equation of maximum a posteriori probability in a form

Olnp(0)  Olnp(u/0) _
oo, | on. O ST hEe

The first addend from the left hand side of (6.37) characterizes a priori data and
the second one is connected with an experimental data.

By analyzing of (6.37) we can conclude, that in the case of the function Inp(6)
has a weak variation in the area of allowed values of 8, then the first term in (6.37)
can be neglected, and MAP transforms to LSM. It means that LSM is a special case
of MAP under the condition of an absence of a priori information, that is equivalent
to a hypothesis p(f) = const in the area of allowed values of the desired parameter
vector.

At the nontrivial assignment of a priori density p() # const MAP improves
LSM estimate, and makes the solution stable. The engaging of a priori information

., 8. (6.37)

underlies the statistical regularization method.
Let us consider in more detail a procedure of finding the estimate 6 for a special
case of the normal distributed random component € € N (0, R.) and normal a priori
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distribution § € N ({8), Ry) for the linear model (6.15). The logarithm of a posteriori
density function looks as

Inp(6/u) = — 5 (u— 08)" R (w— y8) — 50— (0))" Ry
x (0 —(0)) — nts In(27) — %(ln |Ro| + In |R:|) — Inp(uw).

the necessary condition of the maximum of a posteriori probability leads to the
system of equations

WTRZ + Ry )0 = TR u+ RyH(0),
and these equations give the estimate 0:
6= R+ Ry ) (TR u+ Ry 0)). (6.38)
Using the equality
("R’ + Ryt = Ry — Rey" (YRey" + R2) 7,
WRo, (VTR + Ry )T R = Rey” (0Rey " + Re) 7 (6.39)
to represent the estimate (6.38) in a form:
6 = (0) + Rov" (4 Roy" + R) ™ (u—4(6)). (6.40)

The formula (6.40) enables a simple interpretation: the MAP estimate 0 is repre-
sented as the sum of a priori vector () and the correction, which one is the weighted
difference between the experimental data and a priori model.

In the special case of an uncorrelated random component R. = ¢21,, and uncor-
related components of the vector @, a priori density function contains: Ry = 021,
( I, and Ig unitary matrices with dimensions [n x n] and [S x S] respectively,
2 is a variance of the random component, o3 is a priori variance of the desired

parameters). The formulas (6.38), (6.40) we rewrite in the next form

0= (" +als) (T u+alf)), (6.41)

ag

6= (0) + T (YT + ) u — (@), (6.42)

where a = 02 /07 is a fixed regularization parameter of zero order. We should note,
that regularization parameter under the statistical interpretation has a clear sense:
it is the energy ratio, noise/signal.

If o tends to zero, the MAP estimate 6 (6.41) transforms to LSM estimate @
(6.11).

The covariance matrices of the estimates of the parameter vector, given by the
formulas (6.38), (6.40), (6.41), (6.42), can be written as

Ry = ("R "+ Ry, (6.43)

R; = Ry — Ry " (v Roy" + R.) 4Ry, (6.44)
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Ry =aZ(p" ¢ +als) ™!, (6.45)

Ry = o03(Is = " (Yo" + al) '), (6.46)
The interpretation quality should estimate on a basis of the analysis of the ma-
trix Rz. The main diagonal of such matrix contains the variances of the estimates
of parameters and far-diagonal elements which describe correlations between the
estimates. The matrices (6.43)—(6.46) can be used for the design of the experiment.
We should note, a choice of formulas for the estimation 6 ((6.38) or (6.40)) mainly
depends on the computational capability. If the computation of the inverse covari-
ance matrix of the high dimension R and R. is difficult, then the form of (6.40) is
preferable.

6.11 The Recursion Algorithm of MAP

At the solution the problem of an approximation of a great volume of the exper-
imental data, the boundedness of a computer memory results in the necessity of
constructing of the interpretative algorithms for the finding of the estimate of the
parameter vector by a method of the maximum of a posterior probability. Let’s
consider a stable iterative algorithm, which is based on the representation of the
estimate in the form (6.40).
As an initial value for the parameter vector estimate we choose a priori vector
0 () = (), and an initial covariance matrix is equal to a priori matrix Re(o) = Ry.
The first approximation is computed by the formula
0 =9© 4 A MHAGD),
where A@ (1) = Re(o)'t/)(l), (1) is a column vector, with the components coinciding
with the components of the first row of the matrix 1:
7(1) _ N1/5f, Ny = uy — ,(!)(1)T0 (0),
6t =02 +pWTAgM,
The covariance matrix of the estimate 6 (V) looks like
RV =R — AgWA9WT /52,

Let’s we find (i — 1)-th approximation § *~1) and Re(i_l). Then, i-th approximation
we construct as the next:
6 =gi-1 4 4(IAG®)

where

v = N; /62, Ny =u; —p@DTeEY),

6f = 0% +9pITAIW,

AGD = RNy

Ry =RV —A0AgOIT 52,
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6.12 Singular Analysis and Least Squares Method

By the practical application of the least squares method (LSM), using the model
(6.15), we can not obtain satisfactory result in the case of a bad condition of the
matrix 71, which is subjected to inversion. As a measure of the condition, it is
usually used a condition number

where

S
[T 8 Tyl

, ¢ = min , 0|, = 0| 6.47
1ol e, =2 6

G = max
0
The maximum and minimum under conditions (6.47) are determined on all non-zero
parameter vectors. If the matrix 17 is singular, then g = 0.

The condition number § is a measure of the proximity to singularity. The
condition number can be considered as an inverse value of the relative distance
from a given matrix to a set of singular matrices. Let us consider the properties of
the condition number 8 which follow from its definition.

(1) The condition number 3 is always greater or equal to 1 (8 > 1), because
G>g.

(2) If the matrix 74 is a diagonal one, as in the case of orthogonal polynomials,
then

g - Mmax (V7 )ii]

min | (47'1)) |

(3) If an inverse matrix exists, then

B= vyl 1w ).
(4) If the matrix 1T is a singular one, then 3 = co.

At the near singularity of the matrix 17+ the condition number 3 has a great value
and independently of the method of solution of the system of normal equations, the
errors in an input information and round-off errors lead to a strong “oscillations” of
the desired parameter vector. As an extreme case, when the columns of the matrix
T4 are linearly dependent, the matrix 179 will be singular one with the condition
number 3 = co. Hence, the high values of the condition number testify to presence
of near linear the dependence of the rows of the matrix.

More stable method of computing of the parameter vector for the linear model in
the case of a bad condition of the matrix is based on the singular value decomposition
(SVD) of the structural matrix 1. This approach is more affective to account of the
input information, the round-off errors and the linear dependence, than classical
LSM
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Let us consider the singular value decomposition on an example of the linear
model (6.15).
It is possible to show, that for an arbitrary real matrix 1 is valid the next
representation
Y =QxPT, (6.48)
where Q,x, and Psyg are the orthogonal matrices, i.e. QQT = I,,x, and PPT =
Is« s respectively, and ¥, s is a diagonal matrix with the elements

g1 ... 0
U@,i:j,izl,...,n, 0 ... 08
Y= AN Y= . 4
J {O, i1£7,j=1,...,5, 0 ...0 (6.49)
0 ... 0]

The matrix Q consists of n orthonormal eigenvectors of the matrix 1T, and
the matrix P consists of orthonormal eigenvectors of the matrix 1)T. The diagonal
elements o; of the matrix 3 are non-negative quantities of square root of the eigen-
values (singular numbers) of the matrix ¢)T+). Assume that oy > 09 > --- > 09 > 0.
If a matrix rank of the matrix 1 is equal to r, then 0,41 = 0,42 =--- =05 =0.

For a simplicity of the analysis we suppose that the random component of the
model ¢ is non-correlated one. Then, taking into account (6.48), the LSM criterion
can be written as

f = argmin \(6),
where
A(O) = (u—v8)" (u—18) = (u—QEPT9)TQQ"
x (u— QY PTO)(y — ¥b)>.
Using the property QQT = I, we obtain the next representation for the quadratic
form A:

Ab) = (y — =b)?, (6.50)
where
y=Q"u, b=PTY. (6.51)
Minimizing (6.50) on b, we obtain the estimate b
b=xty (6.52)
or, come back to initial variables, we obtain
0= PxtQ"u. (6.53)

The matrix

is called pseudoinverse matriz with respect to the matrix ¥, the pseudoinverse
matrix has dimension [S x n] and satisfies the next properties
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(1) =SFs = ¥;

(2) THEEt = ot

(3) LT is a symmetric matrix;
(4) T is a symmetric matrix.

It is possible to demonstrate a unique existence of a such matrix. If the diagonal
elements o;; of the matrix ¥ do not equal to zero, then estimate b; (i = 1,2,...,.5)
will be written as

i)i:yi/aii, Z'=1,2,...,S.

However if some o;; are small, such procedure is unwanted. In this case it is neces-
sary to analyze the values o;; before finding of an estimate b. It is possible to show,
that the singular numbers will be distinct from zero if and only if the columns of
the matrix 1 are linearly independent. The analysis of the singular numbers should
be implemented on a basis of the suspected accuracy of the input data and the
calculation accuracy of the computer. On a basis of a priori accuracy to choose the
threshold value «, to which one compare everyone o;;. If 0;; > «, then lA)lv =y;/0i
fori=1,2,...,ip. If 053 < a, then 5¢:Of0ri:i0+1,...,S.

As a matter of fact, at o;; < «a the component of the vector b; can be equal
to an arbitrary value. This arbitrary rule is caused by the non-uniqueness of the
LSM solution. To exclude an influence of unstable components of the vector b; at
0ii < @, in the singular analysis their values are putted to zero. Let us consider an
interpretation of the threshold value o by the example of a model with the random
parameter vector @. Let’s the mathematical expectation of the parameter vector
is equal to zero (#) = 0 and a priori covariance matrix (#97) = Ry is given. For
the simplicity we assume that the components of the parameter vector # and the
random component u of the model have a lack of correlation i.e.

Rg =031, R.=0o°l

Moreover we assume that the random vectors @ € are uncorrelated among them-
selves.

Using the singular decomposition (6.48) of the structural matrix v, and nota-
tions (6.51), to rewrite the model (6.10) in a form

y:Zb+ea

where e = QTe. We find the solution as a linear form
b="Ty, (6.54)

where
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is a diagonal rectangular matrix with the dimension [S x n]. To find an estimate
of the parameter vector b to determine the elements of the matrix I' is enough.
Let’s to use the mean-square criterion. In this case the error of estimation and the
corresponding covariance matrix have a form

E=b—b= (Y —I)b+Te,

€)= T -nEbT)rs -0’
+ Dee Y I'T = ('Y — DR,(I'E — T + TR.IT.
The standard deviation of the desired error is equal to

S

=Sp(Ee™)) =Y _l(vio; — V0, + 7,00,
j=1
where Sp(A) is the spur of the matrix A.
In the special case of Ry = 02I R. = 02I, we obtain 0} = 03, 02 = 02

and
€j g7
introducing the notation A(v;) = Sp((€€7)), we can write

Z (vio5 — 1)%0; +'7g2‘7§]'

We determine the elements y; using the minimum condition of the mean square
error, i.e. by the solution of the system of equations

ON(v;)
v,

The desired estimate looks like

=0, j=1,...,5

N g
V= 32 22
Gj +Us/00

If for the certain random parameters o3 — oo is valid, then 4; = 1/0; and
I' = ¥*, i.e. we obtain the LSM estimate (6.52) with a singular decomposition of
the structural matrix.
In the case of the singular analysis the mean-square value of the desired error
will be written as
0
. 2 2 . 2 2
Aio) = ([I€]1%) = o3 (S —i0) + 02 _ 1/
j=1
The minimization of A(ig) on iy leads to a choice of the number iy, when an appro-
priate singular number satisfies the relations
o o
Oiy > < and Oip+1 < -=.
o’ o)
Hence, to find the boundary value iy it is necessary to know a priori value of
the noise variance o2 and a priori variance of the desired parameters o7.
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So, we find the matrices I' for three estimation procedures: “usual” LSM, when

the parameter 6 is unknown and nonrandom

1
Fi=v=— i=1,...,5;

3
the method of statistical regularization for a model with a random parameter vector

0 .
i=1,...,5;

Ti=v=—=—"7F—
2 3727
ol +02/o;

the method of singular analysis
_ ]./O'j7 j:172,...77;0 (71‘0204,
”_{0, j=io+1,...,8 oipg1 < .

At the small singular numbers o; in comparison with the ratio o./0¢ (0; <
oe/0g), for the “usual” LSM (the first procedure), corresponding value 7; goes up
fast, and it leads to the instability of the solution. In the cases of the statistical
regularization (the second procedure) and the singular analysis (the third procedure)
vi ~ 0 and 7; = 0 are valid correspondingly. At a great value of o; (0; > 0. /0g)
all three methods lead to the same result.

It is necessary to point out, that the singular analysis is one of the expedients
of the regularization of the solution, and the basic difference from the estimates
obtained by the statistical regularization in a range of great values of o;, but a little
bit larger than o. /oy, is the next: ; = 0 for the singular analysis and it decreases
smoothly as

g;

for the statistical regularization method (Fig. 6.1). The important result of this sec-

Vi = :17°"7S7

'y
¥;

Fig. 6.1 Dependence of the elements of matrix I' (6.54) on eigenvalues o (6.49) for an estimation
by the methods: LSM (1), statistical regularization (2), singular analysis (3).

tion consists in establishing the connection between the threshold value «, specifying
in the singular analysis using a priori data, and the noise-to-signal ratio (o./09),
which one is customary for an interpreter and has an explicit physical sense.
The condition measure [, introduced above, can be expressed through the min-
imum and maximum singular numbers
6 — Umax

Omin
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As it was mentioned, the value 8 can be used as a measure of the linear de-
pendence of columns of the matrix ¥T9. If the value of 3 is close to 1, then the
columns are “practically independent”. If § is sufficiently great, then the columns
are “practically dependent”. Introducing the threshold value « reduces the con-
dition number 8 up to omax/«, that leads to a more stable determination of the
desired parameters.

6.12.1 Resolution matrix

Let us to consider an additive model
u =yl +e. (6.55)
We introduce the matrix L, which is an “inverse” matrix with respect to the matrix

1 and it defines a “rule” of the derivation of the estimate 6 of the vector 6 using
the vector of measured data u,

0 = Lu.
To define the resolution matrix R as a product of L and 3
R = L.

For clearing up of a sense of the resolution matrix, we multiply the left hand side
and the right hand side of the equation (6.55) by the matrix L. At tending the
values of the additive noise addend & to zero, we obtain
0 =2 Ro.

In case of the solution of the system of the linear equations (6.55) by LSM, the
resolution matrix is an identity matrix:

L=@") ", R=Lj=1
In case of the singular decomposition (6.48) of the matrix 1, we obtain:

R=PytQTQxpP? = PPT = 1.

6.13 The Method of Least Modulus

Together with the LSM method, for processing of the geophysical data, the method
of the least modulus is widespread. This method leads to the optimum estimates
of parameters at presence in a random noise of the outliers. With the reference to
the linear model (6.15) the method of least modulus is reduced to the minimization
of the function

n S
A0) = Zvﬁul - Z¢i595|)
i=1 s=1

n S
6 = arg rrbin Zvﬂui — Zwi398|' (6.56)
=1 s=1
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Let us note, that the method of least modulus is a special case of the maximum
likelihood method with the Laplace distribution of the random parameter vector €.
The “tails” of the Laplace distribution fall slowly, than the “tails” of the Gaussian
distribution. At the method of least squares the weight multipliers v; have a clear
physical sense, they are in inverse proportion to the standard deviations of the
measurements.

To find a minimum of the function A(6) two approaches can be used. The first
approach is based on the linear-programming technique. The second one is the
iterative procedure based on the weighted LSM.

Let us consider the second approach in detail.

We introduce a function of two vector arguments 6 and p

S
n 'U12|uz - Z ¢isos|2
A(0,0)=> = : (6.57)
=1 p;lu; — 2_:1 Yisps|

If @ = p, then the function (6.57) transforms to the function (6.56):
A1(0,0) = \(6).

The presentation (6.56) enables to create an iterative procedure for finding an esti-
mate by the method of least modulus. Let’s an initial approximation for the desired
parameter vector 6(°) is given. We substitute the value of #(®) to the expression
(6.57) instead of the vector p, then

o Jus z bisbs |2
6,0) Z UZ— (6.58)
i=1 m—zws%

or, introducing the notation

Ui

w)=— (6.59)
i = 32 05

we obtain
0,0) = Zw Oy — Z%o . (6.60)

The quadratic form of (6.58), (6.60) explicitly corresponds to the quadratic form of
LSM. The estimate of the desired parameter vector is determined by

= (WTWO )Lyl W Oy, (6.61)

where W©) = diag(w?, w9, ..., w?).
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Let’s accept the estimate (6.61) as the first approximation of the estimate for
the least modulus method:

0 =9,
and to use it for computing the new weight multipliers. To substitute the obtained
estimate to the expression (6.57) instead of p:

M(6,00) = }jw” }jmss, (6.62)

where

1 _ Vi
S .
s = 3 st
Further, the LSM estimate we find by minimizing of the quadratic form (6.62)
6= (T WOyl w Dy,

We accept this estimate as the second approximation of the estimate for the least
modulus method:

62 =9
Substituting #) to the expression (6.57) instead of § we find 8(3). The iterative
procedure continues until at k-th step the threshold condition

|9gk) _ agk—l) |

-2 . 10-3
oo <§~1072+10

is satisfied. Usually the value of § is a order of 1072-1073.

The main element of the considered procedure is LSM. At each step we make
correction of the weights W; in accordance with the LSM estimate obtained at the
previous step.

6.14 Robust Methods of Estimation

Most of the considered estimation algorithms were based on the assumption of
the normal distribution of the random vector €. If this assumption is not valid,
then estimates obtained by LSM lose the optimality. Besides the LSM estimates
are sensitive to the great errors of observations. Therefore, the creation of the
algorithms, which are stable at deviations from the initial assumptions about the
model, is an actual problem. In mathematical statistics the methods of estimation,
which are stable against the deviations of the supposed distributions of the random
components from a true model are designed. These methods are called the robust
methods. Three robust algorithms will be considered below.
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6.14.1 Reparametrization algorithm

Let us consider the robust estimation algorithm for the parameter vector @ using
the model (6.15), and based on the reparametrization of an initial model (Meshalkin
and Kurochkina, 1981). As the result of the reparametrization, the new parameters
appear as the stable ones in wide class of the noise at a deviation of their distribution
from the normal distribution. The estimation procedure looks like the next.

(1)

To set an initial approach for the parameter vector 6 and a variance o3. As the
vector
0y an LSM estimate can be used. The variance can be estimated by the formula
o _ (= 80)T ()
n—=~
In k-th iteration we compute the deviation
e =u; — P

where 97 is i-th row of the matrix. To determine the weight function

2
&in
w(e;) = exp {—2&2 } .
k

At that we should determine a value of the constant 7, which determines a width
of the weight bell-shaped function. Such value may choose by an experimental
determination. With the reference to the processing of geophysical data, this
value is advisable to put 7 = 0.2.

To find the estimate 6 by minimizing of the quadratic form:
n

AO) = (uj — T 0)%w(e;),

NG
0()’

j=1
0= (W) W,
where W = diag(wy, wa, ..., w,).
To calculate the normalized weighted deviation
y_ 20
;(&')

To find the estimate ék+1 and dispersion &i 41 using the equation

Orpr = 0,Y 1620 —0k), (67,1) ' =Y - %

k
If the difference between the estimates obtained on k-th and (k+1)-th iterations
have an inessential difference, i.e.

O s — O
max HkHA 123
m

o -0
Hi Hi
<6y, |t

S 627

G
Mk Hi
where §; and J2 are the constants of order 1072-1073, then 6y, o7 are the
desired estimates, otherwise the iterative procedure will be repeated, starting
from the point 2. As it is shown by the numerical simulation, it needs 7-10

iterations.
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(7) The covariance matrix of the estimates of the desired parameters is determined
by the formula

Ry, = (0" W) l67.

Described algorithm may easily be realized on a computer, because its basic
element is the weighted LSM procedure.
Let us consider two robust nonlinear estimators.

6.14.2 Huber robust method

Let’s the random components ¢; in the model (6.15) are independent and equally
distributed with a symmetric density function. If the probability of a great outlier
is equal to «, then

p(n) = (1 —a)X(e) +aZ(e),

where the supposed distribution X (n) and “weed” Z(e) are the symmetric densities:

Assuming that the random components have the normal distribution, we come
to a model of the crude errors, which can be applied to the static correction at
processing of seismic data. In that case instead of minimizing of a quadratic form,
for the determination of the parameter vector 6, it is proposed to solve the next
problem (Huber, 2004):

n

- . T
0 = arg min ZH(W P, 0), (6.63)

=1

where H is the correspondingly chosen function.
In the general case the solution of the problem (6.63) reduces to the system of
nonlinear equations

n

> hlui = 0)is =0,

=1

where s = 1,2,...,5, h(e) = H'(¢). As the function H we can choose the next
function (Fig. 6.2)

H(E):{az/l le| < c,

cle| = c?/2, |e| > e.
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—C

Fig. 6.2 Huber’s proximity function between measured data and model data.
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Fig. 6.3 The proximity function between measured data and model data.

6.14.3 Andrews robust method

Let us consider one more robust estimator (Andrews, 1974) where the weighted LSM
method appears as a basic element. To find the estimate of the model parameters
by minimizing the next nonlinear function:

6 = arg min Z H(u; —T0), (6.64)

i=1
where
1 —cos(gi/c), |ei| <em
H — 9 )
(E) { 07 |‘€1| Z CcT,
(see Fig. 6.3). As the estimate & we accept a median of the absolute values:

6 =med |u; — 6]

The problem (6.64) leads to the system of linear equations

n

> h(ei)is =0, s=1,...,S, (6.65)

i=1

sin(e;/e)/c, |ei] < em
h(e:) = H/ N — [ ) 9
(i) (£3) {0, les| > em.
The solution of the system of linear equations using the iterative procedure leads

to the next steps.
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(1) To establish the initial vector 8 or to use for its determination LSM.
Let us consider the estimator of 9k+1, if the estimates 9k, k =0,1,... are
known.

(2) To calculate the deviation &, = u; — ;0.

(3) To find the estimate &3 = med €.

(4) To calculate the weight function

- {[Sin(éik/c)/c][éik]la lei|/c <,
' 0, leik|/c > .

(5) To solve the system of equations (6.65), which can be represented in the form

n
E WikYis€ik = 0.

=1

Z wik%s(ui - %Ta (k+1)) =0.
i=1

Using the weighted LSM to obtain the estimate
Ors1 = (W W) Wi,

where W = diag(wy, wa, . .. wy).
(6) To check an accuracy of the obtained estimates

|ésk+2} — ] <5 |6kt1 — Ok

= 5 ~ S 527
Ok |

max

S 95k|

where §; and d2 are the values of the order 1072-1073. If the inequalities are
satisfied, then 0y and &, are the desired estimates. If not, we continue the
procedure from the point 2. For the case of the real data the recommended
value of ¢ is 1,5.

The essential difference of this method from the reparametrization algorithm is
that for a great deviation the value of the weight function puts to zero.

6.15 Interval Estimation

We have considered some examples of the point estimation. In practice the interval
estimation, which is intimately connected with the point estimation, is widespread
as well. The interval estimation gives not only a numerical value of parameters,
but also it produces an accuracy and reliability of the estimation. So, for example,
at treating experimental data the great interest is introduced by a problem of the
definition of an interval, in which one the true value of parameter lays with the
given probability. The problems of a such type are solved by the interval estimation
method.
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Let’s the estimate 6 is unbiased estimate of the parameter 6. To establish enoug}}
great probability 8 (6 =10.9,...,0.95), we find an admissible deviation value § of 6
and 6:

P(|6— 6| < 6) =3, (6.66)

Moreover, the deviations exceeding on an absolute value of §, occur with the small
probability 1 — 8. The expression (6.66) can be represented as

PO—-6<0<0+06)=0. (6.67)

ThAis inequality yields that with the probability § the random interval Ig = [é —

8,0+ 0] covers a true value of the parameter (Fig. 6.4). The probability 3 is usually

IE-
-— T
o 6 )

Fig. 6.4 The confidence interval /5 and estimated parameter 6.

called the confidence probability,, and the random interval [é — 5,0 + d] is called
the confidence interval. As it follows from the expression (6.67), to determine the
confidence interval it is necessary to know a probability distribution of the estimate.
As it was already mentioned, in the case of the normal distribution an error vector
of the estimates obtained by LSM in case of the linear model (6.15) have the normal
distribution, i.e.

(0) =05, Ry =2[( W) e s=1,2,...,5.

Each component of the estimating parameter vector 0, has the normal distribution
with the mathematical expectation 65 and the variance o2[(1T 1))~
05 — 05
o (T W) el
To introduce the deviation vector € = u—wé and the quadratic form of deviation
eTWeé. The random vector @ is S-dimensional normal vector, and the random vector
¢ is (n—S)-dimensional normal vector. These vectors are independent. The random

€ N(0,1). (6.68)

value

1.
geTWs (6.69)

has the distribution 2 ¢ and does not dependent on 0.
Using the relations (6.68) and (6.69), to build the variable

05 — 0,

(Wrwe) 2 T we /- 5)]
05 — 0,

(T W) 1" We/(n - 5)

th—s =

}1/2’
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which is a ratio of a random variable with the normal distribution (N(0,1)) and a
sum of squared normally distributed variables with a number of degrees of freedom
n — S. Such variable has the Student’s distribution with a number of degrees of
freedom n — S and it enables to create the confidence interval for 6.

To specify the confidence probability 8. For given dimensions of the observed
data vector and the desired parameter vector S to determine a number of degrees of
freedom & = n — S. The values of k and [ are an input data for the determination
of 7, such that

Plltn—s| <] =8.
The confidence interval with the confidence probability 3 describes by the formula

ATyrra11/2
_ 15 T —1y1/2| € WE
Iy = [0y £ [ TWe) Y [—n_s] ]

or, taking into account, that

AT vrra
be= "2 o, = 6T M,
we obtain
I = [0 £ 75, (6.70)

From an analysis of the formula (6.70) follows that the confidence interval de-
termines both the confidence probability and an accuracy of the estimate. Together
with the interval estimations of the parameters, a practical importance possesses es-
timation of the confidence bounds for an approximated function. Let’s deterministic
component of a model with a true parameter vector is written as

f =40, (6.71)
where the estimate of the function f, obtained by the substitution to the right hand
side of equality (6.71) the LSM estimate of the vector 6, can be written as

f=140.
Let’s note, that f does not depend on ¢TWe. To define the function t,_g as a
ratio of the variable

fi—fi
o [P (PTWp) 1T

with the normal distribution and the variable

1 jeTwe 1.
— = —0..
o\l n—8 o

The square of this variable belongs to y2_g distribution with n — S degrees of
freedom:

fi—fi
[WTWe) " T) 2 ETWe/(n — §)]1/2
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The variable ¢; belongs to the Student’s distribution with kK = n — S degrees of
freedom. For given 8 and (a number of degrees of freedom) k to determine (for
example, using tabulated data) v such that

P(ltn-s| <v) =8
The confidence interval has the form
Iy = |fi £ yocfe(we) w71

After calculation of Ig for ¢ = 1,2,...,n, we obtain the confidence band, which
covers the function f(6) with the probability 8 (Fig. 6.5).

A

Fig. 6.5 Graphic representation of confidence band I3.

Let us note, that the asymptotically efficient estimates and the efficient estimates
under sufficiently general conditions have the lowest confidence intervals.

6.16 The Method of Backus and Gilbert of the Linear Inverse
Problem Solution

At the solution of the inverse geophysical problems the model of observed data u;

(i=1,2,...,n) can be represented in the form
T
U; = /@l(t)e(t)dt + Eiy (672)
0

where ¢; € N(0, R.), 0(t) is unknown desired function of the parameters, ¢;(t) is
a given function. In a seismic case u; is a sample of the seismogram, ¢;(t) is a
signal shape, 6(¢) is a function, which characterized the reflectivity properties of a
medium, [0,7] is an observation interval. The desired function 6(¢) in point to we
will describe by the mean value

T
(ko)) = / Clto, )0(1)dL, (6.73)
0

where C(to,t) is an averaging function. If the averaging function is the delta func-
tion, then C(tg,t) = §(t — to) and the mean value (6(¢g)) is equal to the true value
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6(to). Hence, under the practical calculation it is necessary to fit the averaging
function close to the delta function, and to fulfil the normalization condition:

T
/ Clto, 1)t =
0

In the method of Backus and Gilbert the averaging function (Backus and Gilbert,
1967) appears as a linear combination of the signals ¢;(f) with unknown coefficients

pit
tO; Z ‘Pz p1 tO (674)

Substituting the expression (6.74) to the right hand side of the equality (6.73), we
obtain

= Zpi(tO)fia (675)
i=1

where
T

fi= [ wi(t)0(t)dt.
[

As it follows from the formula (6.75), the solution is represented as a linear
combinations of the functionals f;. Though, the random component ¢; brings a
difference between the observed data w; and the model function f;. Therefore, as
the estimate, it is taken a linear combination of the observed data u;

é to Zpl to (676)

The problem is to find p;(tp) in accordance with the stated criterion. To construct
a decision rule we introduce the proximity function s(¢o), which is a measure of
deviation between the averaging function C(tg,t) and J-function:

t0+L/2
s(to) = 12 / (t — t0)2C2 (ko £)dt, (6.77)
o—L/2
where coefficient 12 is chosen in accordance with the condition: if C(tg,t) is a
function with a squared shape (Fig. 6.6)
1)L, iftefto—L/2<t<ty+L/2],
C(to,t) = .
0, ifteto—L/2<t<ty+L/2]
then s(tp) = L. Substituting the formulas (6.74) to the right hand side of the
equality (6.77), we obtain the proximity function

s(to) = p™ (to)S(to)p(to),
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C(t,,1)

t
»
h—~Li2 4 L+LI2

Fig. 6.6 Graphic representation of C(to,t).

where

p(to) = [p1(to), p2(to), - - -, pu(to)];
S(to) = 1S (to)ll};, s
to+L/2
Swlt) =12 [ pup Ot - to)dt.
to—L/2

The second component of the decision rule is the variance
a7 (to) = (((B(t0)) — (B(t0)))*) = (D pilto)(ui — fi))*)
i=1

= p" (to) Repl(to)- (6.78)

At the development of the formula (6.78) the representations (6.75) and (6.76) are
used. The decision function looks usually as the following

9(p(to)) = p™ (to)Gp(to), G = Scost+ BR.sinb,

where 6 is a parameter belonging to the interval 0 < 8 < 7/2, § is a coefficient
to fill in the order of the deviation and the variance. If § = 0, we get the decision
function, which is entirely determined by the deviation s(tg) and the standard de-
viation 0,(t9). The deviation and standard deviation characterize correspondingly
the resolution and accuracy of the solution. We find the desired vector using the
condition

p = arg min g(p(to)),
it BTp(ty) =1,
T
B=IBlimr, Bo= [t (6.79)
0
Taking into account the theorem about minimum of the quadratic form with the
linear constraints, we can obtain
p(to) = G 'B
PR = BTG-1BY
A linear combination of the obtained estimate p(tp) with the values of the seismic
record allows to get the reflectivity property in the given point (¢o).

(6.80)
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6.17 Genetic Algorithm

Genetic algorithms (GA), first proposed by John Holland (Holland, 1992) are based
on analogies with the processes of biological evaluation. GA are very important
methods for the solution of non-linear problems. The basic steps in GA are: coding,
selection, crossover, mutation.

6.17.1 Coding

Common to any basic GA is the digitization of the list of model parameters using
a binary coding scheme.

Consider, for example, the coding of the pressure wave velocity. The low velocity
limit of interest may be 1500 m/s and the upper limit 1810 m/s. Assume that the
desired resolution is 10 m/s. For this coding five bits is required (see Fig. 6.7). The
algorithm must now determine the fitness of the individual models. This means
that the binary information is decoded into the physical model parameters and the
forward problem is solved. The resulting synthetic data is estimated, then compared

[0[0]0]0]0] vmin=1500m/s

loJoJo[o][1] wv=1510m/s

lo[o]o[1]0] w©=1520m/s

[oJoJoJ1]1] wv=1530m/s

[1]1]1]1]1] Umae=1810m/s

Fig. 6.7 The binary coding of the values of velocity.

with the actual observed data using the specific fitness criteria. Depending on the
problem, the definition of the fitness will vary. For example, we represent the
normalized correlation function, recently used in the geophysical inversion,

up ® ug(0)

FO) = 0 w0) 2 (u, ® 0 (0)172

and the squared error function

n

F6) = Z(Uio — u;5(9))?,

i=1

where ® is a sign of the correlation, ug and us(@) correspond to the observed data
and the model data for the parameter 6.
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6.17.2 Selection

The selection pairs of the individual models for the reproduction is based on their
fitness values. Models with the higher fitness values are more likely to get the selec-
tion than models with low fitness values. Let us consider the fitness proportionate
selection.

The most basic selection method uses the ratio of each model’s fitness function
to the sum of the fitness of all models in the population to define its probability of
the solution, i.e.

__F(9)
éF(Gy‘)

where n is the number of models in the population. The selection, based on this
probability, proceeds until a subset of the original models have been paired.

In a basic GA, if the population originally contained 100 models, fifty pairs are
selected based on their fitness values. We shall take the models, which satisfied to
the inequality

ps(ei)

ps(0i) = 6,

where § is a given threshold value. Let we obtain L models, which form L/2 pairs.
Each pair of the models will now produce two offsprings using the genetic operation
of a crossover and a mutation. This will result in a completely new population of
individuals.

6.17.3 Crossover

A crossover is the mechanism that allows the genetic information between the paired
models to be shared. In the terminology of the geophysical inversion, the crossover
caused the exchange of some information between the paired models thereby gener-
ating new models. The crossover can perform in two modes: single and multi-point.
In the single point crossover, one bit positioning the binary string is selected at ran-
dom from the uniform distribution. All of the bits to the down of this bit are now
exchanged between the two models, generating two new models (see Fig. 6.8(a) In
multi-point crossover, this operation is carried out independently for each model
parameter in the string (Fig. 6.8(b)).

Example 6.1. The pair velocity model parameters vy and v are the extreme mem-
bers for the coding scheme from 1500 m/s to 1810 m/s (Fig. 6.9 and Table 6.1).

6.17.4 Mutation

The last genetic operation is a mutation. The mutation is a random alternation of
a bit. It can be carried out during the crossover process. The mutation rate is also
specified by a probability determined by the algorithm designer.
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9; 0 0; 0,

Fig. 6.8 An example of the single-point crossover (a) and the multi-point (b) crossover (CP is a
crossover point).

v; = 1500 m/s

ve = 1810 m/s

Fig. 6.9 The pair of the extreme positions for the coding scheme.

Table 6.1 An example of the crossover po-

sition.
Crossover position | vi, m/s | vz, m/s
0 1500 1810
1 1510 1800
2 1530 1780
3 1570 1740
4 1650 1660
5 1810 1500




Methods for parameter estimation 199

Example 6.2. The process of the mutation for an initial velocity value of 1760 m/s
(Fig. 6.10).

5 4 3 2 1
[1]1Jo]1]0] v1=1760m/s

\I’ vg = 1740 m/s

Fig. 6.10 An illustration of the mutation procedure.

If the random value €, obtained from the random generator, less the threshold value
P,,, then the mutation procedure is produced, if ¢ > P,,, then the mutation is not
produced.

6.17.5 Choice

We choose from each of the L/2 pairs a model, which has the larger fitness function
(Fig. 6.11). Thus we obtain L/2 models, which form randomly L/4 pairs. Then we

L/2

Fig. 6.11 A reduction of the models during GA.
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produce the procedures: the crossover, the mutation and the choice. This procedure
is continued until we obtain the optimal model. The main advantage of GA is that
makes possible to find the global maximum much faster than, for example, the
Monte-Carlo method. We note that the local linearization methods can give only
local maximum and they do not always lead to the global maximum.

Example 6.3. Test of GA on the synthetic seismogram.
In the specific case of seismic signals the fitness function has the form

n M 2
F(AlanwAMaTlawaM):Z<ui_ZAuS0(ti_Tu)> 5
p=1

=1

where the shape of the seismic wave is

© = exp{—p|t|} coswt,

and A, is the amplitude, 7, is the arrival time of the seismic wave with the number p.
Possible bound for each of the unknown parameters (A4,, 7,) and the discrete interval
is determined a priori. The parameters of the attenuation § and the frequency w
are fixed also. The estimates of parameters to be find by minimization of the fitness
(or objective) function F(A1,..., Ay, Ty oy TM)-

During applying of GA to the optimization problem we choose the type of the bit
string encoding, the size of the working population L and the values of probabilities
of the crossover and the mutation.

Example 6.4. The size of the population, probabilities of the crossover and muta-
tions are respectively:

L =50, P.=0.6, P,=0.001.

Algorithm is tested under the variety population size, the mutation and crossover
rates.

In a case of two interfering seismic waves the threshold of the correct wave
separation is about 1/4 wave period and signal-to-noise ratio must be equal or
greater than two. For the case of three interfering seismic waves, if |17 — 7| =
|72 — 73] > 0.016 s. Three waves are separated with correct values of the estimated
parameters, which correspond to the value of the wave displacement between 1/4
and 1/3 wave period. The signal-to-noise ratio must be also greater or equal to two.



Chapter 7

Statistical criteria for choice of model

Before the processing of geophysical data the interpreter faces with a choice of
the suitable model of observed data. For some of these problems, for example, the
extraction of a seismic signal, the resolution of the seismic signals, the determination
of a number of interfering signals, the determination of the degree of the polynomial
etc., in mathematical statistics a number of the methods for the solution of such
problems are developed. Widely it is used the test of the parametric hypothesis with
the subjective setting of the significance level. The information criterion, based on
the properties of the maximum likelihood estimates and the Fisher information, is
free from this imperfection. Let us start our consideration with the method of the
testing of parametric hypothesis.

7.1 Test of Parametric Hypothesis

The problem statement in the case of the test of parametric hypothesis usually is
the next: as a null hypothesis Hy is regarded to the statement, that the desired
parameter vector @ is equal to Op; the first hypothesis (alternative hypothesis) H;
consists in the statement, that § £ 6y. The estimate of the parameter vector can be
determined by the maximum likelihood method and it is tested: the consilience of
the hypothesis Hy with the given error probability. Let on a basis of the model of the
medium with the parameter vector, the model field ug is calculated. As the result
of the observation we obtain the measured field u, which is described by the model
(3.2). To find the estimate 0 using the maximum likelihood method. Practical
significance has a problem of adjustment of the model parameter vector 8y with
the obtained estimate @. This problem is a typical one for the test of parametric
hypothesis at that, the null hypothesis Hy consists in the statement 6 = 6.

As a decision criterion we shall use the method of likelihood ratio, which has at
an enough great number of observations possesses the same optimal properties as
the maximum likelihood method. Moreover, for enough great size of the measured
data u, the criterion of likelihood ratio possesses an important asymptotic property:
if 4 is the S-dimensional vector and the likelihood function is regular in a sense of

201
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the first and the second derivatives on 6, then in the case of the validity of the null
hypothesis and at enough great sample size, the distribution of the likelihood ratio
L(u,6))

L(u,8)

tends to x% distribution with S degrees of freedom.

The application of the criterion of the likelihood ratio corresponds in this case
to the next procedure:

A=—2In

if A< X?y,s’ then Hy does not contradict u,
if A> X?y,s’ then Hy is rejected,

where X2, g is the value of the function x* with a significance level o and a number
of degrees of freedom S.
For the model

w— { either f(00) +e9: Hpeg € N(0,0’%I),

1
or f(01)+61 :Hyieq EN(0,0’%I), (7 )

where ¢¢, €1 are the random vectors with the normally distributed and independent
components with unknown variances, o2 and o7. The criterion of the likelihood
ratio can be written as

(7.2)

~2
= oLt

L(U, 01; (5'%) .
The estimates 62 and 67 we find by the maximization of the appropriate likeli-
hood functions L(u,8q,03) and L(u,01,0%):
. 1 . 1
GR= (= fO0), %= (- f(01))*

Substituting the estimates o2, o7 in the expression (7.2), and after a simple
transformation we obtain

52 52 22
/\:nln%:nln (1—}—00&201). (7.3)
i i

The criterion x> for the function A reduces to the following: if X < xZ, g, then
obtained estimate 6 does not contradict with the significance level a to the hy-
pothesis Hg: 60 = 0, if \ > Xis, then the model @ = 6y does not fill in obtained
estimates and the null hypothesis is rejected. The value of x?2 ¢ is determined using
tabulated quantities of x? with a number of degrees of freedom S and a significance
level a.

7.2 Criterion of a Posteriori Probability Ratio

Along with considered above solution of the problem of test of statistical hypothesis,
using the properties of the criterion of likelihood ratio, at a solution of the problems



Statistical criteria for choice of model 203

of qualitative interpretation is applied the criterion of a posteriori probability ratio
for the model (7.1) at given parameter vectors 6y and 6; .

Let us consider the hypotheses Hy and H; with given a priori probabilities p(0)
and p(1) respectively. Using the Bayes theorem for the calculation of a posteriori
probabilities to find the criterion function

o P/ PO)p(u/1)
P(0/u) P(0)p(u/0)
An application of the criterion consists in a test of inequalities
if A <0, then Hy does not contradict u,
{ if A >0, then Hy is rejected.
The criterion function A is a random one, because it depends on a random measured

data. Hence, a most completely description of X is reduced to the determination
of its distribution function. For a simplicity of the analysis, we assume that ey €
N(0,R), g1 € N(0, R), where R is the covariance matrix of the random component,
then A will be written as

1 _ _
A=gu— £(60))" R~ (u— f(60)) — Flu— FO)" R (u— f(61)). (7.4)
To find the conditional mathematical expectations of Ay, A; and the conditional
variances of O’E\O, Uil, using the following models

= f(0o) +&, u=f(th) te,

() = (e TR™e) = 2(f(00) — F(61))" R (£(80) — (01)
~ SRS~ ((f(00) — F01))Re)
= 2 (f(B0) ~ F6)" R (F(@) — F(61)) = (), (75)
7, = (00 = o)) = ([(~5 (7o) — £(62))" R
X (F(O) ~ F(6:))) ~ (F(B0) — 7(6:) R
£ 2(F(00) — FO)TR(F00) ~ FO)P)

= (£(60) = F(01))" R~ ec ") R™*(£(B0) — £(61))
(f(B0) — £(0:1))" R (£(B0) — £(61)) = 3, (7.6)
)

From an analysis of the formula (7.4) leads that A is a linear function of the measured
data u. Hence, at mentioned above assumptions, A has the normal distribution

1 (A = (N))? }
A/0) = exXpy ————5—— (s
PO = 5 Xp{ 202
for the null hypothesis Hy and
(A= (A1))? }

1
R
for the hypothesis H;. In accordance with the criterion, if A belongs to the interval
[—00, 0], then the hypothesis Hy is not rejected. If A belongs to the interval [0, co]
it is not rejected the alternative hypothesis H;. The next four special cases can
appear (Fig. 7.1):
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(1
(2
(3
(

the hypothesis Hj is true and it is not rejected;

the hypothesis Hy is true, but it is rejected (error of the first kind, alpha error);
the hypothesis Hy is false and it is rejected;

the hypothesis Hy is false, but it is not rejected (error of the second kind, beta
error).

4

D — —

p

o) ) n

Fig. 7.1 The density functions p(A/0) (hypothesis Ho) and p(A/1) (hypothesis H1) and decision
errors.

Let denote a probability of the error of the first kind as Py; and a probability
of the error of the second kind as Pjg. To calculate these probabilities:

Py = 7p()\/0)d)\ = \/ia)\ 7exp{—%}d)\
0 °0 0

o)

Py :_Z p(A/1)d\ = \/2_710A1_Z exp{—%}d)\

_of )
- q>< OX )’
B(z) = \/%—ﬁ /exp{—t2/2}dt, B(—z) = 1— d(x),

where ®(x) is the normal density function. To estimate a decision quality, proba-
bility of the total error is introduced

P. = P(0)Py; + P(1)Py.

For the considered special case of the equality of a priori probabilities: P(0) =
= P(1) =1/2 by (Ao) = —(\1), U,\O = 0, we obtain

pegloe(n)] () - (50)
Substituting (7.5) (M) and (7.6) (0'[;0) in above exlo)rebaon we gbtaln
P, =d(—a/2)=1—-®(a/2) (7.7)

[\ I
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a=[(£(80) — £(61))"R™"(f(80) — f(6:1))]"/%. (7.8)
At the calculation we should set an allowed value of the error probability P.
(unreliability of the problem) and to find a value of ag (Fig. 7.2). If we know this

O(—a /2)

Fig. 7.2 Graphic representation of the function ®(—«/2).

value, then in all cases of the validity of the inequality

[(f(B0) = £(61))"R™'(£(80) — F(8)]'/? > a,
the unreliability can not be greater than P.. So, a value of o determines a threshold
condition for the decision with the given efficiency.
Specifically, at P, = 0.05, ayp = 3.3 the threshold condition looks like

a=[(f(8) = £61)" R (£(80) — F(O)]'/* > ap = 3.3.
The inequalities obtained above allow us to determine the analytical threshold con-
ditions between the parameters of the considered problem in the case if the unreli-
ability is smaller than 0.05.

Example 7.1. Let us consider an unreliability of the extraction of the single regular
wave on a noise background (Fig. 7.3):

either Ap(t; — 7 — kAzy) + ek,

Uki = .

either ey,
where k = 1,2,..., K (K is a number of geophones); Az is a distance between
geophones; A, 7, v are the amplitude, the arrival time, the apparent velocity of
a seismic wave respectively. The unreliability P, is determined by the expression

H

%
EalE
Il
Yok

I
=

I
[V o ]

Fig. 7.3 The regular wave.

(7.7), in addition, « has the next form:

A2 -
o = p=s Z Z Z riio(t: — 7 — kAzy)p(ts — T — kAxy),
kood o

K2
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where r;i/l are the elements of the inverse covariance noise matrix, o2 is the noise
variance. In the specific case of the uncorrelated noise component we obtain

) A2 n K )
! ZEZZ@(Q—T—I{Amv).
i=1 k=1

7.3 The Signal Resolution Problem

Let us consider the model for the signal resolution

S either Aop(t; — 70 — kAxyy) + €ki,
ki = or Algo(ti - T — ]CA(E’)/l) =+ Ag(p(ti — Ty — kAi’yg) + Eki-

The unreliability of the waves separation P. (or probability of erroneous decision)
is described by the formula (7.7), where

1
a2 = ; Z Z Z’r‘;i,l(Ao(p(ti —T0 — kAi’yo) — Algo(ti — T — kAi’yl)
k 7 i’

— Ag(p(ti — Ty — kAi’yg))(Ao(p(ti/ —T0 — kAi’yo)
— Aup(ti/ —T1 — kAJI’}/l) — AQ(p(ti/ — T2 — k‘AJJ’yg))

For the case of the uncorrelated random component, at the symmetric arrangement
of the waves f; and f; with respect to fy, i.e.

7'1:7'0—A7', ’yl:’yQ—A’y,
T =T0 + AT, Y2 =10+ A7,
and under the condition Ay = A;/2 = Ay/2 we have

A2 1
o2 =20 ; Z(w(ti =70 = kAwy0) = 5t — (1o — A7)

o2

~ kel = A7) = 5plti = (70 + A7) — KAz(ro + A)))2

The analysis of a? can lead that the probability of erroneous decision (unreliability)
depends on: a choice of the observation scheme (Az and K), the signal-to-noise ratio
(A/o), the signal shape p(t), the kinematic parameters of waves (79, Y0, 71, 71, T2,
v2). Studying a dependence of & on these parameters it is possible to solve the
next problems.

(1) To determine source-to-receiver offset distance, provided the given kinematic
resolution of waves with the assigned probability error P, (at the fixed signal-
to-noise ratio).

(2) To estimate the minimum acceptable signal-to-noise ratio, which gives a needed
resolution of the waves using the kinematic parameters with the assigned unre-
liability for the chosen observation scheme.
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Example 7.2. We consider the function a?( A7) corresponds to the signals ¢(t) =
exp{—[t}cos(Q2t) under the condition v; = 5 = 7p, i.e. resolution is studied only
for the time differences 71 = 79 — AT, 70 = 79 + A7. An example of a such function
is represented on Fig. 7.4. In the initial part of the function there is a maximum
at the time 7 ~ T/2 and after several oscillations the curve tends to an asymptote,
which corresponds to a waves reception without an interference.

A

2
o

’.
0 At

Fig. 7.4 Graphic representation of the function 2.

Example 7.3. Let us consider an example of the resolution of magnetized bodies.
We will find the threshold condition for the discrimination of the vertical thin layer,
with the infinite embedded lower edge and located under the coordinate origin
transversely to the observation axis z, and two similar layers located symmetrically
relative to the coordinate origin at the distances +£. The magnetization I of the
single object is equal to the doubled magnetization of each of the paired layer. So a
total magnetization of the pair of layers is equal to the magnetization of the single
layer. If the random component is uncorrelated at the observation points, then

21 1 ! -
for = T[W} fue = E[H(km/h—&/h)Q ’
I 1
far =7 [1 + (km/h+§/h)2]' -

An example of the magnetic fields produced by the considered objects are repre-
sented on Fig. 7.5. The threshold condition can be written as

SR+ (22-5))) RO+ (2244)))
() =G

The obtained inequality determines the minimum value of £, which still makes
possible to distinguish the interference field of the pairs of layers from the field of
the single layer.



208 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

2 (a) 2 (b)

1 1

o —— o v\ 4
-5 |£| th 5 -5 0 5
2 (c) { 2

-

. (d)
1 1 "
,,,/\_/\ f\/VWWM
0 1 0
-5 th 0 ’_fh 5 -5 0 5
Fig. 7.5 The magnetic field produced by the vertical layers (I =1, £ = 2.5, h = 1.0): (a), (¢) —

without the noise; (b), (d) — with uncorrelated Gaussian noise N(0,0.25); (a), (c) — one layer;
(b), (d) — two layers.

7.4 Information Criterion for the Choice of the Model

Let us consider the information criterion (Akaike, 1974). The application of the
maximum likelihood method for the problem of the choice of the model at the given
set of allowable models with a different dimension of the parameter vectors, leads to
the choice of the model with greater dimension of the parameter vector. Therefore
this method can not be used for the intuitive chose of the “right” model. However,
the analysis of the maximum likelihood estimates results in that, taking into account
the asymptotic properties of the maximum likelihood estimate, the likelihood func-
tion is possible to consider as the keen value relatively to the estimated parameters
in a vicinity of their true quantities. This property can be used for the development
of the fitting criterion of the model with the probability structure described by the
density function p; (u,8) with respect to the probability structure described by the
density function po(u). In the case of the classical maximum likelihood method,
the estimation is implemented in the framework of one family of distributions. The
information criterion allows belonging of p;(u, ) and pa(u) to the family with vari-
ous dimensions of the desired parameter vectors or to various families. At this case
the problem of the choice of the model is stated as the estimation problem and we
are free from the subjective decisions.

Let us consider the construction of the information criterion. Let the values of
the observed geophysical field u,us,...,u, are independent random values with
a priori unknown density function pg(u). The parametric family p;(u,6) has an
unknown parameter vector, moreover, we do not know both the components of the
vector 6, and its dimension. The estimate of the mean value of the logarithm of
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likelihood function has the form
1 n
- > Inps(u;, 0). (7.10)
i=1

Passing on to the limit in the formula (7.10) under n — oo, we obtain the mean
value of the logarithmic likelihood function

Blpo(u), p1 (u, 0)] = lim% S Inpy (u, 0)

i=1
= / po(u) Inpq (u, @)du; . . . duy,.

Taking into account the asymptotic efficiency of the maximum likelihood esti-
mate, we can conclude that the mean value of the logarithmic likelihood function
Blpo(u), p1(u, )] is a most sensitive measure with respect to the small deviations
of p1(u,8) from po(u). The difference

Ii(po(u), p1(u,0)) = Blpo(u), po(u)] — Blpo(u), p1(u,0)]

is known as the Kullback information (Kullback, 1978), which is a measure of the
deviation of the actual density function pg(u) from the expected one py(u,8). If
p1(u, 8) everywhere is equal to po(u), then the information I}, is equal to zero.

Let us consider a special case. Let po(u) = po(u,8y), where 0y is the actual
parameter vector. The mean value of the logarithmic likelihood function and the
Kullback information depend only on the parameter vectors 8y and 6:

I1,(60,0) = B(80,00) — B(6o,0),

where
o

B(6o,00) = / po(u),0) In plw), 80)dus - .. du.

— 00
If the vector ) is sufficiently close to the vector 8 (8 = 6y + A@), then it is possible
the next approximation

1
Ik(00,00—|—A9) = §A0TIFA0, (7.11)

where

00 00

the elements of the Fisher matrix. After the analysis of the formula (7.11) we can
conclude, that if the estimate of the parameter 0 is located in a small neighborhood
of the parameter 0y, then the deviation of the density pj(u,6) from the actual
density po(u,0p) is measured by the mean square deviation

Olnp(u, ) 0lnp(u,d)
HFlssr =

%(é 00T I (6 — 8).
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If 6 is closed to 6y in the maximum point of B(6y,0):
6 = argmax B(6y, 6),

it is possible to proof, that under some regularity condition the maximum likelihood
estimate € has an asymptotically normal distribution, i.e.

V(6 —8) e N0, I;Y), (7.12)

(0 — 0)TIr(0 — 0) € X3, (7.13)

where x%,, is x2-distribution with a number of degrees of freedom equated to a
length the vectors 6 and 0, which belongs to the same parametric space S,,. But
the vector 6y has the length S,,,, which is not equal to the length of the vectors 6
and 6, in general.

Let us evaluate the mean Kullback information for the maximum likelihood
estimate 0. To rewrite the formula (7.11) in the form

I4(60,0) = %(é 0TI (0 — ). (7.14)

To use the condition (7.13), we multiply the left hand side and the right hand
side of (7.14) by 2n. After simple reduction we will have

201, (00,0) =n(0 — ) Ix(6 — 0) + n(@ — 0,) Ir (6 — 6)
+2n(0 —0)"1x(6 — 6,). (7.15)
In accordance with the property (7.13), the first term from the right hand side of
the equality (7.15) belongs to the x% distribution asymptotically, and the third
term has an asymptotically normal distribution. The calculation of the mean value

of the left hand side and the right hand side of the equation (7.15) on the ensemble
of observed data, we obtain

(2n1,(80,0)) = n(6 — 00)TIp(0 — 6) + Sy

To find n(6 — 00)T I (0 —0y) we use the estimate (6, 80y) and (,0y) in the form
of the sample mean of the logarithmic likelihood function. Substituting instead of
0 its estimate 6 and to correct an arising bias by above way, we obtain:

n(0 —00)"Ip(0 —00) =2> Inp(u;,00) — > Inp(u;,0) + Sy (7.16)
i=1 ]

Substituting the expression (7.16) to the right hand side of the equality (7.15)
and taking into account that

1,(0,0) = (90,90) — B(60,9),

B(60,8,) = Zlnp ui, 8o),
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we obtain the final expression for the function of the information criterion
IC(Sm,0) = —2(nB(00,0)) = —2Inp(n,d) + 25,,,. (7.17)

The first term from the right hand side of this expression is equal to the max-
imum value of the likelihood function with an opposite sign. The second term is
equal to a doubled length of the vector 6. The function IC/(S,,, ) can be considered
as discord measure of the identifiable model.

The criterion application is reduced to following. To choose the competing mod-
els m=1,2,..., M, with various lengths of the parameter vectors Sy, S2,...,Snm.
We calculate the estimates by the maximum likelihood method @m and using the
formula (7.17) to find IC(Sp,,H). In accordance with the criterion, we choose the
model connected with a maximum value of IC, i.e.

S = arg max[IC(Sy,, Om)]. (7.18)

The relevant advantage of the considered criterion is the actuation of the choice
of dimensionality of the model during the estimation. A quality of the choice is
estimated by an absolute value of the function IC' in the maximum point on m.
The function IC is equal, within a constant factor, to the negative entropy. The
information criterion can be considered as a modification of the maximum entropy
method, which has a wide applying at the processing of geophysical data.

7.5 The Method of the Separation of Interfering Signals

The important step of the processing of geophysical data is the problem of the
separation of a geophysical field on its components. For example, one of the ob-
jectives of the analysis of a seismic field consists in the extraction of the reflected
waves which carry an information about parameters of the layered medium. In the
magnetometry the actual problem is the extraction of the fields produced by some
anomalies.

Let us consider the principles of the development of the iterative algorithm for
the separation of the interfering signals. We will find not only the signal parameters,
but to find also a number of the signals for the case of the representation of the
field model in the form

M
Up = quk(au) + €k,
p=1

where 6, is the unknown parameter vector for p-th signal, e, € N(0,R). For
example, in the case of seismic signals, we can write

Juk = ||Au80(ti —Tu — kAfU'Yu)H?:l-

To find the parameters we use the maximum likelihood method (see Sec. 6.2).
By analogy with the formula (6.5) we write the logarithmic likelihood function,
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excluding the terms independent of 6,

M
l(ug, 0) = Z U —quk (Uk—quk(au))
p=1

where 0 = [|6,[|)Z, is a full set of the vectors 6,,. Because uj, does not depend on
the desired parameters 6,,, then it is enough to maximize the function

(e, 0 ZZ[ TR (00— 5 S S OR F,u(6)

n=1 k u#u
- %ffk(ou)ﬁ"lfuk(%)}, (7.19)

This function is a sufficient statistic and we will call it the sufficient reception
function. The first terms in the square brackets of the formula (7.19) is a correlation
between the signal f,,(0,) of a number p with measured data, the second term
determines a mutual correlation of the various signals and the third term is an energy
of p-th signal. If the signals do not interact (by the reason of the orthogonality or
there is no overlapping between them in the space-time domain), then the second
term in square brackets is equal to zero and we can rewrite the formula (7.19) as

g(ur.0 ZZ[ TR 0 ~ S IRO)R 00| (720

n=1 k
As far as an each term of the sum over p in the formula (7.20) depends only on
the desired parameter 6,, the maximum of g(ug,@) coincides with the maxima
of the terms of the sum over u. It allows to find the parameters 8, separately
(independently for each p). In the case of correlated signals we should depart
from the above procedure and to vary the parameters simultaneously. In this case
the various iterative multi-step procedures can be offered with the variation only
parameters of one signal at each step.

For the algorithm development we rewrite the sufficient reception function (7.19)
and write down separately the terms corresponding to the m-th signal:

g(uy,0 [Zu R frnie (B ZZM VR frnre(Om)

u#m

5 S F O R Fa(6) } [Z S ul R ,)
k

n=1
n#Em

—Z ZZf T )

p=1 /=1
BFEM Ly

1 M
- 2 Zfﬁ(%)leuk(@u)} (7.21)
k

p#EmM
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In the formula (7.21) the terms in the second square brackets do not depend on
0,,. From the above formula we can conclude that if all signals f,; are known,
except only one signal 8,,,, then for the determination of 8,, we can maximize the
expression in the first square brackets of the formula (7.21). This expression we
denote as g, (uk, 0.) and write down in the form

9dm uk; Zykm 1fmk m - Zf m R fmk( ) (722)

where

M
Yim=uwl =Y fil.(0,). (7.23)

p=1
p#EmM

The expression g, (uk,0,,) makes a sense of the sufficient reception function for
a single signal with a number m, but there instead of the measured data uj the
model data Y,,x is used. The model data is obtained by the subtraction from the
measured data of the signals f,, with indices p # m.

The idea of the iterative process consists in reiterated and by turn look-up of
the vectors 8 (m = 1,2,..., M) with the help of the sufficient reception function
(7.22) and with the use of the values of others parameters which were found in the
previous iterations of 8,, (1 # m). If we do not know the number of signals M, then
the computing circuit looks as following.

At the beginning it is assumed that we have only one signal and we determine
its parameters by minimizing of the sufficient reception function (7.22) at m = 1:

1
g1 (ug,01) = {ukTlek(al) — §f,€T(91)R*1fk(01) : (7.24)
k
We find a maximum of the function g¢,,(ux,01), using, for example, one of the

gradient methods:
~ (1)
0, = H})axgl(uk, 01).
1

(1
Then, we suppose that there are two signals and we find the second vector 02( ) by
maximizing of
g2(ur,01,02) = ZYkQR ' fra(62) — kag (62)R™" f12(62),
where
Y5 =ul — fi(61).
After that, taking into account that we have two signals, we again find the vector

~ (1
01( ) by maximizing of

g2(ur, 01,8, ) =S YER a6 me (61)R" f1a(81),

Y =ul — fra(6o),
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~ (1 ~ (2 ~ (1
at that we use the obtained estimates 92( ). Then we find 02( ), supposing that 01( )

is equal to the obtained values, etc. The values of the maxima of the sufficient
reception function, obtained in the process of the parameters refinement, are an
increasing number sequence. We stop the procedure if the values of the maxima
become stable.

If

5 (n)

(n—1) A(n 1)
92(0,

~ (TL) ~
0y ) —g2(0, .0, )
~ (n— 1) ~(n—1)
92(0; :0, )

then the refinement can be stopped at § ~ 1072 = 1073, Further, we suppose that

<6,

(1
we have three signals and we find the vector 9( ) by maximizing

g3(ux, 01,05,03) = ZYkgR 'fra(63) — kas (3)R™" frs(83),

YkT = UT _fkl( 1) _fk2(92)7

where 01, 02 are the estimates obtained after refinement. Then we ﬁnd again of
01, with ﬁxmg of 02 and 03 by obtained values. After that we find 0 ) under fixed

values of 01 and 03 , and etc. During the implementation of such calculations we
suppose that we have three signals and we make the cyclic rearrangement of the
indices u. We stop the refinement if an increment of the value of the maximum
becomes small enough:

A(n) ~(n) ~(n) ~(n—1) ~(n—1) ~(n—1)
g3(6, "0, 05 ) —g3(0, 0y 03 )

93(91(”_1)’ 92(”_1)793(”_1))
Further we suppose that there are four signals and again we refine the parameters of
the signals 6,, by the cyclic rearrangement of the indices p = 1,2, 3,4. In each step
we maximize the sufficient reception function (7.22) with the use of the appropriate
modified data (7.23). Each time at the determination of the signal parameters for
new value of M = m, the threshold condition is tested

< 0.

779 2 Qq,

where «,, corresponds to the extraction of the single regular wave with the given
probability of the error (7.7):

1/2

Pe=®(—aum/2), om= mek VR~ fmk( m)

In the special case of the uncorrelated random component R = ¢2I with the prob-
ability of the error of 0.05 the threshold condition for the seismic signal

Fr(0m) = | Amp(ti — T — kAZYm )71



Statistical criteria for choice of model 215

has the form
1/2

Z % (ti — T — kAzY) > g, = 3.3,
2

Am.

g

at that, the value of «, is the signal-to-noise ratio. The sufficient reception function
(7.22) for a seismic signal at given assumptions reads as

A A%
9(Am, T, Ym) = —3 D o(t) Yyt + Tm) — 7KZ<P2(751‘)¢ (7.25)
i k i
y(ti + Tomk) = u(ti + Tonk) — Z App(ts — Twr — Tuk)- (7.26)
w#EmM

Maximizing the function (7.25) over the amplitude A,,, we obtain the estimate in
the explicit form

A Z@(tz')ikiy(ti + Tink)

Ay = S . (7.27)

Substituting the formula (7.27) to the expression (7.25) we obtain the function
which depends on kinematic parameters only
2

1 > e(ti) 2oyt + Timk)
i k
gm(Tma'Ym) = ; szg(tl)

(7.28)

After analysis of the formula (7.28) we can conclude that the sufficient re-
ception function in the parameter space (the arrival time and the apparent slow-
ness) corresponds to a summogram of the controlled directional reception (CDR)
>k Y (ti + Tmk) with the subsequent optimum filter. Let us note, that CDR sum-
mogram is the discrete analog of the Radon transform in a seismogram plane.
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Chapter 8

Algorithms of approximation of
geophysical data

In areas with a compound subsurface geology at the constructing of the model of
a geophysical field and at the solution of the inverse geophysical problems the ap-
proximation and interpolation of geophysical data by the spline functions and a
piecewise-polynomial approximation are widely used (Ahlberg et al., 1967; Schu-
maker, 2007; Aronov, 1990; Sudvarg, 1974). Such approach enables to describe the
geophysical fields of the various smoothness, that is typical for geophysical data
(Volkov, 1981; Troyan, 1981b). We shall consider univariate cubic splines, paramet-
ric splines, splines of the fourth order together with the examples of their application
for the processing of geophysical data.

For the case of an areal spread, the problem of imaging of a spatial seismic
section subject to borehole data is actual. We shall consider an example of the
seismic horizon imaging with the use of an areal spread and borehole data.

8.1 The Algorithm of Univariate Approximation by Cubic Splines

Let’s on the abscissa axis in the points
T < T < - < Tg (8.1)
the values of the observed function are given
UL, U, . ., UK - (8.2)

Here we suppose a monotone increasing of the argument x that is easily satisfied in
the practice.

From the beginning we consider an application of the spline functions for the in-
terpolation problem (Schumaker, 2007). The interpolating cubic spline is a function
©(z), which in the nodes zy is equal to

p(zk) = ug, (8.3)

and inside the intervals (xy, k1) it is determined by the cubic polynomials f(z),
which in the points z (kK =2,3,..., K — 1) are supposed doubly differentiable:

fr(@) = ar(x — x1) + bp(z — )% + cn(x — x1) + dp. (8.4)

217
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For the determination of such interpolation function we should find 4(k — 1) of the
coefficients ay, br, ¢k, di.

Let us consider an arbitrary interval xx, zx+1. The spline function in the bound-
ary points of the interval xy and x4 must satisfy to the next conditions

o(xk) = fu(zr) = di,
o(@p+1) = fe(@pe1) = akAxi + bkAxi + cpAxy + dg, (8.5)

¢ (xr) = fr(xr) = cx,
O (xpr1) = fl.(xpy1) = 3apAxs + 2bp Axy, + cp, (8.6)

¢ (xk) = fil (x1) = 20y,
O (wp+1) = fil (xp41) = 6apAxy + 2bg. (8.7)
The values of desired coefficients can be found using the conditions (8.5), (8.7) for

the first and the second derivatives, and relation (8.3). After the analytic transfor-
mation we obtain

1
a e (" (Trt1) — " (w8)),
1
by = §<P//($k)a
Au 1
CL = A—x: — EAxk(SOI/(xk;Jrl) + Soll(xk?))7
d = u. (8.8)

where Auy, = ugy1 — ug. Using the condition (8.6) and formulas for the coefficients
(8.8), we obtain the formulas for the first derivatives of the spline functions

Ay 1
? (k) = J, 0~ AT (rin) + 26" (@),
Auk,1 1
/ _ _ = " "
@' (w) = A o Azk—1(¢" () + 2¢" (24-1),

k=1,2,...,K — 1. For the determination of the second derivatives ¢’ (z}) of the
spline functions we require a continuity of the first derivative in the boundary of
two intervals

Flag) = fi(zr), k=23, K—1. (8.9)
Substituting the condition (8.6) into the expression (8.9), we obtain
Sak,lei_l 4+ 2bip_ 1Ak — leg_1 = .
Using the representation (8.8) for the coefficients, we obtain the system of equations
Ap1¢" (xh—1) + 2(Azp—1 + Dag)" (xr) + Azpe” (Tr-1)

. (Au Aug_y
=6 (ATZ - m) . (8.10)
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Using the system of K — 2 equations (8.10) we can determine the unknown ¢”(xy),
then, taking into account the values of ug, we find the coefficients ax, bg, c, di
with the help of (8.8). Before calculation we must designate the values of ¢”(x1)
and ¢ (1), which in the case of cubic spline usually are equal to zero:

" (1) = ¢"(xx) = 0. (8.11)

The formula (8.10) can be written down in a matrix form

Ay =y, (8.12)
where
2(Azy + Azg) ... ... 0
e Axo e 0
0 AxK_Q 2(Aa:K_2. —|— Azxg_q)

The matrix A of the system (8.12) is a three-diagonal symmetric matrix with the
positive diagonal elements, consequently, it is a positive-defined matrix. Thus, an
unique existence of the solution of the system (8.12) is ensured. The solution can
be found, for example, by the Gauss elimination method (Voevodin and Kuznetsov,
1984).

Once it is more convenient to represent the conditions for the second derivative
in the form

¢"(x1) = ap (22),  ¢"(x1-1) = " (), (8.13)

where «, (3 are the arbitrary numbers. In the practice enough often to choose
a = 0 = 1, so far the second derivatives in the points x; and xj are equal to
the second derivatives in the points xo and xx_1 respectively. Not infrequently the
equalities & = 3 = 1/2 are used.

Substituting the conditions (8.13) in the system of equations (8.10), and, for
k=2 and k= K — 1, we obtain

((2+ a)Aws +2A02)¢" (w3) + Ao (w3) = 6§12 — 1411,

A{EK,QQDH(ﬁng) + (2A5L‘K72 + (2 + ,B)A‘f}{,l)(p”(x}{,l)

=6 (3mt - ans):

Other equations remain without changing. This implies that in the matrix of the
system (8.12) only two elements in the first and last rows are varied. The first and
last components of the vector y of absolute terms are varied also. In this case the
unique existence of the cubic splines is supplied by the conditions

Amg AxK_Q
- —4+2) < — 2] < .
(A +)_a<oo, <AxKl+>_ﬂ<oo
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Thus far we was considered the next scheme of the determination of the cubic
splines: for given xy, ur and for the boundary conditions (8.11) or (8.13) we de-
termine the vector of the second derivatives ¢” by the solution of the system of
linear equations (8.12), then, using xg, yx, ¢ (zx) and formula (8.8) we calculate
the coefficients ag, bk, ¢k, di, and using the expression (8.4), the cubic splines are
calculated. By analogous way the cubic splines can be determined using the next
three consequences {zx}, {yx}, {¢'(xk)}. The conditions (8.5) and (8.6) allow the
expressions for the coefficients

1 Auk

ap = A—x,% <_2A—xk + ¢’ (zk) + W/(ﬂfkﬂ)) )

- 1 Auk ’ ’
b= 5 (35 an) — o))
ck:go/(xk), dkzuk, k=1,2,...,K—1. (8.14)

The second derivative, represented through the first derivative, are determined by
the formulas

2 Auk
1 — 2 / _ /
¢ = o (o2 00) — ') )
2 AUK_l
"(ak) = -3 "(wx 1)+ 2¢/ :
¢ ox) = g (3Tt b o) + 20 (o)
The continuity of the spline functions in the nodes for k = 2,3, ..., K — 1 is formal-

ized as
r (k) = fi (2x). (8.15)
Substituting the condition (8.7) to the formula (8.15), we obtain
6ar_1AxE_1 + 2bp_1 = 2by. (8.16)

Using the expression (8.14) and the formula (8.16), we obtain the system of K — 2
linear equations with unknown ¢'(x2), ..., ¢'(zk—1),

A%ksﬂ’(xk—l) +2 (A—xlk,l + AlTk) ¢ (xr) + A%ksﬂ’(xlm)

- A?:)Ek ﬁ;z:i + A?C)Ck ﬁg:’ (8'17)
where ¢'(z1) and ¢'(zg) are given beforehand. We should note, that the matrix
of coefficients of the system (8.17) has the properties, which are analogous to the
properties of the matrix connected with the system (8.12). Thus the unique exis-
tence of the solution of the system (8.17) is satisfied. As before, for the solution of
the system, for example, the Gauss method can be used (Voevodin and Kuznetsov,
1984).

Let us consider the smoothing of experimental data ug with the use of splines.
Let’s the observations and the observation points are described by the relations
(8.1) and (8.2). The edge conditions we set in the points z1 and zx by the values
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of the first or the second derivatives of the desired function ¢(x), i.e. ¢’(x1) and
¢ (xK), or ¢”’(x1) and ¢’ (xk). For the calculation of the approximating function
(), let require a proportionality of the difference (ur — ¢(z1)) with a jump of the
third derivative in the points (k = 2,3,..., K — 1) (Ahlberg et al., 1967):

gr(ug —p(zk)) =, k=1,2,.... K, (8.18)
where

gk >0, a1 = f{"(z1),

ar = fi'(x) = fil 1 (@k),  an = f1"(zn),

fx are the polynomials, given by the formula (8.4), gx are the coefficients of the
proportionality (must be positive). Using the conditions (8.18) and equations (8.8)
for the coefficients, we obtain the system of K equations with K —2 unknown ¢ (x2)
(for k=2,...,K —1) and K unknown ¢(zy) (k=1,2,...,K) in the form

1

Aoy (@1) = ¢"(22)) = g1(u1 = p(1)),
o (9" (@) = ¢ (@) = x= (9 (@n) — ¢ (@) = gulun — plan)),

e (¢ @x1) = (@) = g (u — p(ex):
Moreover, we have K — 2 equations else relative to the same unknowns, which can
be obtained by substituting uy for ¢(x). In the case of the edge conditions for the
second derivative in the form of (8.11), we can write the mentioned systems in the
matrix form

—BT¢" + G =Gu, A"+ Bp =0, (8.19)
where
g1
g2
G= ,
JK
1 1
_Aw1 (Awl + A;z) 0
0 1
B = Az ,

Awg AwK71

"

= [QDH(CCQ)V"?(»OH(CCQ)L Y= [(p(ftl),...7g0($k)], u= [u—17...,uk].

The matrix A; can be obtained from the matrix A of the system (8.12) by multi-
plying all its elements by 1/6. Because the matrix A is positive defined, and for
the positive values of gi the diagonal matrix G is positive defined, then the system
(8.12) has the solution for all g, which satisfies the inequality 0 < g < oc.
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Let’s consider an influence of the values of g on the smoothing. We multiply
the first system of equation (8.19) by matrix G~1:

—G'BT" + Ip = I'uy,

where [ is an identity matrix. At tending gi to the infinity, the first term of the
matrix equation tends to zero, and p(zy) tends to ug. At that, the second system
of (8.19) transforms to the system of (8.12), and we come to the problem of the
interpolation by cubic splines. At gp — 0 the values ¢(x) move away from the
observed data ug. In this case the approximation by the spline functions corresponds
to a stright line approximation with the use of the method of least squares. So far,
the values of g; connected with a degree of smoothing of the experimental data.

We consider the solution of the system of equations (8.19). Using the second
system we determine the vector ¢, because the matrix G is diagonal one and it is
easy to invert:

0 =G YBTyY" +Gu).

Substituting this equation to the first system, we obtain the estimate for the vector
of the second derivative

¢" = —(A; + BG"'BT)"' Bu.

The matrix A; + BG~'B” is a positive defined and fifth diagonal matrix, therefore
the solution can be found by the Gauss method.

Let us consider the results of smoothing of stacking velocity along a profile.
At Fig. 8.1 the initial data and smoothing data at various values of the weighted
multipliers gi (the same for all points g, = DP) are represented. From the analysis
of the curves it follows that at decreasing of the weighted multipliers from 1 to
0,0001 a transition from smoothing of high frequencies to low frequencies occurs.

50 LV km/s i

4,6
42
3,8

34

3,0
x, m

2,6 1 1 I L I I I
0 20 40 60 100 80 120 140

Fig. 8.1 Smoothing of the effective velocity along profile by the cubic spline functions: I is initial
data, 2— DP=10"',3— DP =10"2, 4 — DP = 107°.
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At Fig. 8.2 an example of smoothing of gravity Ag(z) along a profile by the cubic
splines is represented. Obtained curves can be used in subsequent interpretation
steps.

Ag x107%, m/s

L,m

-120 0 120 240 360

Fig. 8.2 Smoothing of gravity along profile: 1 is initial data, 2— DP =1, 8 — DP = 10~%.

The spline approximation is widely used for the approximation of the seismic
interfaces. In the special case of the solution of a direct problem by the ray method,
the stability of the iterative processes depends on the smoothness of the interfaces
and their first derivative. The cubic splines can provide the high smoothness and
the continuity of the first derivative.

8.2 Periodic and Parametric Spline Functions

The interpolation and approximation of the closed and periodic curves can be im-
plemented using cubic splines with the periodic edge condition (Spéth, 1973):

filz1) = fr-1(zk),  filzr) = fra(zk),  fi(21) = fE_1(2x) (8.20)
Relations (8.20) are the conditions for the function ¢(zy):
p(r1) = p(zk), ¢'(z1)=¢'(2k), ¢"(21)=¢"(zK). (8.21)
Let us consider the interpolation problem. Using the second (join of the first
derivatives) condition from (8.20), to write down the equation for the system (8.10)
(k = 2) in the form
2(Axk—1 + A1) (1) + Ax1¢" (22) + Azg_1¢" (v K1)

. (Au Aug_q
=6(3% ~ amc)- (8.22)
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If Kk = K — 1 we obtain from the system of equations (8.10) with the use of the
condition (8.21) the following equation
Arg 19" (71) + Avg 29" (K —2) + 2(ATK 2 + AT 1)

Aug_ Aug_
o (5_1) :6( v Aﬁiﬁij)- (8.23)

Taking into account the equations (8.22) and (8.23), we rewrite the system of equa-
tion (8.12) in the form

AQ‘PN - ?/27
where ¢ = [¢"(x1), " (12),...,¢" (xx_1)]T is a column vector;
_ Au;  Aug_y Aus  Auyg
y2= |6 (A$1 B Afol) )6 (sz B Axl) v

6 (R ﬁé‘ii)}

is a column vector;

2(A$K71 +A{E1) A{EKfl
Ay = e e e
A{EKfl 2(A$K72 +A{EK,1)
The matrix As is a cyclic three-diagonal matrix, and it is possible to prove its
positive definiteness. The system of equations can be solved by the Gauss method.

At a solution of the interpolation problem of the closed curves we must depart
from the strict monotonicity of the data on the argument xj, (see condition (8.1)).
We represents the curve by a set of arbitrary points (zy,ux), k =1,2,..., K, using
a parametric representation by two functions = z(v) and u = u(v). At that, we
assume a strict monotonicity for the parameter v (v1 < vy < -+ < -+ < vp).

We shall describe the curve using the cubic splines of two modes: (vg, ) and
(vk,ug), k= 1,2,..., K. We suppose that the values of first (second) derivatives
), 04 (27, o) by T in the points vy and v are given. In the practice, the parameter
v usually is determined in the following way:

v1 =0, vpe=vp_1+0% 1, k=12,...,K, (8.24)

Ly =/Az? + Au?.

This method can be generalized to a three-dimensional case (xk,ug,vr). The pa-
rameter v is represented as

where

vy =0, vk:vk_l—i—\/sz—i—Auz—ksz, k=2,... K,

and for an each component the spline function is calculated. At the interpolation
of the closed curve in a plane or in a space it is necessary to specify the boundary
conditions: x1 = zg, 1 = @i and to use the parametric splines.
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Let us consider the approximation problem of the non-monotone and closed
curves. We will approximate the corves given by the coordinates uy, vg, containing,
in the general case, the random component, with the help of the cubic splines vg, ¥y,
Vg, 9. The values of v, are the arguments and they calculated by the formula
(8.24). The coeflicient of proportionality between a jump of the third derivative
and a deviation of the observed and approximated data is chosen, in general case
for each coordinates separately:

P (k) = gk — P(tr)), " (k) = ha(ur — @(tr))-

For the approximation of the closed curves it is possible to use the periodic spline
functions for the variables u and v respectively. As the parameter we will consider
tx, which is determined by the formula (8.24) (instead of Azj we use Avg). Let’s
the next boundary condition is specified:

up =ug, p1=pE, V1=V G1= gk (8:25)

as well as
Y1 = YK, 9011/ = SD/II(a djl = ¢K7 11/ = wK (826)
Using the conditions (8.25) and (8.26), we obtain the system the same type as (8.19)
for the variables ¢1,...,¢p—1, @ ..., _1, Y1, . U1, ¥, ... ¥ We find

the solution of the system by the method described above.
Let us consider the results of the approximation of isolines of the complete
magnetic-field vector (Fig. 8.3). From the analysis of Fig. 8.3 we can conclude that

1050Ly’m

900 ¢

750 +
600

450 -

300 |

T

150

150 300 450 600 750

Fig. 8.3 Smoothing of isolines of the complete magnetic-field vector by the parametric splines at
the various weight coefficients: 1 is initial data; 2 — DP =10"3; 3— DP = 10~°.

the smoothness degree is increased together with decreasing of the values of the
weight coeflicients.



226 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

8.3 Application of the Spline Functions for Histogram Smoothing

One of the tasks of mass processing of the results of geophysical observation is the
task of a histogram smoothing with the purpose to obtain a differentiable density
function.

Let us consider that histogram is described by the abscissas z1 < 2 < ...xg
and the corresponding staircase function, having in the interval [z, zjt1] the or-
dinate Hy, k = 1,2,..., K — 1. The problem consists in the construction of the
smooth (differentiable) curve, if the integral of this curve at the interval [, Tjt1]
is equal to a square of the appropriate rectangle of the histogram (Spéth, 1973).
Let us suppose also, that for the each abscissa ) we specify the ordinate p(zy),
which is crossed by the curve. To determine the coefficients of the fourth order
polynomial in the interval [z, Zg41]:

fu(x) = ap(z — xp)* + bp(x — 1) + er(z — 21)? + di(z — 2) + I (8.27)

under the following conditions

fe(zr) = @(zr),  fe(mrs1) = @(xrs1),  felze) = ¢ (), fr(@e11) = @' (Tk41),

f fk(x)dx = HkAZ‘k.

Using these expressions to find the polynomial coefficients

ar = A54[ Axk( ($k+1)—90/(xk))

= 3(p(rry1) + @' (z1)) — 2Hg |,

by, = A43 { Az (¢ (xrt1) — 3¢ (1))

— To(wrt1) — 8p(zk) + 15Hy |,

cr = [Azy (0 (ry1) — 3¢ (2x) — 8@ (Try1)

3
2Ax2
- 12@(%)) +20Hy], di=¢'(z),  er = (ar).
The continuity condition for the second derivative is written down as f; ;(zx) =
/(zr). Involving the representation (8.27) as well, we obtain the system of equa-
tions for determination of the first derivatives ¢'(zy):

1, 1 1

Az 7 (xkil) 3 (Axk—l + Al’k) 4 (xk)
1 H, H,

Lt O{ k2_ k— ]+8<P(xk 1)

Axpy1 Axy Az? T, Axk 1

1 1 P(Tpt1)

12 . 2

#12 |t | -8 (529
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Now it is necessary to determine the edge conditions for the first derivatives in
the points x1, xx: ¢ (1), ¢ (vk). The system of equations (8.28) has a three-
diagonal and positive defined matrix of the coefficients. So, the solution of the
system possesses the unique existence properties.

For the calculation of ¢(x) can propose the next expedient:

(1) = g1 Hy, (k) =geHk — 1)+ (1 —gx)Hy, @(rx)=gxHr-1,

where g, (k = 1,2,...,K) are the arbitrary coefficients from the interval [0, 1].
Sometimes the values gj are chosen equal to 1/2 for all intervals.

Let us consider an example of smoothing of the velocity histograms, obtained
by the seismic data for two beds (Fig. 8.4). The obtained curves can be used for

(a) (b)

1601 P 500 -
400

1207
300}

80
’ 200
407 100 |

x
0 0
2 4 6 2 4 6 8 10

Fig. 8.4 Histogram smoothing using the spline functions. (a) corresponds to the bed number one
1,9, =0,3,0,3,0,5, 0,6, 0,3, 0,3, 0,2; (b) corresponds to the bed number two, g, =0, 0,6, 0, 5,
0,4,0,1,0,7, 0,4, 0,6, 0,3, 0,2, 0,5, 0,3, 0,3.

the calculation of moments of the distribution. The histogram smoothing can be
applied to other processing stages as well.

8.4 Algorithms for Approximation of Seismic Horizon Subject to
Borehole Observations

Let the area under the study is covered by an arbitrary set of profiles registered
by the multifold coverage scheme. (Troyan and Sokolov, 1982). In addition, there
are a few deep boreholes with boring data. As the result of the processing of the
profiles we obtain the depth profiles. Let us consider that we have the interlocked
profiles, i.e. in the cross points of the profiles the depth deviations do not exceed
the threshold values. As the initial observed data U = [um, (2, yx)] we consider
the bed depths corresponding to the depth profile coordinates: wg, yx; k are the
points of the area under investigation, k¥ = 1,2,..., K; m is a number of a bed,
m=1,2,..., M. In this case the model of observations can be written down as

U=1vyp+n, (8.29)
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where
uy p1 L
U= U2 . o= p2  n= n2 7
Up PM N
Y= [Y1,902,. .., Y],

Pm is the parameter vector, 1, is the structural matrix of m-th bed. For example,
in the case of the polynomial of power two, we have

Loz 28z vi
o = 1 oz g1 a3 zayn W5
o —

1 zxwn x% TKYK y%(

The random component n,, = [nm,(zk,yr)] in the points xy,yi is centralized,
and the correlation between the beds is determined by the covariance matrix

Ryt Ri2 ... Riu

r, = Ror oo oo Roumr | (8.30)

RM]_ RM2 RMM

The values of the bed depth V in the boreholes are assumed to be under linear
constraints, which determine the parameters of approximating planes:

ap=1V,
where
|4
A=1[A1,Aq,...,Am], V = Ve ,
Vi

V., is a set of the depth for m-th bed obtained using borehole data; A,, is the
structural matrix for m-th bed, which one, for example, for the polynomial of power
to has the following shape

1 ozoy1 2f ;o
A — |t w2y ad wam y
1 zxwn x% TKYK y%(
The estimate p is determined by the formula (see expressions (6.23), (6.25))
pl =pt + (VT = pATY(AB 1 AT) 1 AB Y, (8.31)
where

p=B W 'R'U, B=y¢ "Ry, (8.32)
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and it is the estimate of the p by the least squares method without linear constraints.
The covariance matrix of the estimate of parameters p can be represented as
(see formulas (6.26), (6.27))

R; =R, — B 'AT(AB™'AT")"'AB™', R, =DB7"!,

where R is the covariance matrix of the estimate of parameters p, obtained by the
least squares method without linear constraints.

Let us consider the variants of introducing of the correlation dependence between
the random components of the model (8.29).

8.4.1 The Markovian type of correlation along the beds and mo
correlation between beds

The matrix R, (8.30) in this case is a diagonal one and its inverse matrix R, ! reads
as:

R70 ... 0
1|0 Ry; ... 0
0 0 ...R;}

The matrices R} are the inverse matrices with respect to the matrix of a type of
(3.22):

L Bn B - Ba
Bl B . BRT

R = 02

Here, the value of (,, have a sense of correlation coefficients between the points
with the distance of Ar = \/(Ax)? 4+ (Ay)?2 for the bed with the number m. The

inverse matrix R, reads as

I —fBm O .0 0
0 0 0 oo —Bm 1

Using the representation (8.33), we find the matrix B:

1
Bgy = ; m |:(1 + 53,1) % wmks’@[]mks’

- 6771 Z(wmksdjm(k—&-l)s’ + wm(k+1)s¢mks’)

k

- ﬁgn(mes@/)mKs/ + ¢7nls1r/)mls’):| . (8.34)
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8.4.2 Markovian correlation between the beds and no correlation
along bed

By repeating above mentioned arguments, we pass to the next representation of the
matrix B, which is similar to (8.34):

1
Peer = Z [; 7y (L o) mstbmes

- ﬂm (¢mksw(m+l)ks + ’@[J(m—i—l)kswmks’) - ﬁ?n (djlkswlks’ + kastks’)]} .

8.4.3 Conformance inspection of seismic observation to borehole
data concerning bed depth

The next problem represents great practical significance. Let using the maximum
likelihood method, the estimation of the parameters p of approximated surface with
taking into account and without taking into account the borehole observation are
found. And it is necessary to solve the problem about the conformance of seismic
observations to the borehole data concerning the bed depth. This problem can be
solved by the test of the parametric hypothesis method (see Sec. 7.1). We consider
the linear model (8.29) (we put M = 1 and R,, = I for the simplicity sake) and
we test the hypothesis Hy: Ap = V. For the hypothesis checking we shall use the
method of the likelihood ratio

q= L, (8.35)
L(prp,62)

As it was demonstrated in Sec. 6.2, the estimates p obtained by the least squares
method and the estimates py;;, obtained by the maximum likelihood method coin-

cide in the case of the normal distribution of the random component n.
To find the estimates p under the condition of the validity of the hypothesis Hy:
Ap = V. In this case the maximum likelihood method reduces to the conditional
extremum problem, which can be solved by the Lagrange multipliers method. To

construct the function
F(p)=InL+2\T(Ap - V), (8.36)
where A is a column vector contained undetermined Lagrange multipliers. The
estimate pyy, we find by the minimization of (8.36) under the condition, that the
equality Ap =V is valid:
OF/0p = 0. (8.37)
After simple transforms we obtain
Prn = D, + 20 AT AT (8.38)
To postmultiply the left hand side and right hand side of the equality (8.38) by AT
and to use the equality p” AT = V7T we obtain

N = (VT — i AT) (AT ) AT) (339



Algorithms of approzimation of geophysical data 231

Substituting A” from the formula (8.39) to the expression (8.38), we obtain
P = o+ (V7 = e A7) (AW ) T AT) T A )

The obtained estimate pypr, is equivalent to the estimate p, given by the formula
(6.25). The estimate for the standard deviation can be written as

L, 1

6t = = (u—vp) (u—vp).

Substituting the obtained estimates to the likelihood function we calculate its
maximum value for the hypothesis Hj and its alternative:

Lunax(02,p) = (2ma2)~K/2¢7K/2, (8.40)

Linax(02,p) = (2ma2) K24~ K/2, (8.41)

Using the expressions (8.40), (8.41), to rewrite the formula (8.35) in the form

%~ o K/2
q= M = <0—2> . (8.42)
Liax(02,p) o?
We use the criterion as follows: if ¢ < g, then the hypothesis Hy is rejected, if
q > g, then the hypothesis Hy is valid (and in our case the depth values calculated
using borehole data does not contradict to the depth values calculated using seismic
observations. To determine the threshold value of g it is necessary to determine the
probability distribution of ¢, but the most simple way consists in the determination
of the constraint of the considered criterion with the Fisher information criterion.
If the hypothesis Hy is correct one, then the relation
o L= vpP — @ =)@ .
(u—vp)*/(K - 5)
belongs to Fisher distribution (see Sec. 1.8.6) with @ and K — .S degrees of freedom
(F € &g x_s). By analyzing the formula (8.42) and (8.43), we can conclude that
the function F' can be expressed through ¢:

K-S
F=2""217%K _q)]
0 lq 1]

The likelihood ratio criterion is reduced to the Fisher criterion: if F' > ®g r_g,o
(the value of &g x_g, is calculated subject to given confidence level ), then
the hypothesis Hy is rejected and we conclude that with the given probability of
error, there is an inadequacy between the depth values obtained using borehole
data and depth values obtained using seismic data. The value ®g x5, can be
determined using, for example, a tabular information on the Fisher distribution at
given @, K — S and the probability of the error (confidence level).
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8.4.4 Incorporation of random nature of depth measurement using
borehole data

The above considered problem statement has been limited by an exact setting of the
bed depth using borehole data. Such assumption is justified, if the accuracy of the
seismic observation is more rough in comparison with the borehole measurement.
However, the consideration of the random nature of the depth measurements using
the borehole data has a practical significance.

The model of observations in this case can be represented as: V. = Ap +¢. Here
V', A, p has the former sense, € = [e(z, yx)] is a random component of the model,
measured at the points (zy, yx) with the covariance matrix Px.

The estimate of the parameter p we find using minimizing of the following square
form

o) = (u— vp) "Ry (u—ip) + (V — Ap) PNV — Ap).  (3.44)
The formula (8.44) is the objective function in the parameter space p, jointly for

seismic and borehole observations. The estimate of the parameter vector p we find
by minimizing of (8.44) with respect to p:

Pl = @W"R MW + VI Pe Y AT R M + AT Pe=1A) 1, (8.45)
The formula (8.45) can be transformed to the following shape
p" = (" Bi+p)(E+Bi) Y, (8.46)

where p is determined by the formula (6.11):
By = VTR 1w(AT Pt A
Py =VIPTYAAT P AL
The formula (8.46) can be simplified, if the following condition is valid
Amaz (B1) < 1, (8.47)
where A4z is the maximum eigenvalue of the matrix Bj.

In the most practical cases the accuracy of borehole data concerning the bed
depth is higher than the bed depth obtained with the use of seismic data. Analysis
of the matrix Bj follows that in these cases the inequality (8.47) is valid and the
formula (8.46) can be rewritten in the approximation form:

P~ (57 By + ph) (B - By). (8.48)

In practice it is often to suppose the random components n and & are uncorre-
lated. In this case the formulas (8.46), (8.48) for the estimate p become simpler:

Ty VTA\ (0T ATA\ !
ﬁT:<“ + )( + ) : (8.49)

2 2 2 2
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Let’s, for simplicity, the variances of the random components o2 and o2 are the
same for all beds.
We consider some limit values for the formula (8.49):

1) lim p = pyy; 2) lim p = p;

o:.—0 o,—0
3) lim p = pyy; 4) lim p = p.
op—0 o.—0

The first and third limiting cases, the second and fourth limiting cases are equiva-
lent. This result agrees with the statement: at estimation of the parameters using
two kinds of experimental data, preferable data have a minimal variance.

Considered above description of the borehole bed depth as a random value con-
tains one special case of the depth description by the nonrandom values with the
help of the linear constraints.

The depths obtained by the seismic data w and the borehole observations V' are
independent, therefore the likelihood function can be written as

p(p,u,V) = p(p,u)p(p,V), (8.50)

where p(p,u) and p(p, V) belong the normal distribution with mathematical expec-
tations and covariance matrices respectively ¥,, R,, and Ap, P.. For simplicity we
assume that the random component is uncorrelated (matrix P, is diagonal) with
the equal variances o2. The transform from the random depths V to fixed ones is
implemented by tending o, to zero:

p=(p, V) = lim p(p, V).

This limit process we implement using the characteristic functions. The charac-
teristic function of the normal distribution (Cramer, 1946) with a reference to our
model looks like

2. 2
Z(E)ZGXP{_{;;'E}’ ZO(E):UIIE}OZ(E):]'

After the inverse Fourier transform of Zy(e), we obtain

po(p, V) =6(V — Ap),

and the formula (8.50) can be rewritten as

The determination of the desired parameter vector p by the maximum likelihood
method on the basis of the expression (8.51) is equivalent to maximizing of the
function p(p,w) under the condition V = Ap.

Thus, we come to using of the borehole data in a form of the linear constraints.
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8.4.5 Application of a posteriori probability method
to approximation of seismic horizon

Let us consider one more modification of the defined problem, based on the models
similar to (8.29), (6.21) with random parameter vector p. A priori information about
the parameter vector p is introduced in a probability form. In the most practical
cases we can assume a priori distribution to be normal with the mathematical
expectation (p) and the covariance matrix D. As the objective function for the
parameter estimation we use a posteriori distribution of the vector p with given
observation data u, V. In accordance with the Bayes theorem (see Sec. 6.9) we
obtain
1

p(u,V)

To find the vector of estimates p we use a posteriori probability method:

p(p/u, V) =

p(p)p(w,V /p). (8.52)

Prn = max Inp(p/u,V).

If the depths calculated using seismic data u and using borehole observations V' are
independent, then the density function p(u, V/p) can be rewritten as

p(u,V/p) = p(u/p)p(V/p). (8.53)
Substituting the formula (8.53) to the expression (8.52) and discard the terms with-
out a dependence on parameters, we obtain the function
Flp)=—{(p—(p)" D" (p—{p)) + (u—¥p) R, (u— Vp)
+ (V= Ap)TP=Y(V — Ap)}. (8.54)

Maximizing the function (8.54) over the parameter vector p, we obtain the desired
estimate:

Puap = [(p") D' +u" RN + VTP A]

x [D7P+ ORI 4 AT P AL (8.55)
The elements of the Fisher information matrix for the considered models can be
written as
[~ [9m2pu/p)\ /Om2p(V/p)\ /In2p(p) (8.56)
= 8psaps’ apsaps’ 8psaps’ . .

Substituting the expressions p(u/p), p(V/p), p(p) to the formula (8.56) we obtain
the following expression:

I=V"R 'O+ ATP'A4+ D (8.57)

For the considered linear models the covariance matrix of estimates is computed by
the inversion of the information matrix I:

R D'+ UTR M 4 AT P AL (8.58)

PMAP — [
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8.4.6 Case of uncorrelated components of random vector

Let us consider special, but important from the practical standpoint case of the
uncorrelated random components n, € and parameter vector p, i.e. D = ozE,
R, = 02E, P. = 02F are valid. Under considered assumptions the formulas (8.55)
and (8.58) can be rewritten in the following form

-7 (p) wT¥ VTA 1 UTw AT A
=|—=4+ — —F 4+ —— 8.59
PNMAP |:0,§ 0121 Ug X Ug + 0121 0'? ) ( )
1 UTy AT A
R; = [— ——} . (8.60)
PMAP o2 o2 o2

For the further analysis we rewrite the expressions (8.59), (8.60) in the form:

Pranp = 0702 (p)" +o2opul W + 0foTVIA] X Ry /(050207),  (8:61)
Royviap = aia?ai[aZUSE + azaglllT\I/ + UZUiATA]*l. (8.62)

Let’s consider a few proceedings to limit on a basis of the formulas (8.59)—(8.62):

lim pypap = u’ U(TW) " =pT,
Jim piar = VT AATA) ™ = pliap,
dim pyiap = (o),

lim R; = lim R; = lim R; =0.
om0 PMAP T T TPMAP T ) TPMAP

So far, if the variance of the depth random component obtained by the seismic
data tends to zero, then the estimate of parameters is fully determined by the
seismic data. If the borehole observations have zero value of the variance, then the
estimate pyap is determined by the borehole data only. And, at last, if a priori
data is reliable (6, — 0), then the solution is equal to the given mean vector (p).
The variance pyap in all considered cases tends to zero:

o [<p>T VTA} [ L ATA} !

—— +
2 2
o, fop

p €

, 1 ATA1!
ol:r_r}o Bpyiap = [_E"’_ ] )

2 2 2
i oz o, o?
-1
1 vy
lim R; =|—=F+
seo” PMAP T (52 |
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o IV VTAT OIS ATAY!
alirilopMAP: o2 T2 T ’
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n Og On ¢

, vTy  ATA)T
UEI—I}O Fonap = [? o2 ] '

If the variance of the random component o2 tends to infinity, it implies that a
quality of the seismic data is worse than the borehole and a priori data, therefore
the estimation excludes processing of the seismic data w. Similar results can be
obtained under conditions 0? — oo and ¢ — oo. In these cases the estimate p
does not intend processing of the borehole data and a priori data respectively.

Let us consider a special case of the model (8.29) with an identity matrix ¥
and a vector p dimension coinciding with a number of a priori data. Taking into
account the borehole observation in this case is implemented by introducing it to
the mean vector of a priori data together with appropriate variances. The estimate
Pyap With D = 02E, R, = 62 F can be written as

T T -1
- u 1 1
Phiap = {—<p>2 + —} {—E—i— —E} ,
and covariance matrix is written as

Haar = o277

In this approach we do not need to know the structural matrix ¥. But in-
creasing of the dimension of the parameter vector p can lead to a loss of accuracy.
Considered above models and appropriate solutions can be used for design of the
algorithms of construction of the seismic profiles with taking into account the bore-
hole observations.

Together with the construction of the approximating surface, the problem of
construction of the confidence areas which characterize a degree of proximity of the
constructed approximating surface and its parameters to the appropriate theoretical
values (see Sec. 6.15) has a great practical importance. From the beginning we find
the variance of a deviation of the approximating surface from the theoretical one
taking into account and without taking into account the borehole observations:

5% = T Ry, (8.63)

6% = T Ryp. (8.64)

Where ¢ is a vector with the components from a row of the matrix ¥, for example,
in case of the polynomial of second power we have ¢ = [1,x,y,2% 2y,4%). The
values 62%(z,y) and 62%(z,y) can be calculated in an arbitrary point (z,y) of the
considered square using the formulas (8.63), (8.64). The confidence intervals are
estimated using the following formulas (see Sec. 6.15):

P[f(l‘, Z/) - ’YK—S-"-Q&(mv Z/) < f(l‘, y) < f(ma Z/) + ’YK—S-FQ&(x?y)] =0, (865)
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P[f(xa y) - 'VK*S+Q&(‘Z? y) < f(xv y) < f(;v, y) + ’VK*SﬂLQ&(vay)] = 57 (8'66)
P[ﬁs — VK-5+Q0p, < ps < ps + '7K75+Q&Ps] =0, (8.67)

P[ﬁs - '7K75+Q(A7ps < ps < ps+ '7K75+Q(A7Ps] =B, (8'68)

where ( is the confidence probability; the value vy is connected with the confidence
probability 5 and can be determined using the Student’s distribution with IV degrees
of freedom, which is equal to K — S in the case without taking into account the
borehole observations and it is equal to K —S + @ in the case of taking into account
the borehole observations. The formulas (8.65), (8.67) and (8.66), (8.68) can be
used to obtain the confidence intervals with and without taking into account the
borehole observations correspondingly.

8.4.7 Approximation of parameters of approximation horizon by
the orthogonal polynomials

Together with the considered polynomial approximation it is convenient in a compu-
tational sense to use the orthogonal functions for the purpose of the approximation
(see Sec. 6.6). At that the formulas (8.32) and (8.31) for the estimation of the
parameters p and p are reduced. In this case observation model can be represented
as

u = ®p+n,

where @ is a structural matrix with the rows represented by the orthogonal functions
for fixed values of (x,y): [po(z,v), 01(2, ), ..., vs—1(x,y)]; pis the vector of desired
coeflicients for given orthogonal functions; n is a random deviation between observed
data and model values.

Let us consider the system of orthogonal functions from Sec. 6.6, then the for-
mula for the parameter estimation p, p and the appropriate covariance matrices R,
R; can be written as

p="T""'0"y, (8.69)
pl=pT + (V= pTATYATTAT)AT T, (8.70)
Ry =T 167, (8.71)
R; = R, — *T'AT (AT AT)~1AT !, (8.72)

where T is a diagonal matrix (®T® = T).

To find the estimate p without taking into account the borehole data and its
correlation matrix we do not need a matrix inversion. To estimate the value p
we invert the matrix with dimension [@ X @], which determines by a number of
boreholes. The formulas (8.69) — (8.72) are suitable for calculations. In special
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case, when we have only one borehole (Q = 1), the matrix A becomes a row vector
and formulas (8.70), (8.72) can be written as

T =" 4 (V= pTAT) AT,
P

5’2

_ _T—lATAT
Ap ’

R; = Rp
where Ay = AT 1AT.
During obtaining the considered above estimates, we supposed that the matrix
UT RV is a nonsingular matrix, if not, we may use the estimates, obtained by the
singular analysis represented in Sec. 6.12.

8.4.8 Numerical examples of application of approximation
algorithms

Let us consider numerical simulation of the horizon approximation. As the model
we use a trough. Its depth and thickness are decreased in y direction (see Fig. 8.5).
From analysis of the borehole data leads that the horizon has a sinking in the
direction of z axis, from the profile II to the profile IV for a quantity of 100 m
(see Fig. 8.6). Approximation is implemented using the polynomials of third power.
At the profiles I and IIT a maximum depth deviation with taking into account and
without taking into account the borehole data is observed near the boreholes 5 and
3. The approximating curve without taking into account the borehole data gives a
satisfactory description of the horizon.

300 y,Mm

2000 ~

1000 -

200

1 1
1000 2000
Fig. 8.5 Numerical simulation of the horizon approximation. Scheme of profiles (4 profiles (I-IV),
5 boreholes) and isolines of the horizon: solid line is the numerical simulation without taking into
account the borehole data, dashed lined is the numerical simulation with taking into account the
borehole data.
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Fig. 8.6 Numerical simulation of the horizon approximation (see Fig. 8.5). Depth section along
profiles: profiles I and III (a); profiles IT and IV (b) ; dashed line is the model, bold line is without
taking into account the borehole data, thin line is with taking into account the borehole data.

We should note that the approximated horizon, obtained with taking into ac-
count the borehole data deviates from the horizon, obtained without taking into
account the borehole data, in accordance with the borehole data. Near profile IT
such deviations are insignificant. At profile IV the deviations have maximum values
near borehole with number 4 and at the extremities of the profile the deviations tend
to the values of the approximated horizon, calculated without taking into account
the borehole data.

In the considered above examples the degree of the polynomial is a set using
a priori information about the desired smoothness of the horizon. Let us analyze
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an applicability of the information criterion (7.17), (7.18) for choosing of the de-
gree of polynomial (Akaike, 1974). Under assumptions concerning normality and
noncorrelatedness of the random component, the least squares estimate p coincides
with the maximum likelihood estimate, which is used in the function IC(Sy,, p).
For simplicity we consider an one-dimensional approximation of the horizon along
the profile and two-dimensional generalization present no difficulties. Let us find
an explicit form of the function of the information criterion for the polynomial of
degree m. We substitute to the formula (7.17) the normal density function and
with the help of the estimate, obtained by the maximum likelihood method for the
variance of the random component:

Ic(m7ﬁm) = J10g277+ J+J10g6’2 —|—[(7’n7

where unlike the criterion (7.17), before a number of parameters instead of term 2
the term K is introduced. This term can be chosen empirically using some model
experiments, for a better reflection of the specificity of the solved problem. As it
will be clear below, the algorithm is stable in a wide range of K deviation. Because
the two initial terms in the expression IC(m,p,,) do not change at changing of
degree of the polynomial, then for the practical using the function IC(m, p,,) can
be written down as

IC(m, p,,) = Jlog5* + Km.

Let us consider an application of the criterion. Taking into account a priori
information we determine a maximum degree of polynomial M, calculate the esti-
mates p,,, 6% and the values IC(m,p,,), m = 1,2,..., M. As an estimate of the
degree of a polynomial we choose

m = argmin[IC(m, p,,)]-

The mean values of IC(m) are represented in Fig. 8.7, a). These values are
obtained on the base of the model experiments with the various realization of the
random component. The criterion function IC(m) rises sharply from the left hand
side of its true value and from the right hand side the function rises not so sharply,
that, in the case of high noise level, can leads to a bias of estimate of the degree
of the polynomial. The study of the influence of the dispersion on the criterion
implementation is represented at Fig. 8.8. Let’s note, that beginning from the
variance opq, the estimate of the polynomial degree m has a systematic bias, i.e.
its value one unit smaller than the true value. Let us consider the results of model
experiments for studying of the influence of the nonstationarity of the noise. For
various values of K criterion gives the estimate of the polynomial degree, which
coincides with the true value (see Fig. 8.7(b)), that illustrates the robustness of the
criterion with the presence of the nonstationary noise.
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Fig. 8.7 Dependence of the criterion function IC on the degree of polynomial m, obtained by the
model data with various initial degrees (a) and for nonstationary noise (b).
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Fig. 8.8 Dependence of estimates of the degree of polynomial on noise variance for the different
values of K.

8.5 Algorithm of Approximation of Formation Velocity with the
Use of Areal Observations with Borehole Data

The validity of the results obtained by the seismic exploration method in regions
with complex geological conditions depends on the accuracy of the determination
of the formation velocity. The formation velocity can be computed using CDP data
on the linear profiles and extended for an areal under interpretation together with
an addition information obtained by the borehole observations. Such algorithm is
considered in (Troyan and Sokolov, 1983). The solution is constructed on the basis
of SVD (singular value decomposition) method (see Sec. 6.12).

Let’s in the linear profiles of the investigated region the values of velocities u for
an interesting horizon are calculated. The observation model can be represented as
follows

u=Up+n, (8.73)

where W is the structural matrix; p is the vector of the desired parameters; n is the
random component with the zero mathematical expectation and a given covariance
matrix R,. As the approximation function we will use the quadratic expressions on
variables x, y, h, Ah, where (x,y) are the coordinates of a point in the profile; h is
a formation top; Ah is a formation thickness. The row of the matrix ¥ is written
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as
s = [1, @, yi, his 7, wiyi, wihi, 2 Ahi, 7, yihi, yiDhi, B hiAhi, ART]. (8.74)

Where i = 1,2,..., K is a number of initial points. The borehole data are given as
the linear conditions

Ap=1V, (8.75)

where V' are the values of the velocity in the boreholes, @) is a number of dimensions
of the vector V', which determined by a number of the boreholes; p is the vector of
unknown parameters; A is the matrix with the rows analogous to the rows of the
matrix ¥, but they determined in the points of the location of the boreholes.

Let’s represent the velocity in the borehole in the form

V=Ap+e. (8.76)

Here ¢ is the random component with the zero mathematical expectation and a
given covariance matrix. The solution of the such problem under the conditions
(8.75) leads to the next estimate (Troyan, 1981c; Troyan and Windgassen, 1979):

pr=p"+ (VI —pT AT (AW W) AT) T AT )
p= (0T uTy, (8.77)
A quality of the estimate is determined by the covariance matrix:
Ry = &*[(0T0)~t — (0T 0) AT (AWT W) AT AT w) .
If additional data about the velocity are given in the form (8.76), then the
solution, obtained by the maximum likelihood method, can be written as

pl =W 'R0+ VTP A (VTR YW 4 AT P71 A) L (8.78)

The numerical simulation with the application of the estimates (8.77), (8.78)
was implemented. As the result of the such simulation it is shown, that in some
cases we can not obtain a satisfactory solution if a rank of the matrix 7' is smaller
than its dimension. If the profiles in the region under the investigation are placed
in a such way that the rows of the matrix ¥ become a linear dependent or ’almost’
linear dependent, then it leads to the singular matrix and the solution with the
use of considered above formulas can not be obtained. In this case the singular
value decomposition of the structural matrix can be used, that allows us to find a
satisfactory solution in the presence of the roundoff error and linear dependence of
the basis functions. In Sec. 6.12 it was shown, that an arbitrary real matrix ¥ can
be represented as

U =7xY7, (8.79)

where T[K x K], Y[S x S] are the orthogonal matrices; X[K x S] is a diagonal
matrix

o — Lot for i = j,
Y10, fori# g
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The least squares estimate, with the use of the expansion (8.79), is written as
b= Y"Z, where b=Y"p, Z=T"u.

If the diagonal elements o; of the matrix ¥ do not equal to zero, then the estimate
b is IA)l = Z;/o;. But if some o; are small, then such procedure is undesirable. The
values o; should be analysed before obtaining the estimate b. It is proved, that the
singular numbers non equal zero if and only if the columns of the matrix ¥ are linear
independent. Study of the singular numbers should implement taking into account
an accuracy of the input data and the calculation accuracy. Taking into account a
priori accuracy we choose the threshold condition oy for the comparison of each o;
(see Sec. 6.12): if 0; > «, then b; = Z;i/o; if 0; < a, then b; = 0. In general, at
0; < « the vector component b; can set an arbitrary value. Such arbitrariness is a
reason of the non-uniqueness of the least squares solution. To exclude an influence
of the non-stable components of the vector b;, in the case of o; < a, usually, these
components put to zero.

Under linear constraints (8.75) in addition to the expansion (8.79) the expansion

a=GWFT,
can be used, where
0, i#J,
Wi; = wi¢>07i:j,i§Q’,
wi; =0,i=71>0Q, Q <Q;
G and F are the orthogonal matrices; Q' is a number of linearly independent con-
ditions.

Let us consider the results of the model example of a determination of the
velocity taking into account the borehole data. At Fig. 8.9 the synthetic region of
observations is represented. The velocities at the profiles are calculated depending
on the thickness and the depth of the horizon, besides the normal noise is simulated
and the velocity gradient in x direction is introduced. At Fig. 8.10 the results
of processing with the use of four profiles are represented. The approximating
velocity surface is computed using the borehole data (two variants of the velocity
dependence) coincides with the velocity values in the boreholes and in other points
has the properties peculiar to the least squares method.
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Fig. 8.9 Synthetic seismic observations (a) with location of the profiles (I — I'V), boreholes and
depth profiles: (b) is profile I, (c) is profile II, (d) is profile III, e is profile IV. Dash-dot lines is a
model location of the horizon, solid lines are the border of deviation area of the horizon.
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Fig. 8.10 The results of processing of the model example from Fig. 8.9.

Lines 1 are the initial velocity data along the profiles; 2 is the results of the restoration of the
velocity by the seismic data without taking into account the borehole observations; 3, 4 are the
results of restoration of the velocity taking into account the borehole observations for two types
of the velocity profiles in the boreholes:

(a) is the profile I; for borehole 1 white circle: v = 3650 m/s, Av = —15 m/s, dark circle:
v = 3250 m/s, Av = —550 m/s; for borehole 5 white circle: v = 5750 m/s, Av = 470 m/s, dark
circle: v = 5500 m/s, Av = 220 m/s;

(b) is profile II; for borehole 1 white circle: v = 3650 m/s, Av = —150 m/s, dark circle: v = 3250
m/s, Av = —550 m/s; for borehole 2 white circle: v = 3375m/s, Av = 125m/s, dark circle:
v =2750m/s, Av = —500m/s;

(c) is profile III; for borehole 2 white circle: v = 3375 m/s, Av = 120 m/s, dark circle: v = 2750
m/s, Av = —50 m/s; for borehole 3 white circle: v = 5250m/s, Av = 230m/s, dark circle:
v =4500m/s, Av = —520m/s;

(d) is profile IV; for borehole 4 white circle: v = 4350 m/s, Av = 190 m/s, dark circle: v = 3900
m/s, Av = —260 m/s.

Aw is a deviation between data, obtained by the seismic observations and in the boreholes.
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Chapter 9

Elements of applied functional analysis for
problem of estimation of the parameters
of geophysical objects

A numerical solution of the estimation problem and, generally, the methods of the
computational mathematics are based on the applied functional analysis. An opera-
tional language is very helpful for a compact representation of the algorithms of the
inverse problem solution, to estimate of the accuracy of the inverse problem solution
with taking into account the most general properties of the considered operators,
to trace the modifications of some elements of the algorithm in the dependence of
the concrete functional binding of the considered inverse problem. A solution of
the first-kind operator equation, having the compact operator is an independent
mathematical problem: the problem of the regularization of the ill-posed tasks.

The solution of any intepretating problem, connected with the processing of the
experimental data, should contain the random component (“noise”) as a part of the
input data of the inverse problem. We should note that in this case the classical
methods of the functional analysis are inadmissible, because in general case the data
and noise do not belong to the image of the operator. This fact alone leads to using
the methods of the mathematical statistics for the construction of the algorithms
and the interpretation of the solution of the inverse problems.

The existing literature on these problems: the applied functional analysis, the
solution of the ill-posed problems and the methods of mathematical statistics are
very extensive and a presentation style usually is far from the “physical style”, when
the proof if ever produces, but without details. It is unconditionally, at such enun-
ciating the mathematical rigor is lost, but it allows to exchange the mathematical
erudition by the physical intuition, which facilitates the physical interpretation of
the solution.

9.1 Elements of Applied Functional Analysis

Let us consider the basic elements of the functional analysis.

As we set the problem of the approximate solution, for example, finding of the
function ¢, with the definite accuracy grade satisfies the equation Ly = s, it is
appeared the problem of the definition of the measure of the accuracy, i.e. we

247



248 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

should find the measure of the functions proximity. The measure may be only a
number which corresponds to the representation of the functional space elements
© € ® on the real axis R! or in other words it is necessary to define a functional
N :® — R', and to determine the requirements, which must satisfy this functional
as the measure of the proximity of two functions e.g. ¢1 and a:

(1) a functions deviation is non-negative: N (o1 —@2) > 0,0r N (p1 —¢2) =0 <
Y1 = P25

(2) a multiplication of the both functions on a number A > 0 leads to a change of
the deviation in |A| times: N (A(¢1 — 2)) = AN (¢1 — p2);

(3) by analogy with the Euclidean geometry a sum of the deviations g from ¢
and ¢y from g is greater than or equal to the deviation o1 from ¢o: N (1 —

o)+ N(p2 —¢o) > N((p1 — o)+ (o —p2))

It is not difficult to see that the above mentioned requirements (a, b, c) give
the definition of a norm of a function. We rewrite the conditions a)—c), replacing
(1 —¢2) = pina)and b); 1 —po = ¢ and Y2 —po = @ inc) and N (¢) = [l
in the following form:

(1) |lell 20, |l < ¢ =0 is a non-negativity of a norm;
(2) |IMell = |Alllell is a homogeneity of a norm;
3) lle+ ¢l <llell + ||| is the triangle inequality.

Let’s mark, that by the genesis of the term norm is obliged to the property of
the homogeneity, which one allows at any given function ¢ by multiplying it on the
factor A\ to make the magnitude of || Ayl equal to unity (to normalize function).

The conditions, defined the norm, are satisfied for the following presentations:

b
1) |l¢ll = [ |¢(z)|dz. This norm defines the space of modulus integrable functions

L; on [a,b].
(2) |lell = m{a;i] |@(z)]. The norm defines the space C' on [a,b] of continuous
x€E|a,
functions.
1/2
3) |lell = f lp(x del . The norm defines the space Lo on [a,b] of square

1ntegrable functions.

) Nl = lflsa I2dx+f|<p )P da

on [a,b].

1/2

. The norm in the Sobolev’s space W

" 1/2
(5) el = [Z Lpf] . The norm in the space R".
i=1

It should be noted that the norm notion coincides with the notion of a distance
metric p(¢1,92) = [lp1 — @2 .
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A metric space (i.e. the space with the norm) is called a complete space, if any
fundamental sequence of the elements of this space converges to an element of the
space. We should remind that the fundamental sequence is such that for an arbitrary
€ > 0 is found a number n(e), that for any elements of the sequence n’,n” > 0 are
satisfied the inequality p (¢, @n~ ) < €. The complete normalized space is called
Banach space.

By analogy with the vector analysis it is introduced a scalar product for elements
of the functional space with the next properties:

(1) S(p,¢) >0, S(p,9) =0« © =0 is a non-negativity of the vector modulus;
(2) S(p, a1 + B1a) = aS (p,11) + BS (v, 12) is a linearity on the second element;
(3) S(p,0) =85*(¢,p), if ¢, ¥ are complex valued.

Hence, it follows

S(Ap,¥) = A" S (p,9).

We shall use a different designation for the scalar product:

S(p. ) 2 (0.9)

S(p.¥) 2 (lv)

(the designation of Dirac: (p| is a bra vector,|1) is a ket vector (“bra + ket =
bracket’: (])). An example of a scalar product is

Swwoszw@w@m.

The Banach space with a scalar product is called the Hilbert space H. Let us
show that the construction of a scalar product permits to introduce a concordant
norm. Actually, S(p, ) > 0, and in this sense the first property of a scalar product
has analogy with the property of the norm:

S(Ae, Ap) = XM AS (¢, 0) = [\ S(p, ),

i.e. in the contrast to the functional N, which is a homogeneous function of the
first order N(Ap) = |A| N(yp), the scalar product is a homogeneous function of the
second order.

Let us show that a norm can be introduced as:

N(p) = (S(p,9))"2,

i.e. we will show that such functional satisfies the triangle inequality, and, hence,
it satisfies for all three properties, which have been introduced for the norm. We
write the Shwarz’s inequality:

(%, )| < (0, 0)"2 (1, 9)'/2,

0 < (p+ar,p+a) = (p,¢) +alp, ) +a™[(¥, ) + (i, )] .
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So far as a scalar product is grater than or equal zero for any «, we choose a such as
the term in square brackets was equal zero, i.e. @ = —(v, ) / (¢, 1) we obtain the
Schwarz’s inequality. We write down a triangle inequality ||¢ + || < ||o|| + +]]2]],
using a scalar product

(o + v, 0+ )2 < (p,0) + (W, 9)'/2.

It is really,

(pt+v,p+v)=(pp+¥)+ W e+y) <
< (0,02 + b0+ )2+ @) e + 0+ )12,
where the last inequality is the consequence of the Schwarz inequality.
We have shown that the space with the scalar product is defined by the norm
(the norm in the Hilbert space)

lell = (@, 0)/2.

For instance, if the scalar product is defined as [ ¢* (2)¢(z) dz, so the norm of that

space reads as
1/2
loll = | [ " @hotonaa]

and the corresponding Schwarz’s inequality
1/2

[t < | [ @t v [ @i

takes the name the Cauchy—Bunyakovskii inequality. We have simultaneously shown

that the functional [ [ |¢(x)|? dz] Y2 satisfies the triangle inequality

[ [0 +o@) 0@ + o )dx} -

< | [ Wl i [ 1o -

The scalar product is
() =) withi =" ¢
i=1

in R", and in the Sobolev space W

(. 9) = / o (@)(z)ds + / o () (2)d

The orthogonality condition is (p, 1) = 0.
We would remind the definition of the linear independence of elements {¢; }, i =
1+n. The elements {¢; } are linearly independent, if from the equality > a; ¢; =0

follows that o¢; = 0 for all i = 1 +n.
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The basis of the Hilbert space H is called the set ® C H that for an arbitrary
element of H there is a convergent sequence, which is a linear combination of the
elements ¢ C @, in other words, the set ® is the basis H, if its elements are linearly
independent and linear closure of ® coincides with H. A basis is called orthonormal,
if all elements of the basis are mutually orthogonal and its norm is equal to 1. The
dimension of the basis is the dimension of the Hilbert space.

Let us show that in any basis the presentation ¢ = Y «; @; is unique. We assume

that ¢ has an another presentation ¢ = > 6, p;, then 0 =@ —p => (o — 3; )i -

But from a condition of a linear indepenéenee of the basis it follows,l that a; = 5;
for any 1.
The analogue of the vector presentation in the co-ordinate system given by
the orthonormal basis e;, ¢ = > (g, €; Je;, in the Hilbert space is determined by
1

generalized Fourier series
p(x) = aipi (@),

where ¢; (z) are the basis functions; «a; are the coefficients of the expansion,
which are equal to (¢,p;). It is a familiar example of a countable basis in
the infinite dimensional Hilbert space Lo [—, ], the basis of an trigonometrical
function: (27)~'/2, (7)~Y2 sinz, (7)~Y2 cosz, (7)~/? sin(2z), (7)"'/? cos(2z),
., ()72 sin(nx), (r)~1/? cos(nz),. .. The expansion of a function ¢ into Fourier
series in terms of trigonometrical functions:

T

o(z) = \/% _Z p(x)dr + % ki:l [cos(lm) /ap(x) cos(kx)dx

—T

+ sin(kx) /ﬂcp(a:) sin(k:a:)dx].

—T

The possibility of the function presentation as a coefficient set in a given basis
defines the effectiveness of the introduced scalar product in a functional space.

We would remind a necessary information from the operator theory. The func-
tion L, acting from the space H; into the space Hs, is called an operator:

H, = H,.

If Hy, = R', then the operator is called a functional. The operator L is the linear
operator, if the condition

Lo + ) = aLp + BLAp

is satisfied. The example of an integral operator in the space L:

L@é /E(x,x/)go(x/)da:'.
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If the integral kernel L is such that [ [ £?(x,2")dzdz’ < oo, then L is the Hilbert—
Schmidt operator. The norm of the linear operator is the functional
o]

lell
Let us compare the norm of the functional with the case of the finite dimensional
vector space, when the matrix L transforms the vector @ into the vector v, i.e.

[|L[| = sup

Lo £ Ly = 1. In this case the norm of the operator L is a maximum possible
length || of the vector ¥, lying on the surface of the sphere (J¢| = 1). If the norm
L is less than infinity, the operator is called limited. The example of an unlimited
operator is L = d?/dx?, which acting in the space of the square integrable functions

on the interval [—, 7|:
£ (e /da?)]

da? el
Choosing as a function ¢ the orthonormal trigonometric basis, we see that

I /dz?)or (@] _ 2 llop@)l] 1o

lee@)l 7 llew(@)] '
From the definition of the operator norm L it follows the inequality
Lol < LI - [lll-

The operator L is called compact, if this operator transforms an each weakly conver-
gent sequence {p,} from a range of its definition into a strong convergent sequence,
ie.

Vi
L:(fion—w0) = 0= | L(pn — o)l — 0.

As example of the compact operator in the space Lo the integral Hilbert—Schmidt
operator

Lapé/ﬁ(gc,x’)ap(x’)dx'

can be considered. A specificity of the infinite dimensional Hilbert space in compar-
ison with the finite dimensional space consists in that from the weak convergence
the strong convergence does not follow. Let’s compare with a vector space: if

Vf(fv(pn - SDO) = Ou

then ¢, — . This statement is equivalent to the fact that in the infinite-
dimensional space an unit operator is the noncompact operator. The sequence of
elements of an infinite-dimensional basis {¢,,n = 1+ N} converges to zero weakly:

n—oo

fn=(frpn) — 0,

so far as from the Parceval equality follows Y f2 = || f||> = C < oo. The sequence
{Ivn, = pn} does not have a limit:

1 (pn — @n)ll = (nr — @nrry P — 9071”)1/2

= [(‘Pn/a ‘Pn’) + (‘Pn“v@n”)]lﬂ = \/5
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It would remind some definitions from the theory of operators. The operator
L* is called the Lagrange conjugate operator, if (¢, Lyp) = (L*,¢) holds true.
The operator H is called a self-conjugate operator, if H* = H. The self-conjugate
operator H, connected the spaces of complex-valued functions is called the Hermite
operator (H = H™1). Let’s compare with acting of the matrix H on vectors ¢, 1).
The matrix H is a self-conjugate matrix, if the equality (I:Iw, ) = (¥, ﬁ@) is valid,
i.e. the matrix H is symmetric (H;; = Hj;)).

The operator U is called an orthogonal, if (U, Ut)) = (p,1) is satisfied for real
@ and ¥. The equivalent determination is an operator equality

U'U =1.

If ¢ and v are complex-valued, then the operator U, which satisfies the condition
U*U = I, is called an unitary operator. (Let’s compare: (Up, U) == (p,%), Uisa
rotation matrix, preserved the angles between vectors: cos(go/;/)) = (o, V) (|||t
and the vector lengths |¢|, |¢].)

The functions ¢, are called eigenfunctions of the operator H, if the equality

HQOa = )\a(paa
is satisfied, and A, are called eigenvalues. The analogue for vectors
it Po = Aapa

is meaning, that eigenvector keeps the direction after acting of the matrix H and
changes the length in A, times. The eigenfunctions of the operator H are lin-
early independent and make a basis in the Hilbert space. This basis can be made
orthonormal.

We assume here a procedure of the Gramm-Schmidt orthogonalization. Let
{¢a} be the set of eigenvectors, then we choose as the first vector of the basis,
e.g. e1 = p1]|e1]|7t. The second one is determined by es = Aps||Aps||~!, where
Ay = 3 — (2, e1)e1, and (Apg,e1) = 0. By analogy es = Awps||Aps||~!, where
Aps = p3 — (p3,e2) — (¢s3,€e1)er and (Aps,ea) =0, (Aps,e1) = 0. We get for an
arbitrary n

€n = A@n||AQPn||717
n—1
where Ay, = ©n — > (Pn,eq)eq and (Apy,eq) =0fora=1+n—1.
a=1
We consider the differential in the Hilbert space. The linear bounded functional
P = (6/0p)p is called the Frechet derivative or a functional gradient p(p), if an
equality

plpo +8) = p(wo) = p'| , (5¢) + (0, 5¢),

where r(pg,dp) :  lim rle0,9¢)

=0
lIsell—0 |||
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is satisfied. On the Riesz theorem a linear bounded functional () in the Hilbert
space H can be presented uniquely in the form 1 (p) = (I, ). At that the equality
|I]| = ||I]|z is valid. In other words, the conjugate space with the elements {I}
can be identify with the Hilbert space. The expression, that is presented in the
definition of the Frechet derivative, can be written as

5
ppo +0¢) = p(eo) + (@ |y P 5@) + (0, 0¢)-

The analogue of the Frechet derivative in a finite-dimensional space for a function

f of arguments (z1,...,z,) 2 x, can be presented as
flzo + Ax) = f(xo) + (V|zof, Ax) + r(xo, Ax).

Any measurement is a set of numbers or set of functionals {,}, such that the
measurement data u,, defined by a response of the device on the variation of the
state ¢ of the system under investigation:

u77,:l77,(§0)+5n ('fl: I—N,

where €, is a random noise. Taking into account that the response of the device is
known and using the Frechet derivative definition, the model may be written as

Un = ln(po) + l;z(‘s‘ﬂ) + 70 (p0,00) +en 2 u% + Lyp0p + €n,

where €, = r, (g0, 0¢)+E€n, Ly, is n-th component of the linear operator L, presented
N linear functionals I/,, and effected on §p € ®, i.e. L: ® — RY. Therefore we
discuss further the operator equation of the first order.

We consider the self-conjugate operator H, effected on the space of real functions,
and we introduce the Rayleigh functional

) = (v, He)

(o, 90)
The extreme points of this functional are determined by condition (dA(p) = 0) or
equalling to zero of the gradient of the functional (A" = 0). The last equation takes

the name of the Euler equation. Let’s write the variation of the functional A(yp),
taking into account that A(p) = F(¢)/®(p)

Flg) 0F Fid OF 5P

O R

i.e. the equation 0A(¢) = 0 can be represented as 0F — A(¢)0® = 0. For the
concrete form of the Rayleigh functional we have

(6, Hp) — M) (0, ¢) = 0, (9.1)

SO

Alp, Hp) = (¢ + Ap, H(p + Ap)) — (p, Hp)
= (8¢, Hp) + (9, HAp) + (Ap, HAp) = 2(Ap, Hp) 4+ O(|| Apl]?),
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where in the last equation we used the self-conjugacy of the operator H((Ap, Hp) =
(HAp, p)) and the reality of the function ¢ ((HAp, ¢) = (¢, HAp)), and by anal-

ogy
Ap, Ip) = 2(Ap, ) + O(||Ap]]?).

The equation (9.1) can be rewritten, using a linearity of the scalar product, as

(6, Hp — Ap) = 0,

i.e. the Euler equation for the Rayleigh functional, which determines a stationary
point of the functional, reads as

Ho = Ap,

and it coincides with the equation on the eigenvalues of the operator. Note, that
we determined the gradient of the square functional (p, Hy) as

A= 6(p, Hp) = 2(Hep, dp),

and gradient \' as

)
N =—(p,Hp) =2H.
&p(so, ©) @
Remind, that the self-conjugate operator H = H™* has the real eigenvalues
AL = A
Aa(Pas Pa)(Pa, Hpa) = (Hpa, Pa)” = Ao (Pas Pa)-

At that, the eigenfunctions {¢,} form orthonormal basis

0= (¢a; Hpp) — (Hoa, v) = (Aa — Ag)(Pa, p3) = (¢aspp) =0

by the condition A, — Ag # 0. From the stationarity of the Rayleigh function in the
points of eigenfunctions it follows a condition

H
sup ((»07 SD) = Amaxa
(¢, )
where Apax is the maximum eigenvalue of the operator H. By analogy
H
inf (QP’ SD) = Ami117
(¢, )

where Ay i a minimum eigenvalue of the operator H, i.e. for the operator H = H*
the inequality

Amin (9, ©) < (0, Hp) < Amax (e, )

is satisfied.

Defining a non-negative operator H by a condition (¢, Hy) > 0 for any arbitrary
p, we see that it is equivalent to the assertion A\, > 0. The operator H is a positive
operator (H > 0), if the inequality (¢, Hp) > 0 is satisfied. The operator H is a
positive defined operator, if the condition (¢, Hp) > C(¢p, ¢) is satisfied.
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We bring examples of self-conjugate operators.
1. For any operator L the operator L*L is self-conjugate, i.e. L*L = (L*L)* > 0,
as

(¢, L" L) = (L, Lp) = (L*Lyp, ) = ((L*L)", @) = 0.

2. Consider now the operator

L= _a% (fJ(x)a%)

in the space Ly on [a, b] at g(x) > 0. We shall seek for conditions for the realization
of the equality L = L*. We write down the scalar product and integrating it by
parts:

b

+ ool g vt) — vl 5000 |

The operator L in Ly on [a, b] is a self-conjugate operator, if the class of functions,
on which it acts, is such that the following equality

0 0
{a) |ot0) g 010) — vi0) 5010 |
is satisfied. Using the presentation for (¢, Ly) after the first integration by parts
we get

a

b
=0

a

(L) = ~¢tala(o) et + | 20

b
:0}’

for example | =0, 8%<p|b = 0, if the operator L is non-negative, then

—%(qu)a%) >0

We can see that on the function class

{go - (@)a(z) (@)
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3. We shall bring the conditions, under which the operator L = —A is a self-
conjugate operator. Using the Gauss theorem

V/V~F(x)dV :aZ (F, do)

and choosing as F(x) the product ¥V, we obtain
J|0.90] < vaav = [ @o.v9e)
% 1%

/(wda V) /¢5§0da

oV
the first Green’s theorem. Subtraction from the right and left hand sides the analo-

gous expressions in which the replacement by v — ¢, o — 1 are produced, we
obtain the presentation of the second Green’s theorem

V/ [ — pAYAV = / [w—— g—:ﬂ o

Thus, if the operator L = —A is determlned on the class of functions such that

Op O]

v
then it will be a self-conjugate operator. From the first Green’s theorem we find a

class of functions on which the operator L = —A is non-conjugate:

—/@AtpdV—!—/ cpg—zd0:/|V<p|2dV20.
v

14 ov
Thus, (¢, —Ap) >0, ie. —A >0, if

| 0
Yed= @:/@—(pdcr:()
on
oV
Note, that the equality V* = —V is satisfied on the same class of functions.
4. The integral operator with the symmetrical kernel. for example, the operator

Ly = /Z Lij(z,2")p;(z)dx",
J
where
Lij(z,a") = Lji(a, x),
is non-negative on Lo, if the integral kernel £;;(z, ') is the Hilbert-Schmidt kernel.

The positive operators H > 0 allow to construct the Hilbert space, in which the
scalar product defined as

(b, o) 2 (0, Hp).

Accordingly the norm is

A
lollg = (¢, Hp)'/?

in this Friedrichs space. To examine that the form (¢, Hy) is a scalar product:
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(1)
(v, ¥)g = (¥, HY) >0 if ¢ #0
in accordance with the definition of the positive operator H;
(2)
(v, 0101 + 2p2)m = (¥, H(owpr + a22)) = a1 (¥, p1)m + a2(¥, 92)u
from behind the linearity of the operator H;
3)
(), o) = (0, Ho) = (Hp,¥)" = (¢, HY)" = (¢, V),
where it is used that the operator H is the Hermitian operator (H = H™).
The particular case of the Friedrichs space is the Sobolev space W, with a norm
lellwg = llella,
where H =1—A >0, i.e.

llellwy = (o, (I = A)p)*/?

=[(¢, ). + (Vep, Vo) 1,]'/? = [/¢2dm+/|V<p|2da:] 1/2.

The positivity of the operator (I — A) is a consequence of the general expression
> H; > 0, if at least on the value H; > 0 is positive, and other are non-negative:

(o, 20 Hip) = >_ (@, Hi ) > 0.
We consider the problems, arisen at the solution of the operator equation of the
first kind

Lp=s, (9.2)

where the operator L is a linear compact operator. We remind that the equation of
the second kind has the form ¢ = Ly + s. The matrix presentation of the operator
equation can be obtained using the countable basis of the Hilbert space {1}. We
expand the unit operator on projection operators:

I=> Pu=) |ta)tal,

To=¢ =" Ia)Wale) = 3 palt),

where (1g|1)o) = dgo. One can rewrite the equation (9.2) as
LIp =LY [a)(Wale) =Y Llta)pa = s.

Projecting the both parts of the last equality on 13, we obtain
Z<¢6|L|¢a>90a = (Vpls = sp.

[e3%
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Introducing the designation (¢g|L|t)a) = Lga, we write a matrix expression of the
operator equation: Y Lgapa = Sg. It should be noted, that an operator equation
«

passes on a matrix one by numerical methods as the result of the discretization.
Therefore we consider at first the problem of the stability of the operator L in the
finite-dimensional space. Using the linearity of the operator, we obtain

L(o+dp) = Lo+ Loy = s+ ds,
from which it follows
Lép = ds. (9.3)

Let us carry out the analysis of the errors ds on the accuracy of the restoration
of the function ¢, determined by the error dp. Consider the relation of the relative
error of the solution ||6¢||/||¢|| to the relative error ||ds]|/||s|| in the right hand side
of (9.3):

llell \ |]s]] los]| [lell”
We write an inequality for the upper bound A:

) L
sup A < sup 1l g sl _ o ol NIl

sup sup .
las|l ™ [l [ILée] lleell
We assume that the operator L~ exists and the equality L L™! = I is valid, after

the substitution of variable 6o = L~11) we can write:

||d¢| |Z~ 4|
=sup ———
|| Lo 1]

Then the initial inequality for sup A takes the form

A _ ool <||5s||)1: 18] 1lsll

sup = |IL7HI-
1 A
sup A < [|L7Y |LI| 2 cond,

where condL is a condition number of the operator L. One can write the relation
of the relative errors as

1021 _ oo 13l
el sl
Taking into account that
L L*Lg)'/?
1) = sup W g (L LV ey,
leoll (¢, )
- 1L~ ]l [l 1Ll L Ly-1/2
||L 1||:Sup728up— inf —— (/\mln) )
lleell 1Ll [l

and the following Rayleigh relation

M (0,0) < (9, Ho) < ML (0,90),
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for an arbitrary operator H = H* the condition number can be represented as

RNV
condL = ()\L L/\L L)

max min

for an arbitrary operator H = H*. For a symmetrical operator L we have:
L = L*, AL = (A\)2, and the condition number one can write down using
the eigenvectors A of the operator L:

condL = Amax/Amin'

We consider now the influence of errors in the presentation of the operator L
on the errors of the solution dp. Let the exact equation be presented as Ly = s,
and the perturbed equation is (L + dL)(¢ + d¢) = s. We assume that the operator
L' exists. Taking into account the exact equation we obtain

Léo+ 0L(p+ dp) =0,
or
Sp=—L76L(p + ).
Using these equalities one can write the inequality for the norm
6]l < [IL7HIISLI e + 6l (9.4)

Introducing to the right hand side of (9.4) the multiplier ||L||/||L]|, we get for the
relative error of the field dp the expression:
|I6L]|

|1650]|
———— < condL——-.
[l + del| |IL]]

Thus the condition number is the amplification factor of the error in the case
of the operator presentation. Although the condition number is the maximum
amplification factor of the errors, one can show, that this upper boundary are
achieved practically always. First of all we note that the unstrict inequality

L7 el < 1127 el

transforms to the strict equality, if the function ¢ is the eigenfunction of the oper-
ator L and it corresponds to the minimum eigenvalue. We show that the condition
number of the operator L is increased and the solution error is increased too by the
successive increasing of the number of knots of the finite difference procedure. It
should be noted, that just this fact stimulates the beginning of the active develop-
ment of the methods for the solution of ill-posed problems. We use the expressions
obtaining by the introduction of the Rayleigh functional. In the practical case if
the self-conjugate operator H = H* we have

(o Hyp)
inf 7(% 2) =)\

Evidently, that just on that functions ¢, on which the Rayleigh functional is closed
to the lower boundary, the condition number is maximal. We consider the behavior

min-
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of the lower boundary of the Rayleigh functional, if the operator L is the integral
Hilbert—Schmidt operator, i.e. the operator with the square integrability of the
integral kernel. This operator is limited (i.e. ||L|| < 00):

Lo, L dz|| L ! "dz']?
(Lo, L) _ [ dal] L(z,2")p(x)dx'] S/da:/ﬁz(a:,a:')dx’:c<oo,
() (%)
where the last integral is limited by the definition.
We shall see the presentation of the lower boundary of the Rayleigh functional

v o (Lo Ly) _ [ dal] Liw, 2 )p(a’)da']

T (e (0, )

The expression in the square brackets presents the scalar product, depending on
the point x as a parameter. Without a loss of the generality one can consider,
that the function ¢ is normalized to 1 and the scalar product coincides with the
projection of the scalar kernel £ on the function . As it was shown, the basis of the
trigonometrical functions converges weakly to zero. In this case one can consider
far Fourier’s components of the integrable kernel L£(x,2’) are infinitesimal values
(more strictly — exponentially small values), if £ does not have singularities on the
real axis, i.e. (£, ) ~ a(z)e”“*1, where z; is a characteristic length of the function
L, i.e. the distance from the real axis to a singular point. Thus, we have obtained

AL < (Ln, Lepn) n—oo
R (T ’

that allows to make the following conclusions concerning the operator L, which
satisfies only one requirement: the integral kernel must be square integrable.

A

(1) the lower bond of the spectrum AL F
zero point an eigenvalue of the operator L*L;
(2) lower boundary of the Rayleigh functional reaches on the functions with high

frequency components.

is equal to zero independently of where is

From the first condition it follows that the notion of the condition number for
the case of the spaces with an infinite dimension, in the strict sense, is inapplicable
even in the case when 0 is not the eigenvalue of the operator, L*L then

ker L ={p: Ly =0} = 0.

The numerical methods are based on the finite-dimension approximation. Let us
consider the behavior of the condition number under increasing of the dimension of
the approximation. The lower and upper boundaries

nf (Lo, Ly) - (Lo, L)

(g, 0) 7 P o)

which determine the condition number, are depended on the set of functions using
for the creation of the Rayleigh functional. The finite difference approximation of
the integral operator L can be considered as a result of the action of the operator on a
set of step functions or piece linear functions. In these cases the representation of the
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matrix element L., = (¢, |L|ty) of the operator L corresponds to the integration
by the rectangular formula or trapezoid formula. To estimate the condition number
of the operator L on the set of the piece linear functions we shall use, from the
beginning, the functions ¢ € 5\ n given by n nodes on a unit interval, then the
function ¢ € ® 4, is used for more exact approximation. Then we can write the
next inequalities

Lo, L Lo, L
inf(% w)g (L, Ly)

(I [l
e (o, 0) ey, (o, 0)

Lo, L Lo, L
sup ((% ;P) > sup ((soa ;0).
il Y, Y 1 @, P
e, pc®

These inequalities are a consequence of the embedding ®,, C P4, (a function with
n nodes is a special case of the function with 2n nodes). Evidently, that on a more
wide set the lower boundary is decreased and upper boundary is increased. Finally,
we obtain

cond m L>cond m L. (9.5)

@5, 0@,

In other words, more exact approximation is more unstable one. It is possible to
assert a priori, that the unstable solution is oscillating one. The finite-dimension
approximation can be created with the use of not only mentioned above the sets
of functions (step functions or piece linear functions). The most natural basis of
the problem Ly = s is the basis of eigenfunctions of the operator L (for example,
L=A*A):

Loa = Aata, (Pas ‘Pﬁ) = 0ag-

Then the Rayleigh functional can be represented as

<Z (@ Pa)Par LY (e, wa)w)
Np= BL9) Ao 8
(o, 0)
> (@, Pa)Pa; %(% ©B)ps
gkal(% 0a)l? (o) Pa) gl(%@a)F
L L Y
%:(/\Ot - /\1)|(907(Pa)|2 A
LD 3178 R

where A; is the minimum eigenvalue of the operator L, A(yp) is greater than zero.
If we choose the next set of the function ®1 = {¢ : (p, 1) = 0}, then

<P1é1£1 /\((P) - /\2,
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if o € @ ={p:(p,01) =0 and (p,p2) = 0}, then

inf A(@) = \s.
Jnf (p) = A3

Correspondingly
condyep L > condyeq, L > condgeq, L > ...,

if A7 < A2 < A3z ... Let’s note that the obtained chain of inequalities relatively
to condL can be interpreted by analogy with the case considered above, when the
increasing of the instability it was connected with the set-theoretic embedding of
the function spaces ((9.5): @ D P D Py D ...

The suppression in the solution of the projections onto eigenfunctions connected
with the small eigenvalues of the operator L = A* A, stabilize the solution and it is
a basis of the singular analysis. The analogous methods are used at the numerical
solution of the direct problems, when unbounded operators are appeared. In this
case the formal criterion of the instability is behavior of condL. This condition
number is connected with the maximum eigenvalue appeared on the same set of
the fast oscillating functions. The filtering of the high frequency component can be
implemented, for example, with the use of: the low level approximation with a small
number of nodes; limited set of the basis functions; the “intuitive” regularization.

Let’s try to remove the reviewed above difficulties at the solution of the op-
erator equation Ly = s, arising at the solution of the appropriate extremum
problem. Let us consider the extremum problem. The finite-dimensional vector
@ = {pn,n =1+ N} is considered as a solution of the problem Ly = s, if the
sum of the square deviations >_ (3" Lyn@n — sm)?

m n

is minimum one (least squares
method), i.e.
p= argngn(sz —s,Lp — s).
At the limit, at m,n — oo the scalar product transforms to a square norm in Lo
¢ = arginf |[Ly — s|7, . (9.6)

The solution of this extremum problem can be obtained by the Euler equation
(6/6¢p) J = 0 for the functional

A * *
J(0) = ||Lp = s|* = (¢, L* L) = 2(L"s, ) + (s, 5).
The gradient for the quadratic form (p, Hy) can be written as

4]

—(p, Hp) =2Hp.
559 H) ¢
The gradient (L*s, ) is equal

)

@(L*s,ap) =L*s.
Finally, the Euler equation for J(y) reads as

L*Ly—L*s=0. (9.7)
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We obtain that the function ¢, which is the solution of the extremum problem
(9.6), must be simultaneously a solution of the first-order operator equation (9.7).
If the operator L is compact, for example, integral operator, then the operator L*L
is compact and nonnegative. Greatest low bound of the operator L spectrum is
equal to zero, and it means that the inverse operator (L*L)~! is an unbounded
operator or it does not exist, if 0 is eigenvalue. The application of the least squares
method is possible to consider as a finite-dimension approximation in Lo space (9.6).
The instability under using the least squares method is increased together with the
dimension N under the nesting condition of the finite difference approximations
(9.2).

Let us note, that for physicists the assumption concerning the the continuity
of the mathematical models is quite natural, i.e. small deviations of the system
parameters are correspond to the small deviations of the measured data. For the
case of inverse problem (and even linear inverse problem) we have an opposite
situation. A small deviations in the initial data can lead to the arbitrary large
oscillations of the solution. The conviction in the continuity of the mathematical
models of the physical processes led to the verbiage of concept of the well-posed
problem (Tikhonov and Arsenin, 1977).

9.2 Ill-Posed Problems

According to G. Hadamard, problem Lp = s, ¢ € ®, s € S is called the well-posed
problem, if the conditions are fulfilled

(1) solvability:
VseR(L)Jp: Lp=s;
(2) uniqueness:
dimker(L) = 0;
(3) stability:
[|IL7Y] = ¢ < oo

Problems, which are not satisfied these conditions, are called ill-posed. As we
mentioned already, all interpretating problems are ill-posed, if we do not assume
¢ € RN, where N is enough small: these problems do not satisfy at least to the
condition of stability.

The problem is called the well-posed by Tikhonov, if it is possible to point out
a such set of functions g C @, that function determined on these set satisfies the
conditions 2) and 3). The essence of all regularization methods consists in the
construction of a such set. The logical basis of the selection from the space ® to the
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[
set @ serves a priori information about the solution ¢. As it was shown in Sec. 9.1,
the solution of the problem

5 — arg inf ||Lo —
@ arg;rel(bll ¢ — slL,

is ill-posed, that is connected with the compactness of the operator L*L, i.e. with
the nonexistence or unboundedness of the operator (L*L)~!, while the regulariza-
tion is connected with the solution of the problem

¢=arg inf [|Lo— s,

saeq) co
We consider more general problem of the minimization of one functional with con-
straints, which determine the set o through other functionals AJ;(¢), i =1+ m:

¢ = arg inf J(p),
Lpé(b

© =i £0, & ={p: AJi(p) <0}

We show that the solution of this problem is equivalent to the search of a sta-
tionary point of the Lagrange’s function L(p,A), A € R™, with A > 0. For the
simplification we shall consider that all functionals incoming to the problem are
differentiable. Let’s ¢ is a solution of this problem. The class {0} of admissible
variations is determined by conditions

dAT; () <0,

Jj:AJj (@) =0, j=1+m/, m' <m,

or

)
<5<p, @AJJM,_@) <0. (9.8)
The statement, that ¢ is a solution, is equivalent to the statement: it does not exist
dp from the class of admissible variations, reducing to the reduction of the values

J(p):
Poo: J(@+bp) < J(P)

or does not exist dp such that

§J = <5<p, %Jb_é(g})) <0. (9.9)

The inequality (9.9) remains valid, if we add to it the inequalities (9.8), multiplied
to arbitrary positive constants A;, and formally include analogous expressions for
constraints with the multipliers A\; = 0:

é - 1)
((5907 @JL;D:@ + Z )\7, @AJJ@_@) < 0.

i=1
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The condition of the nonexistence of the variation dp leads to the requirement
iJ| + Z Ais AJ lo_s =0,
o

where H > 0. By the Tikhonov’s regularization, as a regularizing functional it is
used the square of the norm in the Sobolev’s space W3'.

As we saw previously, the extremum problem with constraints are reduced to
the extremum problem with the Lagrange’s function:

L(p,a) = J(p) + aAJ(p),

where « is a Lagrange’s multiplier. The solution of the problem with Lagrange’s
function it is possible to consider as a family c-parametric problem with an indefinite
parameter «, i.e. it is solved a sequence of problems in the following way: it is fixed
an enough great value of ag, at which it is certainly satisfied an initial constraint
and it is found the solution relevant to the unconditional extremum problem in the
space ®. This solution corresponds to the Euler’s equation for Lagrange’s functional
with fixed coefficients \;:

L(p,\) )+ Z NAJi (¢

The stationary point of Lagrange’s functional gives the following conditions:
oL

%bx =0= Z AJ | e (9.10)
i.e. the search of the stationary point (9.10) is a problem that is equivalent to
the problem (9.7), and put together the basis of a nonlinear programming and
problem of an optimal control. We mention, that the stationary point of Lagrange’s
functional must be only a saddle point in the space ® x R’

L($,N) < L(@,N) < L, N).

Therefore the search of the stationary point of the Lagrange’s functional is reduced
to a minimax problem

L(@,N) = min Ja L(p, A)

or
L(p,A) = ma L, ).
(@,A) = e min (¢, A)
Thus we reduced the solution of the operator equation to the solution of the
extremum problem. We remind some methods for the solution of the extremum
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(optimization) problems. We consider as a basis problem the problem of a search
of the extremum point J(yp) without constraints on ¢:

s are inf
= arg inf (¢)

under suggestion that the functional J(y) is bounded below.

The basis methods for the solution of this problem in the case of the differen-
tiable functional are the methods which are used for the calculation of the gradient
8/8¢ J(p). Then it is possible the general structure of computational approaches
to represent in the form of an explicit scheme of an iterative (relaxational) process:

Ont1 = pn — HpJ), H, >0, H,:® — &,

where §/0¢|,—,,J is the gradient of the functional J(y); H, determines different
optimization problem.

The sense of the choice of the direction of the motion p, = H,,J}, in the functional
space P it is possible to illustrate on the simplest scheme of the linearization:

J(oni1) = J(on — Hndy) = J(@n) — (J), Hady,) < J(on),

where the last inequality is written with regard to the condition J] # 0, indicated
that on the n-th step we are not found the point of the local minimum.

The simplest choice H,, = a,I (ay € Ri) corresponds to the steepest descent
method (the motion along antigradient). One of the methods for the determination
«a amounts to:

_ : _ /
Qn = argmin J(pn —aJ’).

The choice of the operator H,, in the form

52 -
leads to the generalized Newton’s scheme, which corresponds to the quadratic ap-

proximation of the minimizing functional J(y) on the functional values and its first
derivatives on the n-th step:

T(9) = Tpn) + (10 = on) + 5~ s /"6 = 0)

The function ¢, minimizing J(y), is found from Euler’s equation
J"(p—n)+J =0,
whence
Gna1 = on — [J5] 71T}

It should be noted that the applicability condition of the Newton’s method is the
existence of the inverse functional [J”]~!, which is provided by the strict convexity
of the functional J(y). In this connection we remind the properties of the convex
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functionals. A functional J(p) is called a convex functional, if for each pair ¢, and
2 of the domain of the definition is realized the inequality

J (1= N1+ Ap2) < (1= N)J(p1) + A (p2),

where A € (0,1) is an argument of the functional in the left hand side of the
inequality, which describes an interval of a straight line ¢1 + A(¢2 — 1), connected
the points 1 and @9, and a value of the functional on the right hand side represents
a linear interpolation of the functional values between the points ¢1 and ¢9. A linear
functional is, for example, a convex functional. It is not difficult to see, that the
norm is a convex functional as well:

(1= N1 + Apa|| < [[(1 = Nl + [ Ap2l]-

We have from the triangle inequality and from the homogeneity condition

(1= A1+ Apa| < (1= Nllea]] + Allpa]]

The strictly convex functional is called a functional satisfying to the inequality:

J((1=Xg1 + Apa) < (1= A)J(p1) + A (p2),

A€ (0,1).
For example, the square of the norm is a strictly convex functional:

11 = N1 + Apa|[* < (1= N)?[len][ + X[zl

+2X(1 = Mlleall llezll < (1= Mlleall* + Allezll?,
and the norm (p, Hyp) = l|¢l|3;, where H > 0, is a strictly convex functional as
well.

The convex functionals have the following differential properties. By definition
of the convexity, for an arbitrary de:

J(p+Xop) < (1 —=XN)J(p) + A (@ + dp)

we obtain

N2 0D =T < jp 4 bg) ~ J(g).

By A tending to zero, the inequality is written in the form
J(p+dp) = J(p) = ('] . 6%) - (9.11)

We show that the second derivative of the strictly convex functional J” is positive
defined. We write an expansion of J(¢ + d¢) in the Taylor’s series

J(p+dp) = J(e) + (J',0p) + %(5% J"60) +0(][l]?)

and taking into account the inequality (9.11), valid for an arbitrary dp, we obtain

1
T +0p) = J(p) = (J'.80) = 5 (6, J"3) + 0(lloel[*) = 0,
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from this it follows J” > 0. For the strictly convex functional, the inequality (9.11)
passes to the strict inequality J” > 0.

For example, we write a scheme for the solution of the extremum problem on
the Newton’s method for the functional

J(0) = [|P(0) — ullf + ol [H (6. — 60)I?, (9-12)
where P(0) is a nonlinear operator; H = H* > 0; B = B* > 0. we write the first
derivative of the functional in the point 6,,:

0

—| J=2[P;B(uy, —u)+ aH(0, — b)],
20 |,

where P, = 55|, P, un = P (), and the second derivative:

an

W‘en J =2[P'BP, + aH)].

We represent a calculation scheme for derivatives:

AJ = J(0, +860) — J(0,) = [P (0, + 50), BP (6, + 60)]

+ af, + 60 — 0o, H(6,, + 60 — 00)] — [P(6n), BP(6,)]
alb, — 0o, H(6,, — 00)] ~ [P(6,,) + Po0, B(P(6) + pdo)]

— [P(6), BP(6n)] + (66, H (0, — 60)) + (66, H50)]

~ 2 (00P Buy — u) + aH(H —0y))

+ 60, (P: BP, + aH)30] £ (50,.J,) + %(59, J!'50).

We write, finally, the iteration algorithm for the solution of the nonlinear extremum
problem (9.12):

0pi1 =0, — [P'BP, + aH| ' [P'B(u, —u) + aH (6, — 60)].

We represent separately the first iteration of the generalized Newton’s method,
when as an initial approximation it is used the value 6y from the equation (9.12):

91 = 00 + [PJBP() + OZH]_l [PJB(U - 73(00))]

We mention, that the input functional J(6) is a strictly convex functional due to
the strict convexity of ||H(6,, — 0p)||?>. The Newton’s method is more preferable in
comparison with the gradient method due to the higher degree of the convergence.

We consider now a set 5\ , that it is possible to represent as quadratic on ¢
constraint. This is connected with the fact that Euler’s equation for these problems
is linear, and the algorithm may be represented formally in the operator: ¢ = Rs.

First of all we mention, that the manifestation of the instability was expressed
in unlimited errors of the solution. Therefore it is naturally to expect that, selected

[
as the set ® the sphere with a finite radius in the space ®, we get the function ¢,
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which does not have certainly large errors. These concepts are an heuristic basis
for the Ivanov—Lavrentiev’s regularization:

= arginf{HLtp— 5||2L2}a
L 2
pe® ={llpll, <C} . (©13)

The Ivanov—Lavrentiev’s regularization method does not make filtering of the high-
frequency components because the constraint ||p||? < C has an integral character
for the function . The filtering of the high-frequency components will take the
place, if a constraint is imposed upon the behavior not only for an amplitude of the
function but for its derivatives. These conditions are determined the Tikhonov’s
reqularization:

~ . 2
¢ = arginf {||Ly — s|l7, },
S 2 2
g e ={(ldllL, +IVell1,) < C},
or in more general form
¢ = arginf {||Ly — 5[, },

¢e$={<%§:engg;Fupﬂjw>sc}, (9.1

r=0

where ¢(z) > 0. The regularization with the differential operator (9.14), represented
in the last constraint is called the regularization of n-th order (zero, first, second, .. .,
n-th). Therefore constraint (||¢||7, + [|V¢||Z,) < C corresponds to the first order
Tikhonov’s regularization (q(z) =1 (¢, (I — 9*/82%)p), and constraint ||¢||7, < C
corresponds to the zero order Tikhonov’s regularization.

The general scheme of the regularization can be represented as a solution of the
following extremum problem:

@ =arginf ||Ly — sH?B,

pe® ={llely 2 (v Ho) < C} . (9.15

Then we reduce the parameter oy = qag, ¢ < 1, and again we solve an unconditional
extremum problem (9.15). This procedure is continued until received solution will
not satisfy to the constraint

Po = arg inf {||Lgo— s||% +a||90||%1}7

o llgally <C. (9.16)

We note, that for any value a > 0 the extremum problem on the unconditional
extremum is a problem of the convex analysis and due to the strict convexity a|¢||%
has an unique solution, which may be obtained by any numerical method, for ex-
ample, the gradient descent method, the Newton’s method with regularization, the
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conjugate gradient method and etc. (Marchuk, 1982). In the regularization method
for ill-posed problems (9.16) « is called a regularization parameter and ||¢||%, stipu-
lated a strict convexity of the minimizing functional is called a stabilizing functional.

An algorithm for the solution of an ill-posed problem is particularly simple one
if the operator in the problem Ly = s is linear and constraints are quadratic on .
The extremum point, in this case, should correspond the Euler’s linear equation,
that for the problem (9.16) reads as

(L*BL + aH)yp = L*Bs,

where the operator equation of the first kind is correctly solvable equation, since
the operator (L*BL + aH)~! is bounded operator: in fact

(¢, (L*BL + aH)p) = (¢, L*BL9) + a(p, Hp) > aXl (p,¢) > 0,

the derivative with respect to an regularization parameter « is nonpositive:

9 >
a ~oz < Oa

because the derivative is a quadratic form with the symmetric nonpositive operator.
It means, that it is possible to write (9/0a) R, < 0 with respect to a sphere of the
radius R, to which a solution ¢, belongs. The extremum problem

J(¢) + aAJ(p) — inf

it is possible to interpret as an extreme problem of such kind
%J(tp) + AJ(p) — inf,
that corresponds to the search of the function ¢:
@ = arginf AJ(yp), (9.17)

whence

[(L*BL + aH)7 Y| < (e, )71 = C < .

min
In practice, the compact radius, which is determined by the restriction (||¢||%, < C),
it is not known and the solution of an ill-posed problem is reduced to the following.
The solution ¢ of the ill-posed problem Ly = s is declared the limit of the sequence
Po by tending of the regularization parameter to zero:

~ a—+0 -~
Po > P

We shall show that the decrease of the regularization parameter corresponds
to the increase of the compact radius, that is equivalent to the removal of the
restriction: in fact,

@213 = (L*Bs, [(L*BL + aH) " H(L*BL+ aH)™'] - L*Bs)
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provided that J(¢) < C, where the decrease of the regularization parameter o
corresponds to the decrease of the square norm of the residual (A):

1115 £ 11Z¢ - sl
By known level of errors at the right hand side of s such approach gives the practical
method for the choice of the regularization parameter (principle of the residual)
(Morozov, 1993)).

We note that the regularization by the solution of operator equations is re-
duced to the change of the compact operator L*BL to the strictly positive operator
(L*BL + «H) with a > ap > 0.

If it is used the Ivanov—Lavrentiev’s method, then H = I and by the interpre-
tation (9.17) ¢ is called a quasisolution (¢ — +0). If the Tikhonov’s method is
used, then we have

" o" a"
H= -1)" —
> (0 g o) gz
that corresponds to the canonical regularization of ill-posed problems by the solution
of the integral equations of the first kind, for example, a convolution equation.

9.3 Statistical Estimation in the Terms of the Functional Analysis

In the development of the regularization of ill-posed problems, the essential place
is presented in the introduction of constraints either for the norm ||¢||%, < C, or
for the squared of the residual ||[Ly — s||% < C. In practice, it is impossible to
determine accurately the boundaries of these inequalities. We attempt to weaken
hard requirements the boundary indication. We shall assume that the squared norm
can take any values, but the mean value of the squared norm is equal C: ||p||%, = C.

To formalize the mean value notion it is necessary to give the each squared norm
value the specific weight such that

plp): (p, F(p))
(pa 1) =1,

p > 0.

C,

In our case it will be F(¢) = ||¢||%. We shall attempt to determine this weight
introducing minimum of the arbitrariness to the construction procedure.
We shall require, that the Shannon’s information functional

H=—(p,np) (9.18)
(see Sec. 1.9) reaches the maximum value or (p,lnp) — min, provided that
(P, F) = C taking into account of the normalization condition (p,1) = = 1. By

using Lagrange multipliers, the extremum problem is written as

p = arginf {(p,Inp) + a(p, F) + B(p, 1)} .
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The corresponding Euler’s equation has the form
Inp+aF + (1 =0,

from which

Za = poe_aFv

where py = e =P = const. Substituting F () into ||¢||%, we obtain the finally form

of the weight function p(y), which corresponds to the minimal arbitrariness in the
choice of this function

Bp) = poe—allwllﬁq = poe~ e He)

where o > 0.

The obtained function p(p) has all properties of the probability density, therefore
we have the possibility to make use of the probability measure properties and to
implement the statistical interpretation of all constructions including the weight
function p, for example, the mathematical expectation and variance:

A
Ey = (¢, p),

A
E[(p — Ep)’] = ((¢ — (#,0))% ).
The operation of the mathematical expectation E is linear in the explicit form:
E(Ap1 + pp2) = AE(p1) + pE(p2),
therefore
ELp = LEyp,

i.e. the operator of the mathematical expectation E computes with linear operators.
We shall introduce a correlation operator (correlator) by Ep = 0:

Koo i Em,0)(€,0)" = (0, Kppb) ¥V &1

It follows from the definition, that the correlation operator, which can be written
as K, = Epp*, is nonnegative:

(1, Kypn) = E(n,9)(n,¢") = El(n,9)|* > 0.
It is possible to write the correlator for the linear transformed functions Ay and
(By)*:
E(Ap)(By)” = AK B,
as far as
E(n, Ap)(&, By)*™ = E(A™), ) (B¢, ¢)*
= (A", Ky B*E) = (n, (AKyy BY) §).
In particular, if the correlator of the function ¢ is equal to K, then the correlator
of the linear transform Ay is equal to AK,,A":

Ey* 2 E(Ap)(Ap)* = AK ,,A.
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The correlation function ke, (x,x"), which is an integral kernel of the correlation
operator K, it is possible to represent as:

koo (z,2") = Ep(z)p* (2'),

since the function ¢(x) in the points x and z’ are determined by projection operators
(projectors) P, and Py:

Pyi(p) = /w(y)é(w—y)dy,
Py (p) = /w(y)é(m’ —y)dy.

Then we write:
E(P; 9)(Py )" = Py Ky Py = kpy(z,2).
We introduce the Hilbert space with the scalar product:

A . A
(©,1) = spEpy™ = spK .

Here the operator E is given by the measure dugy = p(p, ¢¥)dedy; Kyy is called
the cross-correlator of the functions ¢,1). We remember that the correlator K, is
an auto-correlator. We shall check that the form (¢, ) is a scalar product in fact:

(1) (p,¢) =spKyyp > 0;
(2) (p,9) = Bpp*spKoy = [ kpy (2, 2) d =

= [k}, (x,x) dx = spK},, = sp(Ee™)* = (¢, )%
(3) (907 0411/11 + 0421/12) = 041(9071#1) + O[g((p, 1/12)

The orthogonal functions ¢ and 1 are called uncorrelated functions, if (¢,%) = 0.

We note, that it is possible to introduce the Hilbert space determining the scalar
product with the measure du, = p(p)dp. Then the scalar product for the elements
o(z) and p(z’) of the Hilbert space will be given by the correlation function at the
point (z,x’):

(@l plar) = koo (mam/)'
Based on the scalar product properties, it is possible to write the property of the
correlation function: we obtain from Schwarz’s inequality
[(elas plar)] < ||‘P|w||2||90|$’||27

ie.

|k(2,2")|* < 0f (2)03 (2'), o (x) = Elg(x)]*.

Introducing a correlation coefficient r for a real function ¢:
_ kop (z, )
(@), (2)

we obtain the relation for the correlation coefficient: —1 < r < 1. We define

random fields ¢ as homogeneous, if the following condition ko, (x, z') = ko, (x —2')

3
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is satisfied. This condition leads, in particular, to a constancy of the variance:
Oy (z) = const.

As mentioned above, the maximum entropy function p(y) is such that the func-
tion p ~ e~ (¥ H¢) satisfies to the condition (p, Hp) = C.

The function p(p) it is possible to interpret as the Gaussian density function,
which for the ¢ € R™ has the form

n _ 1 _
R R (L =)

We shall remember certain properties of the Gaussian integrals.
1. The Gaussian integral it is possible to represent in the following form:

/exp [— 1(s07171<p)]Ds0
/eXp {——(U@,UHU Ucp} ‘— DU
= Dect] [[exp | - 5070 | Dy
= /exp {— Eza;mpg} I;Id%. (9.19)

Here U is an unitary matrix, its rows are eigenvectors of the matrix H : Hy, =
Aapas Hop = Asp (Patps = dap);
U'U=1, DetU=1, UHU" = A;

A is a diagonal matrix; ¢» = Uep.
We shall remember the single-valued integral (it will be necessary for the integral

(9.19) calculation):
I = /exp [— %Axﬂdx.

oo

We note that

I’ = /exp {— %(x2 —|—y2)] dxdy = /exp (— %’I"2>27T’I"d7“
0
0
o [ [
D) PN TN

From here
1
[ x| - 30110 4o = m2 ety 2,

and the normalization factor A : [ Aexp [—%((p, H<p)] dep =1 is equal
A= (2r)""/?(DetH)/2,
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2. We shall find the relation between the operator H and the correlator of the
function ¢:

Eout — 407" expl=(p. He)/2ldp [ y¢" exp[~(4, £¢)/2] DY
2T Texpl- (. He) /2)de T expl—(, £0)/2d

We write the matrix element K5 of the correlator K:
J a5 exp[=(1/2) 25: Zaptatp][1o da
(2m)~"/2(DetX)—1/2

= —2(27r)’”/2(DetZ)1/282i

Y6
exp | =23 Sagtbatrs| [] de.
Jew| -
a3 «

Taking into account that

g [ expl=tv.5u) 200

)
:ﬂ[(

Ky =

X

21)"2(Detx) /2] = (2m)"/? (— %) (DetX)~3/25 4,

where 2;5 is an algebraic cofactor of the element X5 of the matrix ¥, we obtain

s
Ko = 7 _ [yl
77 |Dety)| =" e,

ie. Koy = HL
The obtained relation makes possible to write the Gaussian density using the

correlator K in the form

P>
expl—(p, K, 9)/2)
 Jewl-(p, Kop )/2dp
The distribution is called a nondegenerate one, if K, > 0.

We calculate the Shannon’s functional for the Gaussian distribution

~np) =~ [ Acol-(e KL /2 (A - S 510 e

p(y) (9.20)

1
= —InA+ §A/(90, K™ p) exp[—(p, K~ p)/2]dp.
The second term, using change 1) = K ~1/2¢, it is possible to represent in the form
A [0 K0 expl—(. K )20

=4 [, 0) expl— () /2A(Detk) 2y
= (DetK)~Y?(DetK)Y?f(n) = f(n).
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Here the function f(n) depends only on the space dimension. Finally, we write:
1
H=—(p,Inp) = glnDetK—&— f(n). (9.21)
If the density function p(p) is given in the form (9.20), then Ep = 0 due to the
p(¢)(p(¢) = p(—p)) evenness. For the density function
1 _
p((p) = Aexp |:_ 5((10 — $o;, Kgp;((p - 900)) ’

using change of the variables ¢ = ¢ — g, we obtain Ep = ¢g.

We remember the probability characteristics of the description of the system of
random functions ¢ and . Let the joint density function ¢ and 1 is p(p, ). The
projection of this density on the space ® is called a marginal probability density :

p(t) = / P, 9)d.

Respectively the projection of p(p, 1) on the space ¢ gives the marginal density

p(g) = / p(o, ).

The normalized cross-sections of the density p(p, ) determine the conditional den-
sity — the probability density ¢ by fixed :

_pleY)
the probability density ¢ by fixed ¢:
_ (e, ¢)

The random fields ¢ and 1 are called independent, if the following conditions
are fulfilled

plely) =ple),  ple) = p().

As an example we consider the model u = Ly + ¢, where € and ¢ are described by
the Gaussian distribution ¢ € N(0, K,), i.e.

o) ~ Aexp | - 5K ).

This distribution is called a priori distribution with respect to the desired field ¢
and € € N(0, K.), i.e.

p(e) ~ Aexp {— %(E,Kelg)].

We assume that ¢ and e are statistically independent: p(p,e) = p(¢)p(e). The
distributions p(¢, e) and p(u) are Gaussian distributions, since

: ¥
w7
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The joint probability density p(¢, ) is determined by the correlator

U U
K =E u*p*
<‘P) H‘PHH el

| K Ky L*"K,L+ K. LK,
| Kpu Koy K, L* K,
It is easy to check, that the inverse operator is
()
2

it is possible to represent in the form

PeTA A K1 —-K7'L
o) ||-L* KK ’
Ksp =K, — K,L*(LK,L* + K.) ' LK.

If the inverse operator K I exists, then the correlator K5, can be represented
in the form

Ksp = (L'K_ 'L+ K_') ™,
using the identity
(A+ BDB*) ' = A" — A 'B(B*A !B+ D HB*A™L.

We write the conditional probability density ¢ at prescribed value of u = Ly +¢,
which is called a posteriori density:

o) =20 oS- a0} o)
where
o= /wp(wlu)dw 2B, =K,L*(LK,L* + K.) " u; (9.23)

E.p— conditional average of (.
We represent the conditional probability density w at prescribed value of ¢:

plale) =202 o { G- i K w0} (9:24)

where 4 = E,u = L.

It is easily to see that the conditional probability density p(u|p) coincides with
the distribution p. independently of the type of the joint distribution for the model
u=Lp-+eie.:

p(ulp) = pe(u — Ly).

We clarify, how it was obtained the expressions (9.22) and (9.24); for that we
write the quadratic form standing at the exponent of the joint distribution p(u, ¢):

u

||U @HK_l = (’LL, Ka_lu) - (ua Ka_lL(p) - (‘)07L*K€_1u) + (Qpa K[S_S(;l(p)
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At prescribed value of u it is possible to extract the total square for the function ¢:
(¢~ Ksp L' K u, K M = Ks LK),
and for the fixed value of ¢ the total square for u is written as
(u— KK L, KN (u— K K2 L)),

It should be noted that the operator Ks, represents a difference of the two
positive operators: K, >0 and K,L*(LK,L* ++K.)"'LK, > 0, and in this case
Ks, > 0.

We consider statistical criteria for searching of the field ¢ estimate for the model
u = Lep+e, using obtained expression for the conditional probability densities p(p|u)
and p(ulp).

1. Let it is known only a distribution of the random component (noise) ¢, i.e.
it is given the density p(e). This distribution can be obtained a priori by means
of the statistical analysis of a measurement error of the experiment. Then it is
reasonable as a solution to take a such function ¢, that the difference u — L¢ is
maximum “similar” to the noise ¢, i.e. the function v — L¢ = € should be such that
the probability p: would be maximal:

@ = argsup p:(u — Ly) = argsup p(u|p) = argsup lnp(u — Ly). (9.25)

Such approach of the estimation is called the mazimum likelihood method (Rao,
1972), in this case the function Inp(u|yp) is called the likelihood function. The
monotone nondecreasing function (logarithm) is chosen in connection with that
many empirical distributions are exponential, in particular this concerns to the
Gaussian distribution, which in accordance with the central limit theorem (Rao,
1972) is the most prevailing approximation of the distributions. The extremum
problem (9.25) solution can be obtained by one of the numerical methods. Here
we extract the Gaussian distribution. Since the likelihood function is a quadratic
functional in this case, and it is possible to write Euler’s equation in the explicit
form

¢ = arginf(u — Lo, K- ' (u — L)),
(L*K-'L)p = L*K u. (9.26)

The analysis of the equation (9.26) shows that the maximum likelihood method is
identical to the method of least squares in the case of the Gaussian distribution and
has the same disadvantage: the solution instability since the operator L* K 1L is
compact operator. In the case of the Laplace distribution, the maximum likelihood
method leads to the extremum problem solution in the norm L;:

@ = a‘rginf Hu - L<)0HL17

that is equivalent to the method of the least modulus:

@ = arginf |u — Lp|.
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2. We can obtain the regularized solution ¢ only in the case if we have a priori
information about the solution. Let along with distribution p(e) it is given a priori
distribution p(y). It seems advisable to choose as a solution that it provides the
validity of two conditions simultaneously: in the first place the function ¢ should
be such that the difference u — L would be as much as possible similar to the
noise ¢ (by analogy with the condition of the maximum likelihood method); in
the second place the function ¢ should correspond as well as possible to a priori
representation of the distribution p(¢). Taking into account the suggestion about
the statistical independence ¢ and €, the validity of these conditions is reduced to
the requirements:

¢ = arg sup p-(u — L)p(p) = arg sup p(ulp)p(p). (9.27)
Accordingly to the Bayes formula
p(p) p(ulp)
p(u)
it is possible to represent the estimate ¢ (9.27) as

plelu) =

3

¢ = arg sup p(plu). (9.28)
The obtained solution (9.28) is called an estimate of the maximum a posteriori
probability.
The Bayes strategy determines the solution ¢ in the following way:

$=Eup= / oplelu)dy, (9.20)

which is identical to the estimate ¢ (9.28) in the case of the symmetric a posteriori
distribution p(p|u).

In the case of the normal distributions p(yp), p(e) it is possible to write the
explicit form of the regularized solution (Turchin et al., 1971; Fedotov, 1990):

@ = arginf [||u - L90||§<€_1 + ||c,0||§<;1 =K, L*(LK,L* + K.) 'u. (9.30)

The analysis of the formula (9.30) shows, that by using a priori information
about the fields ¢, the extremum problem contains the stabilization functional
||<p||§<_1. In this case the correlator can be determined to within a multiplier and
then the extremum problem (9.30) has the form coinciding with the general regu-
larization scheme (9.16):

b = arg inf[JJu — Lell%,_s +ollp — gol ] (9.31)

The solution ¢ (see the formula (9.30)) is called the solution on the statistical requ-
larization method. How it is seen from the equality (9.23), the solution, obtained by
using the Bayes strategy, is interpreted as a conditional mean value. The statistical
approach gives a possibility together with the solution to obtain the distribution of
the solution errors:

Eu((p — @) —9)") = Ksps

Ksp =K, — K,L*(LK,L* + K.)"'LK,.
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We consider a particular case of the correlators K, and K. representation:
K, =021, K. =2l
In this case the solution ¢ (9.31) is found from the extremum problem
5 = arg inf[|[u — Lol + aoll¢l?],

where the coefficient ag = 0?/0? is a regularization parameter, that has in this
case the obvious physical sense: in the first place ag — 0 in the case of af, — 00,
i.e. the convergence of the regularization parameter to zero is connected identically
with the removal of a priori restrictions; in the second place, the same degree of
the stability (regularization) of the extremum problem is obtained by the relation
02 = 0(c2). Taking into account these results it is justified physically a degree
of the convergence of the regularization parameter to zero in the methods of the
functional regularization: if

J(p) = ||Le — ull7, + allell

and if ||Ly — ul|p, = J, then o = O(62).
We turn to the maximum likelihood method again. At the point of the solution
¢, the first derivative of the functional becomes zero:

)

—[In p(u =0,

7 ()]

and a measure of the measurement sensitivity to variations of ¢ serves the second
derivative incoming to the quadratic form:

1 5
—5| 9% 3.7 In p(ulp)|d¢ ).
Conducting an average on all set of the possible values u, we obtain the Fisher’s
information operator (Stratonovich, 1975):

52
F = _E<$ In p(u|<p))

For the Gaussian distribution p and for our problem u = Ly + ¢, we will have
the following expression for the Fisher’s operator:
52
F= EW(L@ —u, K.Y (Lo —u)) = L*K_'L.
We note that the Fisher’s operator determines the correspondence between distances
in the decision space ¢ and in the measurement space:

(6, Fop) = (Lop, K ' Lép) = (du, K" du),
i.e. it characterizes the discriminant metric in the decision space

2 _ 2
llr — @2l = [lur — ual[3 -
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The behavior of the likelihood functional depends on the Fisher’s operator at
the extremum point. If the presentation of the operator F' in the eigenbasis has the
form

F= Z )\awa¢2a

where (1q,1%8) = dag, A = A1 > A2 > ..., then directions in the functional space,
defined v, at big values of «, are such directions along that the likelihood functional
is closed to the stationary, i.e. the functions ¢, and @9 are practically indistinguish-
able:

llo1 — 2|7 ~ 0,
if
ao

S l(e1 — 02,6 = o1 — g2l

a=1

where the coefficient « is the threshold value, at which the ratio Ano/Amax is enough
small.

The proper basis of the Fisher’s operator is called the Korhunen—Loeve basis.
The normal distribution, which is written in this basis, decomposes on the products
of the probability densities (projects on the basis vectors):

pp) ~ exp [— %(%Fso)} = exp {— %;AalwaF]

= l;Iexp [— %)\a|g0a|2} ~ I;IP(@a)7

where ¢, = (Ya, ). Writing the Fisher’s operator decomposition in the form

F=Y Xatats+ > Aatatdl,
a=1

a=ap+1

the probability density p(¢) can be represented approximately as
(74} 1
o) ~ i) ~ TL exp | = ghalionl?]
a=1

i.e. the statistical assembly is described by the ort projection, corresponding to the
big eigenvalues A, (o = 1 =+ ) of the Fisher’s operator, completely enough in the
probability sense

We give additional interpretation of the statistical regularization and measure-
ment integration using the Fisher’s operator.

Let along with the model of indirect measurement of the field

u=Lyp+e, e € N(0,K.),
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is given a priori information ¢ € N(pg, K,); this information can be presented
formally in the form of the direct measurement of the field ¢:
wo=Ip+mn, n e N(0,K,).
We note that in the general case the direct measurement model is written as
u; = Pyp+¢;, where P; is a projector, which cuts out ¢ values at the isolated points
of the parametric space, for example, at the isolated space-time points.
As we demonstrated above, the indirect measurement u = Ly + € generates the
normal distribution in the ¢ space
1 .
(lle — ¢l

Pr(p) ~ exp {— B i*K;lL):|’
o= (L*K-'L)"'L*u,

and the direct (a priori) measurement are described by the normal distribution
density

1
Pite) ~exp | = 3llo i |

The information, obtained from the indirect and direct measurement, is considered
as independent, therefore the joint estimate ¢ is determined by the product of the
probability densities. Then

@ = arg inf (|| — @|[%, + 1o — @ollE,); (9.32)
here the Fisher’s operators F; and F5y determine the amount of information, ob-
tained accordingly in the indirect measurement (Fy = = L* K 'L) and the amount

of a priori information (“direct” measurement): F, = K_'. Euler equation for the
extremum problem (9.32) has the form

(F1 + F2)¢ = F1$ + Faypo,
¢ = (F1 + F)" (Fig + Fapo)
=(L*K'L+ KN N (LK u+ K o)
= o+ K L*(LK,L* + K.) ™' (u — L),
or
¢ — o =K,L"(LK,L" + Ks)_l(u — Leo),
i.e. we obtain the estimate of the standard statistical regularization for the model
L(p — o) + & =u— Lgo.
Let us consider the general scheme of the integration of the M measurements
(indirect and direct) with using a priori information

Lip+er = uy,
Loy +e2 = uo,

Lo +en = un,

Lpys19 +epm41 = up1 = o,
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where for the indirect measurement the L; is an integral operator, for the direct
measurement the L; = P; is an projector, such that P = P*,P = P2 If ¢ €
N(0,K,),i=1-+ M + 1, then the optimal estimate of the field ¢, has the form

M+1
@:F1< Z Fﬂh)
i=1
Here the operator F !, is an inverse one in relation to the Fisher operator
M+1 M
F=)Y F=> (L;K;'L)+IK'I
i=1 i=1

It determines the error correlator of the solution ¢:
E(§pdp*) = F~1.

Thus, the integration procedure should include a priori information or direct
measurement as far as only in this case it is possible to get the stable solution. It
should be noted that the direct measurement is able to substitute a priori informa-
tion if they envelop the measurement of the whole field ¢, but not the measurement
at isolated points.

The considered statistical interpretation of the measurement integration permits
to write the problem of the recovery of the non-stationary field ;, described of the
system state. In this case the role of a priori information can fulfill the equation,
described the dynamic of the field ;:

Dipr +1¢ = g, N € N(OaKn)a

Ky =025t —t)

(g is a source function) provided that the boundedness of the inverse dynamic
operator Dy.

We note that in the particular case, if the dynamic operator has the form D; =
(0/0t+ A(t)), were A(t) is a positive operator, we obtain the dynamic model which
is used in the dynamic Kalman-Bucy filtering (Albert, 1972).

Replacing the integration of the indirect and direct measurement by the operator
L, we write the system which determines the solution ¢ taking into account a priori
information (dynamic model):

LSDt +e= u,
Dipy +1¢ = g.

The formal solution can be represented using the Fisher operator and writing the
Euler equation:

(L*K-'L+ Dy K, "Dy)¢y = (L* K- 'w+ Dy K (g + ¢f),

@7 © Dyl =0, ¥Ple=0 = 0.
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The correlation operator of the solution errors is the inverse operator in relation
to the Fisher operator F' = Fj:

F,=(L’K.'L+ D{K,'Dy) >0
due to the positiveness of the operator D K~ ID;.
We analyze the solution, obtained by using the mathematical statistics princi-
ples.

Let the solution of the linear problem w = Ly + € is obtained by the linear
procedure R:

¢ =Ru=RLy+ Re.
Then the error of the obtained solution is described by the solution
5<pé¢—<p= (RL—I)¢ + Re.

The error ¢ does not depend on the true value ¢, if RL = I. We obtain this
operator R by using the method of least squares, if the inverse operator exists
(L*K-'L)~'. In fact:

R=(L"K 'Ly 'L*K 1,
RL = (L*K- 'Ly Y L*K 'L) = I.
The quantity of the conditional mean value of the error d¢ is called bias (b):
b2 E 50 = (RL— I)p.
The characteristic of the solution accuracy is the error correlation:
Ky, 2 E[5pde].
The solution ¢ such that
¢ = arg inf spKs,,

is called an effective solution.

First of all, we note that the solution of ill-posed problems by the method of
least squares (if operator (L* K 1L)~! exists) is unbiased, but certainly ineffective:
mean error are infinite. In fact,

E[dpdp"] = E[(Re)(Re)*] = RE[ee*|R" = RK.R*
= ('K 'Ly 'K 'K K PL(L*K-PD) !
= (L*K;'L), spKs, = o,
by virtue unboundedness of the Fisher inverse operator in ill-posed problems.
We construct an operator R, which gives an effective solution. Such operator
has the minimum errors on the average by all possible realization of errors € with

the correlator K. and with the functions with correlator K,. We write the error
correlator for an arbitrary “decision” operator R:

Ks, = Ebb* + Enn*,
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n = Re,

Ks, = (RL — I)K,(RL — I)* + RK.R".

The condition of the algorithm R optimum, which gives the solution with the
minimum error variance at any space point, will be following:

R = arg inf spK,. (9.33)

We introduce the Hilbert space for operators with a bounded trace (the Hilbert—
Schmidt space of operators). In this case the scalar product is determined as

(A,B)y = (A,HB) = sp(A*HB),

where H > 0. Then the problem (9.33) is reduced to the minimization of the
quadratic form

R = arginf[[|(RL — I)*||%, +[|R"|I%.]
= arginf[(L*R* — I, K,(L*"R* — I)) + (R*, K.R")],

therefore the Euler equation has the form

(LK,L*+ K.)R* = LK,,.
The optimal decision operator R is described by the expression

R=K,L*(LK,L* + K.)~* (9.34)
and gives the following correlator of the solution errors
Ksp =K, — K,L*(LK,L* + K.) " 'LK,.

In this case the error variance at the point z is minimal in comparison with the
solution errors variance, obtained with the help of the linear operator which is
distinct from R.

We note that the optimal decision operator for R (see expression (9.34)) is
the operator of the linear regression (Albert, 1972), which is written in the form
R=K ouly 1. The accuracy of the field ¢ recovery is determined by the correlator

Ksp =Ky — Koo K P K.

The deviation of the decision rule (AR) from the optimal one R leads to increasing
of the correlator of the solution errors on the positive operator

AKs, = AR(LK,L* + K.)AR.

For the solution of the particular problems it is necessary to introduce the quan-
titative information measure, as far as only in this case it is possible to carry out the
quantitative comparison of the different experiments, set up a mathematical prob-
lem for the design of experiment and to give the sense to the statement about the
sufficiency or insufficiency of data for the solution of the inverse problem Ly+e = w.
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The Shannon functional (9.18), being the measure of the uncertainty, is ex-
pressed by means of the probability density p:

Hy, = —(p(p), In p(p)).

Starting from the representation of the joint probability density:

p(p, u) = p(e)p(ulp) = p(u)p(plu),

it is possible to write the additive property by the following way:
H,, =H¢+HUW ZHu-l-HMu, (9.35)

where H, |, and H,, are conditional entropies. As information measure about the
field ¢, contained in data w, is used the difference a priori (H%") and a posteriori
(H9°5t) entropies (analogously, AS is the difference of the Boltzmann’s entropies
by transfer of the system from one statement to other):

Igou é Hepr _ Hapost — H@ —-H

elus

or if it is used the additivity property (9.35),

Ipw = Hy + Hy — Hyp = Hy, — Hy.

We show that the information I,, is always nonnegative, i.e. H, > Hj,. We
prove an auxiliary inequality

- [ %d@ <0, (9.36)

where ¢(¢) : [q(p)dp = 1. Using Jensen’s (Rao, 1972) inequality Ef(¢) < f(Ey),
which is valid for any convex functions f, it is possible to write:

P) i 49 - @)
_/p((p) = q(@)dw =Bl p(p) =1 Ep(@)

i @@
=1 /p(go)p((p)dgo Inl1=0.

Replacing p(¢) on p(p|u) and ¢(¢) on p(p) in the inequality (9.36), we obtain

p(elu)
- / pletn)n ZE L ag <o,

- /p(wIU) In p(plu)dp < — /p(wIU) In p(p)dep.

Averaging the inequality with respect to u, we write:

— / / p(o,u) In p(olu)dedu < — / p(e) In p(p)de,

that proves our statement: H, > H,),.
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We note, that the inequality (9.36) was a basis for the introduction of the Kull-
back discriminant measure (Kullback, 1978) in the space of distributions:

p(p1,p2) = /(pl —po)In Py = /pl n Py — /m I PLap >0,
D2 D2 D2

where p(p1,p2) = 0 only by p1 = po.

We remind that a priori an a posteriori distribution densities do not connect
with the method of the inverse problem solution and in this sense the amount of
information is an objective measure of the decreasing of the system uncertainty as
a result of the experiment.

We shall find an explicit form of the information about the field ¢, containing
in data u = Ly + ¢ for ¢ € N(0,K,) and ¢ € N(0, K.), using the relation (9.21)
(the Shannon’s entropy for normal distributed function):

Igau — Hapr _ Hapost — HS(; - H

olu

1 1
= —(po,In py) + [Pyju, In p(p|u)] = 5 InDet K, — 3 In Det K

elus
where K, is a priori correlator;

Kou=Ksp =K, — K,L*(LK,L* + K.) "' LK,
is a posteriori correlator.

We note, the sense of the amount of information is determined by the difference
of the Hartley’s measures of information, if we interpret the determinant of the
correlator as a number of independent statements in the functional space, which is
proportional to the value of the volume V = [[], )\a]l/ 2. Using the equality

DetK,(DetKs,) ™' = DetK K; ),

it is possible to represent the amount of information as
1
I,y = 3 InDet(I + K F),

where F' is the Fisher information operator. In the proper basis of the operator
K F (Kozlov information operator (Ermakov and Zhigljavsky, 1987; Turchin et al.,
1971)) the amount of information can be presented by the following way

1 1
Tow = 5 JJ(14 Xa) = 5spIn (1 + K, F),

We clarify the physical meaning of eigenvalues of the Kozlov information oper-
ator K, F'po = Aa@a. In this connection we consider the Rayleigh’s functional
(u, LK ,L*u)
(u,w)
that has the sense of the variance of the useful signal s = L, where stationary
functional values Ji (u), connected with the eigenfunctions of the correlator, LK, L*,
coincide with the correlator eigenvalues:

Jl (u) =

3

Jo(u) = 7(11(;‘[{;;”
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which have the sense of the noise component n variance of the model u = s + n.
The ratio J = J;/J2 has the physical meaning of the signal /noise ratio:
J1 S
J = A = o

This clear physical meaning is observed in the case, if the stationary values of the
functional J are reached on the functions, which are simultaneously eigenfunctions
both for the operator LK ,L* and for K. (conforming basis).

The functional J can be written in the form
(u, LK ,L*u)

T K

or introducing the change of variables u = K ~'/24i. The extremal properties of the
functional can be analyzed on the set of functions u:
(a, K- "’LK,L*K. @)

/= (@)

The stationary points are determined by equations on eigenvalues:
KYV2LK, L K- Y200 = Aafiia,
which are identical to the equation
KoFoa = Xafa;

where ¢, and @, are connected by the relation @, = K~ /2L,

Thus the eigenvalues of the operator K, F have the sense of the ratio signal/noise
for different components of the solution in the canonical basis, and the Shannon’s
information to make it clear, what components of the solution ¢ = )" _ ¥a(@a,®)
are supplied by information:

1
Lopw = 5Zm(l + Ao

9.4 Elements of the Mathematical Design of Experiment

Introduced in Sec. 9.3 information measures are a natural basis for the problem
setting of the mathematical design of the experiment. The possibility of the math-
ematical design is connected with the choice of conditions () from some set ¥. For
example, the choice of the measurement channel, choice of the time and frequency
intervals for measurements, the choice of spread of receivers in the remote sounding
problems. The general mathematical problem definition of the design of experiment
(searching of o) is reduced to:
& = arg inf ®(0) = arg sup & (o).
oED cED

It is advisable to choice the functional ® as convex, where it should be bounded
below (above).
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The statement of the problem, connected with the solution of the inverse problem
Ly + € = u, is called a regression model, if the function ¢ is represented a priori in
the finite-dimensional basis. In this case it is looked for the best unbiased estimate,
which, as shown above, can be found by the method of least squares. The standard
representation of the regression equation

Ui = Z wafa(zi) + €ij,
«

(by the lack of a priori information about ¢) where > wofy(2;) is the regression
function. From the expression :
L) =L tala:9) =Y (Yo 9)Lta

follows the correspondence ¢, = (¥4, ) and £, (z;) = Lo (2;)a ({@a} are unknown
parameters; x; are controlled variables, for example, coordinates of the registration
it =1-+n, index j changes from 1 until r;, > r; = N). The standardized design of
experiment o(N) is called a totality of values:

{ T, T2 ... Ty }

o= ,

P1 P2 .- Pn

where > p; = 1, p; = r;/N. In this case as a functional argument is used the
Fisher’s information matrix:

F(o) = ZpifT(xi)Kf(%)f(xi),

£ (i) = || (@), fal@s) - falmi) -],

fa(wi) = L(zi)Ya-

The continuous design of experiment is called the function p(x), such that

As optimum criteria it are used the following (Penenko, 1981; Ermakov and Zhigl-
javsky, 1987; Fedorov, 1972):

(1) ¢ = arg inf DetF~!(o) = arg sup DetF (o),
where F' is the Fisher’s operator, depending on the design as on a parametric
function, and then the optimal design & is called D-optimal. At that, it is
minimized the volume of the concentration ellipsoid of the estimate obtained
by the least squares method. The problem can be empty even in the case of
the finite basis for the completely continuous L-operator.
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(2) & = arg inf Apax(F(0)) = arg sup Apin(F(0))
(Amins Amax are the minimum and maximum eigenvalues of the Fisher’s operator
F(0)). This criterion leads to the E-optimal design of experiment, in this case
it is minimized the error of the least informative linear combination of the
parameters :

F(p = /\min(P'

(3) & = arg infyex sup,e x (£7(2), F~1 (0)f(2)).
This expression is a criterion, which minimizes the maximum value of the vari-
ance of the regression function estimate. The corresponding design is called
G-optimal.
(4) ¢ = arg inf, [T (z)F~(0o)f(x)dx.
X

This criterion minimizes the average on X of the variance value of the regression
function estimate.

(5) & = arg inf AF (o).
This criterion minimizes the risk value which is given by the matrix A by the
generalized squared loss:

E(p— ¢, Ale — 9)).
This criterion is called L-optimal.

The design of experiment problems have the evident practical significance. At
that it is involved to the optimum criteria: outlay, resources, qualitative parameters,
ete.

In each particular case, the problem of the criterion construction may be very
complicated. The averaging measures can possess an essential uncertainty. As a
rule, it is impossible to construct an unique criterion. The design of experiment
should satisfy to the totality of the criteria, i.e. the problem of the design of
experiment becomes multicriterion. By introducing a vector criterion {®, (o)} the
plans can be partially ordered. One says that o1 dominates over o9 in respect with
the set {®,(0)}, if {®y(01)} < {Pu(02)} for all values «, in this case at least for
one of all the strong inequality is fulfilled. Any plan is called Pareto optimal, if it
belongs to Pareto set (with criterion ®,), and the elements of this set ¥y C X do
not have the dominating conditions ¢ in the set 3.

The specific character of the problem statement of the design of experiment,
which is connected with the inverse problems of the mathematical physics, is the
obligatory inclusion of a priori information, in particular, the use of conforming
basis for the solution regularization.
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Chapter 10

Construction and interpretation of
tomographic functionals

The recovery of the coefficients, that are functions of space coordinates and describe
local properties of a medium from known characteristics of the sounding signal field,
makes up the subject matter of inverse problems in the mathematical physics (Bel-
ishev, 1990; Blagoveshchenskii, 2005, 1978, 1966; Romanov, 1974, 1987; Faddeev,
1976; Newton, 1981). In setting up corresponding inverse problems, it is usual to
use the fields that are deterministically defined on the space-time continuum as
initial data. A real experiment can be reduced to the traditional mathematical
setting, provided that the record is considered as continuous in time and the so-
called “reduction to an ideal device”, which is widely known the ill-posed problem
(Pytev, 1990; Tikhonov and Arsenin, 1977), is first performed and then followed
by the space-time interpolation. Although such a procedure causes a loss of the
information, it is still applied in certain cases (Yanovskaya and Porokhova, 2004).

To formulate a mathematical model and to set up an inverse problem that is ade-
quate to a real physical experiment (to remote sensing, in particular), it is necessary
to take into account basic factors determining the model construction. The recovery
of fields of the required parameters of a medium from values of a set of functionals
of measurements is a natural mathematical model of interpreting physical experi-
ment. In interpretation problems, the conjugate space of linear functionals arises
that provided a mathematical model of linear devices recording the sounding signal.
As it will be shown in what follows, the conjugate space enables us to interpret the
structure of functionals that directly act on the fields of the parameters of interest
in clear physical terms. These functionals are called tomographic functionals.

10.1 Construction of the Model of Measurements

The first step in solving of the inverse problem of remote sensing is the construction
of the model of the relationship between measurement data and unknown param-
eters of the medium. As a rule, the digital records provided by spatially located
receivers are used as initial data. The unknown parameters determining the prop-
erties of the medium are the elements (6(z)) of functional spaces (0): 6(z) € ©; for

293
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instance, the fields of magnetic and gravitational anomalies, the fields of conduc-
tivity (o(x)), the fields of elastic Lame parameters (A(z) andu(z)), of the density
(p(x)), etc. The measurement space is the space of functionals {h,} over the fields
of sounding signals (¢ € ®); the model of measurements

Ut Up = Hp(p) = <hn |90>7

where n = 1+ N is a number of digital samples of the receiving system and {h,} €
d*.

A tomographic experiment is determined by a mapping © (R?) — RY of the
functional space into the measurement space. Here, experimental data include some
noise € and functionals of the known parameter fields, i.e.,

Un, = Pr (0) + €n. (10.1)
Let the propagation process be described by a linear operator Ly so that
Loy =s, (10.2)
where ¢ is the field of the sounding signal; s is the source field, and

Lo : Lo (ap + B1p) = aLg p + BLg .

The operator Ly determines the properties of the medium 6. Mathematically, the
problem of interpretation of a tomographic experiment reduces to the recovery of
the operator Ly from the measurement data. To find the solution, it is necessary
to reconstruct the functionals P,, € ©*, from the relations H,,(¢(0)) = P, () and
the propagation law (10.2).

Assume that the field ¢ is generated by a group of sources and it is recorded by
a receiver with a directional pattern 2 and a fixed orientation of its principal lobe
e. Assuming the size of the receiver to be small as compared with the typical sizes
of the problem (the wavelength of the sounding signal and the characteristic scale of
the inhomogeneity), we consider the receiver as localized at a point. For example,
the complete set of experimental data in the seismic case will be obtained if we take
into account that the experiment involves J group of sources,3x K (K is the number
of receiver points) traces from each group, and L processed samples of digital records
of the seismogram. This yields N = 3 K J L samples. It should be noted that it is
not the field ¢ that is directly recorded, but the result of its transformation by the
apparatus function H of the recording channel, which involves time and amplitude
quantization. The most general model of the transformation of the sounding signal
by the recording channel is given by the linear convolution operator. We introduce
a through numbering of samples (n = 1+ N). Then individual sample of the digital
record can be represented in the form

unanLe_ls—Fen,

H: Hy,p= /// dxdrdQh,, (en,e;t, — 7,2, — x)p(x,€,7), (10.3)
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e:e€eR?,

Here, all the unknown properties of the medium are included into the operator
Ly ! and the experimental data are given by the result of the convolution of the
field ¢ with the apparatus function h. The experimental value coincides with the
projection of the field ¢(z,t) onto the direction n only in the idealized problem
formulation (where h,,(t, —t) = 6(t — t,,), which corresponds to an infinite spectral
band of the receiver, never occurring in practice, and where the directional pattern
satisfies the condition h(e,,e) = h(el  e)), and only if the random error ¢ is
absent. As a realistic model of the determinate part of a particular measurement
one may take the functional h,, = h, (¢), which can be considered as continuous, for
physical reasons, and as linear, for technical specifications. Due to nonlinearity of
the functional P, (6) from (10.1) (even if an explicit expression for its action on the
field 4 is available and if €, — 0), the solution is necessarily of the interpretational
form. As a rule, a linearization of the functional P, is the basic component of an
each iteration step. Let the medium be described by the field ©g = O (x). Then
the measurement model (10.1) takes the form

)

+ 50 |®0
where £, includes both the random noise ¢,,, and the noise caused by the lineariza-
tion and related to the determinate part of the model.

For the field ©¢ the propagation equation Ly = s is satisfied. We assume that
the unknown field 6 is close to the field O, i.e. 8 = Og + 66, §0 <K Oy. Sometimes
the solution ¢g can be obtained in the analytic form by using an approximate
method, for instance, by the ray method. The solution for the medium with the
parameter field € is given by the equality

o =po+ Ly 6Loep (10.4)

(0Lg = Lo — Ly is the perturbation operator). The equality (10.4) is a consequence
of the operator identity

Lyt =Ly + Lyt (Lo — Lo )L, "

for the representation ¢ = L, Ls.

We note that the above expression (10.4) can be obtained provided that the
field ¢ satisfies the homogeneous equation L@y = 0. Writing the operator as
L = Ly — 6Ly and the solution ¢ as ¢ = ¢ + dp, we obtain the equation

Lodp =0Lgyp,

i.e., the correction of the perturbed field is described by the same equation as the
field ¢p in the reference medium, but now with the source s = dLyp including,
along with the field ¢q, also the correction d¢p.

Taking into account (10.4), the general model (10.3) can be written in the form

un = Hy [po+ Ly ' 6Lo ] + e (10.5)
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Here the medium properties are reflected both in Ly and in the factor ¢. Due to
dependence of ¢ upon 66, the determinate part of the measurement model proves
to be nonlinear with respect to §6. If 46 is small enough, i.e., if the condition

|1 Hn Ly ' 6Lo (¢ — 90)II*
E(eh)

<1 (10.6)

is satisfied (E is the expectation operator), then in (10.5) ¢ can be replaced by ¢q.
Physically, it is the validity of the inequality (10.6) that determines the adequacy of
the model wu; (¢) to the real measurement condition, i.e., the model error resulting
from replacing ¢ by ¢q in (10.5) is much smaller than the measurement error.

We analyze the norm of the linearization error by using the inequality

|IHLg" 6Lo (¢ — @o)l| < ||HLg 6L |||l — ol -

The norm of the difference between the fields ¢ and ¢g is bounded by physical
considerations (since physical fields do not possess infinite energy), i.e., || —@o || <
¢ < 0o. The operator HL 1§ Ly is compact, since so is the operator H (the integral
convolution operator), that determines the space-time quantization. As §6 — 0,
we have ||[HLy'6Lg|| — 0, and condition (10.6) is trivially satisfied. Taking into
account (10.6), we rewrite model (10.5) in the modified form

Uy, = Hy, [po + Ly 0Lo o] + én - (10.7)

The errors, including the linearization errors, are suppressed by the action of the
operator H,. Introducing the bilinear form

<§|77>V7T7Q :// &(e,x,t) * n(e, x,t) do dSQ,
Qv

we rewrite (10.7) as follows:

Un = <hn|900 >V,T,Q + <hn |L51 0Lg <‘00>V7T7Q +En,

(* is the time convolution sign, V' is the sounded domain, 7" is the time interval of
measurements).
Reducing the experimental data by the known value

then yields

Gin = (hn|Ly " 6Lg @0 ) +én, (10.8)

v, r,Q

where @, = u, —u.
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10.2 Tomographic Functional

From the perturbation operator dLg we single out the monotone function v (66)
with respect to wish the perturbation operator is linear. Taking into account that
in many tomographic problems the operator §Lg is near-local (for example, it is a
differential operator), we rewrite (10.8) in the form

n = ((Lg" )" hal0Lo @0 )y g +En

. |9 -
= (G} hn 5—V§L9 Gos)rq [v(60)),, + &n, (10.9)
I Su )
where GO = LO 1; 5—1/(5.[/9 : 5—1/ = <GO hn 5—V(SL9 SOO>T,Q'

The integral kernel of the functional with respect to v(06) will be called the
tomographic functional:

v

bn = <300ut |SV |S0in >T,Q ) (10.10)

where i, = ¢ is the incoming field pg: Lo po = s, in the known reference medium

O0; Yout : L Pout = hy, is the reverted outgoing field “generated” by the receiver;

S” = (§/6v)d Ly is the operator of the interaction of the fields @i, and @out.
Taking into account (10.10), we represent the model (10.9) in the form

u= Pv+¢,
=ty ..U, an| | E=|EL . By N
(p11| - (piml - (P1m] 1)

P = {pnal - puml - pnrtl || v = || [Vm)
(onil - (pNml -+ (PN lvar)

The tomographic functional determines the influence of all elements of the spatial
region upon the n-th sampling of experimental data. It should be noted that in
traditional ray tomography the tomographic functional is singular and is localized
along the ray connecting the source and the receiver, and its weight to along this ray
is constant. In the diffraction tomography, however, even if the ray description is
applicable to the fields i, and @oyt, every element of the volume of the region under
investigation is linked to the receiver and the source by two ray trajectories. Here,
to every element of the spatial region its own weight, determined by the interaction
of the fields @in, @out) is attributed. It should be noted that mathematical methods
of the computer tomography are based on methods for solving problems of the
integral geometry, in which data (projections) are given by integrals of parametric
functions on manifolds of lower dimensions (rays, two-dimensional surfaces). By
contrast, in diffraction tomography, the supports of tomographic functionals belong
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to R?. We note that the main content of a tomographic experiment is relating to
the overlapping of supports of tomographic functionals, i.e., the information on one
and the same element of the volume is contained in the whole set of measurements.
The measurements are related to the changes in the localization of the group of
sources (¢in in (10.10)), to the location and orientation of the receiver, and to the
sampling (@oyt in (10.10)) of the dynamic fields.

A priori data can be represented either in probabilistic or in determinate form,
for instance, the type of the spatial symmetry can be specified. The determinate
form of the representation of a priori information makes it possible to reduce the
tomographic functional to that in a space of lower dimension. Whenever the medium
is a priori assumed to be stratified homogeneous, the support of the tomographic
functional is one dimensional, whereas the corresponding tomographic functional is
the Radon projection of the generalized tomographic functional onto the vertical
direction. In the case of the spherical symmetry, the parameter of the kernel of the
tomographic functional is the radial coordinate.

10.3 Examples of Construction and Interpretation of Tomographic
Functionals

Now we consider some examples of the constructing and interpreting of tomographic
functionals.

10.3.1 Scalar wave equation

The operators Ly and Ly are of the following form:

N
Lo=-A+c¢ (m)@,

Ly, 0?7
L9 =-A +c (ﬂf)w

3 L c
Op=co(z), O=clx), z€R’, v=v@E)==(1-=],
0? 0
S = p= <300ut SDin>
T

otz ot
G* G (x, 25t —t) =G, 2;—(t = 1))

2

In this case the conjugate Green’s operator

determines wave propagation from the receiver in the reverse time. The support
of the tomographic functional in a homogeneous reference medium is concentrated
in a paraboloidal layer if the incoming wave is plane, and in an ellipsoidal layer
if the incoming wave is spherical (assuming a point-type receiver). The section
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of the support of the tomographic functional passing through the symmetry axis
is shown in Fig. 10.1(a). Here the paraboloidal layer is formed by kinematically
equivalent points (co=const). Fig. 10.1(b) sketches the configuration of the support
of the tomographic functional under the assumptions that the source (s) is a point
one and the receiver (r) has the apparatus function h(t) = 4(t). The space-time
representations of the field i, and @out, are shown in Fig. 10.1(b), and the support
of the tomographic functional is indicated in Fig. 10.1(c).

(a) (b) At 0,= const

; v
-

supp P

Fig. 10.1 Space-time representation of the fields and the support of the tomographic functional.

10.3.2 The Lame equation in an isotropic infinite medium
The operators of the wave field propagation in the reference (Lg) and perturbed
(Lg) media are written as follows
%y
Loy = po gz = [(Ao+1o)VV -9+ o Ap + VAV -
+ Vo xV x @ +2(Vuo - V)],

Letp=p8827f —[(A+p)VV o+ puAp+ VAV -
+ Ve xVxe+2(Vu-V)pl. (10.11)
Here
Ao (x)) A(z))
B0 = |po (), 0 = |u(x)),
|po ()) |p(x))

v(66) = 46, Ax) = Ao (x) + dN(2),
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(@) = po (z) + op(z),

p(x) = po(x) + dp(x) .

In this case, the structure of the operator P can be described by the relation

(0| = I (PP 1)
The perturbation operator 6L = Ly — Lg from (10.4) is given by the sum

0L =0L\+ 6L, +dL,,
where

0Ly : 0Lxp = 0AVV - o + VIAV - p = V(AV - ), (10.12)
0L, : 0L =0uVV -+ ulAp+ViuxV x

+2(Vou-V)p =20ulp + 0u x V x Vo
+ VouxVxep+2(Vou-V)p,

82
0L, : 0Ly = —(5/)@ ©. (10.13)

In the coordinate form with the unit vector e;, the expression (Vou - V)p can
be represented as the sum

> (Vou-Vo,)e;.

K2

Using the identity
V- (nV§) =nAg +Vn - V¢,
we transform the expression
20up +2(Vop - V)
to the form

In view of the identity
Vx (&) =VEXE+EV X £
we obtain
ouV xVx o+ VouxVxp=VxouV x .
Finally, the action of the operator §L,, is represented in the form

0L, =V x (6uV x @)+ 2V - (6uVe).
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We recall that the values of the tomographic functionals (10.10) allow for the
representation

<p0|59>v = /(pout ® 6Ly Pin dx.
14

For the variations of the arbitrary parameter field §6 the symbol ® denotes the
convolution over time and summation over all the indices of spatial coordinates
of vector and tensor expressions involved. The symbol * is reserved for ordinary
convolution over time. For example,

A
Vik © Cim = Vik * 051 Okm Pim -

The determinate part @, = @, — &, of the model (10.9) can be represented as the
sum

71n - /@out ® 6L}\ Pin dx + /(Pout ® 6L,u(pin dﬂ]‘ + / Pout ® 5Lp(pin dx (1014)
14 14 \4

Taking into account expression (10.12) for 6Ly, we single out the divergent part of
the first integrand from (10.14)
Pout ® 6L}\ ®in = Pout ® v(d/\v * Pin )
EV (QO out ®5Av<¢0m) _5)\VSD out ®V(Pm

and apply the Gauss—Ostrogradskii theorem, which yields

/V (Pout ® OAV - @iy, )dx = /ds - (Pout ® OAV - iy ).
v av

Then we choose a large enough integration volume, which enables us to set d\|gy =
0. Then the integral over the surface vanishes, and the first term in (10.14) can be
rewritten as follows

/Soout ® 5L)\ Pin dr = /5)\V * Pout ® V.- Pin dz
1% 1%

- / P (@)6A(@)dz = {(Pous |S* [in )7 [00) v
1%

S* 0 p* = {pout 1S [@in ) = —V - Yout @V + Pin, (10.15)

i.e., the action of the operator S*, describing the interaction of the fields ¢y, and
Pout, is reduced to the symmetric transformation of the fields i, and @oyt to the
fields of their divergences V - i, and V - ¢ous. To determine the action of the
operator S*, we take into account the identity

V(&) =VE-£+EV -,
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and expression (10.13) for §L,,. In this way we obtain the relation

/‘Pout ® V. (5,Uv§01n )dﬂ]‘
\%

= /V (Pout ® 0uVpiy)dx — /Vg@out ® ouVin)de . (10.16)
v v

In view of the condition dulgy = 0, the application of the Gauss—Ostrogradskii
theorem yields that the first integral on the right hand side of the equation (10.16)
vanishes while the second integral involves §u as a factor.

Similarly, the interaction of oyt with the second term in (10.16) yields

/(pout ®V x (0uV X @iy ) dx
v

V- /dt’ Cout(t — ') X uV x i (t)dx
T

+ (5,uV X Pout ® V x cpin)dx . (1017)

/
/

Here, the first integral on the right-hand side has the divergent form and vanishes
because du|sy = 0. Finally, by using equations (10.16) and (10.17), we obtain

/‘Pout ® 6Ly Pin dﬂ?
14

sl

dx [v X Pout & V x $Pin — 2v@out ® v(Pin ]5/14

dxp" (x)op(r) = <<‘Pout |SH |©in >T |5N>V )

ie.,
S pM = <900ut |SH |‘Pin> =V X Pout @ V X Pin — 2v300ut ®V<Pin . (1018)

In view (10.13), the action of the operator S” is determined by the expression

2
/‘pout & 5Lp Pin dz = _/Soout ® % Pin dz, (]-0]-9)
v \%

which can be rewritten in the form that is explicitly symmetric with respect to the

fields (pout and @iy, ). Indeed, performing the integration by parts in (10.19)

2 3 o2
Pout & ﬁ Pin = / dt(Pout (T - t)ﬁ Pin (t)

—0 D
- (Pout 8t (Pm

N ~ [ o 5 o
o 8t¢0ut 8t ‘Pm
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and taking into account that conditions @gyt | too = 0, 0/0tpin|_o, = 0, we
obtain
SP pp = <§00ut |Sp|§0in> = 2(,Oout ® gﬁpin . (1020)
ot ot

Thus, formulas (10.15), (10.18) and (10.20) determine the interaction operators S*
S* and S” for the fields ¢y, and @ous. Physical interpretation of the tomographic
functionals is that their integral kernels are spatial functions of the influence of varia-
tions of the fields of the required medium parameters on the sampling experimental
values of the wave field of the sounding signal. The support of the tomographic
functional is determined by the region of interaction of the fields ¢, and @ous. This
region is certainly bounded on account of physical conditions of the tomographic
experiment (a finite temporal interval of measurements and a finite velocity of the
field pout propagation) .

The norm of the tomographic functional is determined by the amplitude of the
influence function related to the interaction operator. In Fig. 10.2, the diagrams
of the scattering of the plane wave by the elementary perturbations of the shear
module p and the mass density p are represented (the perturbation of the Lame
parameter A has an isotropic diagram). The diagrams characterize the interaction
of the fields ¢, and @qy4, if their sources are placed far from the scattering object
(near-field region). The field is generated by a “source” with the time dependence
determined by the apparatus function of the seismic recording channel. Since the
frequency band of the apparatus function is limited, the interaction of the fields ¢,
and @out, which is always a convolution in the time domain (and a product in the
frequency domain), involves only the overlapping spectral components of the fields
@in and Qout.

The analysis of tomographic functionals provides the possibility of mathemat-
ically designing a tomographic experiment by monitoring of the parameters in-
volved in tomographic functional (the localization of the source and receivers of
the fields ¢i, and oyt in space, the shape of the sounding signal ;,, and the
choice of the time interval for recording the field ¢oyt). In this case, the character
of the interaction is determined only by the influence of the medium parameters
upon the physics of propagation of the sounding signal. For example, if the field
is pure rotational (the transversal wave in an isotropic reference medium), then
the tomographic functional p* becomes zero. Accordingly, such a tomographic ex-
periment obviously provides no information on the field of the parameter \. A
physically informative tomographic experiment is characterized not only by the
norms of tomographic functionals, but also by the domain of the overlapping of
their support.
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Fig. 10.2 The diagrams of the scattering of shear and longitudinal wave by the elementary per-
turbations. To the right of the spatial diagrams their sections in the plane (z, z) are represented,;

n,; and a, are respectively the normal to the wave front and the unit amplitude vector of the
incident g-wave (¢ = p, s).
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Consider the case where the reference medium may be treated as homogeneous.
Let the variations of the elastic parameters in a homogeneous isotropic medium be
such that [V|, |Vu| and §p are small enough. We consider two cases where the
field ¢y, is either a part of the pure longitudinal wave or the pure transversal wave.
In the first case, we introduce the function

2 v
V;D(Up):po va_l )
Po

where, in addition, pod(v2) = §(A 4 24). Writing the action of the perturbation
operator upon the field iy, = ¢, where ¢, : V X ¢, =0, we obtain

0L, = 0AVV - @, + 20ulp, = (0N + 20p) Ap, = 0(A + 2u)Apy, . (10.21)

Making an observation that at the space points where the sources are absent the
equation

62
<P0@ — (Mo + 2N0)A> wp =0,

holds true, we replace Ap, with (po/Xo + 20) 0% ¢, /0t? in (10.21), which yields

52
0Ly = dvp 912 ¥p -

The corresponding tomographic functional and the interaction operator are of the
form

0 0
S " = (0in|S"P|Pout) = ——Pin @ =—Pout- 10.22
P {@in] S [out) = =200 ® 7 Pout (10.22)
In the second case, we introduce the function

, .
(@)= (5 1)

S0

Then

po(v2) = dp.

The action of the perturbation operator upon the field @i, = @5, where g : Vs =
0, is expressed as

0Lps = duAps .

By using the equation

62
— — A s =0
<PO 012 2 )‘P
for the solenoidal field s, we obtain

2

0
5L(ps = 6VS @ Ps -
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The tomographic functional for vy is of the form

¥ :st = <(pin|Sus|‘pout> = _%(Pin 2y %onut- (1023)
Despite the fact that the operators S*» and S* given by (10.22) and (10.23), respec-
tively, and determining the interaction of the fields i, and @.,t, are identical, the
supports of the corresponding tomographic functionals are different, which stems
from the fact that the velocities of propagation of the compressional (vp,) and shear
(vs) waves are different. To illustrate the configuration of the support of the to-
mographic functional, we consider the plane incoming wave. Fig. 10.3(a) shows
the characteristic cones corresponding to the field of the point source oy, that
is generated by the receiver at the moment t¢,, and propagates in the reverse time.
The outer conical surface corresponds to the propagation with the compressional
velocity, and the inner one corresponds to the propagation with the shear velocity.
The field is concentrated between these conical surfaces in the three-dimensional
space R? (for simplicity, we assume that the “source” is simulated by the §-function
in time, and, therefore, in Fig. 10.3(a) there is no action of the convolution over
time). The normal to the front of the plane wave is oriented in the direction op-
posite to that of the vector ez. In Fig. 10.3(a), the field ¢, represents the plane
compressional wave with finite signal length. The support of the tomographic func-
tional (Fig. 10.3(a)) is limited in the space by two surfaces. The outer one is the
paraboloid of revolution that is the space projection of the section of the outer char-
acteristic cone (vp) by the plane front of the incident P-wave. The inner surface
is the ellipsoid of revolution that is the space projection of the section of the inner
characteristic cone (vs) by the plane front of the incident P-wave. The symmetry
axes of both surfaces limiting the support of the tomographic functional coincide
with the vector ey.

In Fig. 10.3(c), the incident field ¢;, is the plane S-wave. In this case, the outer
conical surface limiting the support of the functional (Fig. 10.3(d)) is a hyperboloid
of revolution, whereas the inner one is a paraboloid of revolution. The symmetry
axis is ez as in the previous case.

10.3.3 The transport equation of the stationary sounding signal

The transport equation arises in studying the spatial structure of the atmosphere of
the Earth and other planets, in studying plasma objects in a wide range of physical
experiments where the measurement data are quadratic functions of wave fields,
and in describing passages of particle flows through a medium.

Let the field of the sounding signal be

o(r,n), neQ={n: ncR® |n|=1}.

The transport equations for the reference (Lg) and perturbed (Ly ) media in the
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Pin (P)
(a)

Pou (S)

N7/
0, = const

(b)
alt
t
(©)
6, = const
y Pou (S)
2
x

Fig. 10.3 The characteristic cones, corresponding to the field of the point source pout. The field
in, with finite signal duration, is a plane compressional wave (a), (b) and a plane shear wave (c),
(d); (b), (d) are the supports of the tomographic functional.

case of isotropic scattering are as follows:

Loy = (n,Vy) + ag (z)¢ — oo ( /so (10.24)
Q
Lo =m,Vo) +afx /so (10.25)

where « is the absorption coefficient, ([ is scattering coefficient, ©y =
[lao (), 00 (2)]|, ¥(60) = 06). The interaction operator has two components: S* =
[S*, S7], and the tomographic functional is represented as (p” | = [(p®|, (p° |]. The
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interaction operators S® and S? are easily found from the following representation
of the perturbation operator for equations (10.24) and (10.25):

0L=6L,+ 0L,
0Ly : 0Ly p = by, (10.26)
0Ly : 6Ly = (50/@(95, n')dn’. (10.27)
o)

The tomographic functionals are written in the form

(p* |50¢>Q = /cpout 0Ly pindn,

Q
2 |50>Q = /gpout 0Ly pindn.
Q
Substituting 0L, in the form (10.26) and JL, in the form (10.27), we obtain
S (p™ ()] = (Pout [S* |#in ) = (Pout|S*|in) ¢ » (10.28)
S <pd | = <‘P0ut |SU |‘Pin>Q = <<Pout| /@in (a:)n/) dn/>Q . (1029)
Q

Examining formulas (10.28) and (10.29), we see that, in the isotropic case, the
action of the tomogarphic functional corresponding to the absorption coefficient
«, reduces to the integration of the product of the field i, and oy over the
full solid angle, whereas the action of the tomographic functional of the scattering
coefficient is determined by the product of the integrals of the fields @i, and @ous
over the full solid angle. We note that the field iy, occurring in the expressions for
the tomographic functional is the solution of the transport equation (10.24) in the
reference medium. The field @, satisfies the conjugate equation

(0, V) + a0 (&) — 00 (2) / p(z, ') dn’ = h,
Q

where h is the field generated by the source.

10.3.4 The diffusion equation

In the geoelectrics it is common to consider the quasistationary fields E and H. In
the case of the absence of charges, these fields satisfy the homogeneous diffusion
equation

0
Ap—o—p=
%) aattp 0,
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where ¢ coincides with either E or H. The evolutionary operators in the reference
(Lo) and perturbed (Lg) media are as follows

d
LO:A—UO(JJ)E,
Ly :A—a(a:)%,

where o(z) = g () + do(x). The perturbation operator 6L, can be represented as
0L, = §0d/0t. Then the tomographic functional takes the form
0
SN A 10.30
P’ = Pin ® 5 Pout (10.30)
We note that @i, and o, occurring in (10.30) satisfy the equation

LO‘pout:Oa LS@in:ha
where

)
Ly =A+o0(@) 5 -

10.4 Ray Tomographic Functional in the Dynamic and Kinematic
Interpretation of the Remote Sounding Data

The interpretation of the data of remote sounding can be carried out by two ways.
As the basic data for the tomography experiment can be used the phase character-
istic of the sounding signal (in this case we deal with the ray tomography) or the
full field of the sounding signal (it corresponds to the diffraction tomography). In
the latter case the wave fields structure carries an information about space domain
which is limited by kinematic reason, instead of that in the ray tomography, the
information about medium properties is located in the vicinity of the bent ray. The
kinematic restriction in the diffraction tomography appears because of a finite time
function of the source, if before the switching-on of the source, the medium has been
in rest. It is possible to develop the tomographic interpretation using the station-
ary wave fields. It must take into account both kinematic and dynamic restrictions,
moreover, the interference principle of the wave field shaping allows us to construct
its spectral amplitude as a superposition of the fields having the ray structure.

Let us show forming of wave amplitude spectrum on the example of acoustic
field excited by a point source located inside the uniform layer with thickness h and
satisfied the homogeneous boundary conditions on the upper and lower bounds:

é(p)

(V2+k2)<p:—6(z—zo)%,

(10.31)

(*0|z:0 :07 sD‘z:h =0.

Let us consider the solution (10.31) without the consideration of the boundary
conditions, i.e. ¢ (x) = e*/(4xl) (I — the ray segment), which joins the source
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point (0,z9) and the observation point x = (p,z)). The rays are reflected by the
upper bound z = 0 and the reflection is determined by the boundary condition
¢l.=0 = 0. In this case the reflection coefficient is equal —1. The reflected ray can
be represented as the ray generated by some virtual source with a mirror position
relatively to the plane z = 0 in the point z = —zy. Then the reflected wave can
be described by the formula e?*! /(47l), where [ is the ray segment between virtual
source and observation point. In the case of lower bound, the reflection coefficient is
equal +1, and the virtual source is located in the point 2h — zy. Multiple reflection
of the waves can be described using a set of rays, when each ray has an own virtual
source located in the point 2h,, + 2o, where n = 0,£1,£2,.... The wave field is
the sum of the incident wave and multiple reflected waves. Each reflected wave is
the spherical wave, generated by appropriate virtual source (mirror-image method):
o ikly eikly ]

fa) =g > (0|

n=—oo

10.32
p n (10.32)

where
I = [0* + (2 = 20) + 2hn)*] /2

is the ray, which goes from the source toward the upper bound;
I =[p° + ((z + 20) + 2hn)*]"/?

is the ray, which goes from the source toward the upper bound.

Let us show as simplest ray expansion (10.32) is connected with more compli-
cated approximation of the wave field vertically inhomogeneous medium. Taking
into account the axial symmetry of the problem, we write the wave equation for the
Hankel image of the field ¢(ka, 2):

o0
plka,z) =2 [ Jo (kap)e(p,2)odp.
0
where Jy (akp) is the Bessel function of zero order;

i 0 (0N, Pelhaz) oo ,
Zﬂ/Jo(kap)a—p <pa—p>dp—|— — +Ek*n” (2)p(ka,z) = 6(z — 20 ); (10.33)
0

p(ka,0) =0; 0p/0z — (ka,h) = 0;

n(z) is the refraction index. Taking into account that

27 / Jo (kap)aip <pg—i )dp = —k*a*¢(ka, z)
0
and we obtain another form for the equation (10.33):
0%¢(ka, z)

5.2 + k2 [n? (2) — a®|@(ka, z) = —5(z — 20) (10.34)
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with the same boundary condition. In the case of the solution of the equation
(10.34), which satisfies the first boundary condition, we introduce the notation
&1 (ka, z= ). And for the solution which satisfies the second boundary condition we
introduce the notation @y (ka, z< ), then we can write general solution in the form

@(ka, z) = ¢1(ka, z2< ) @2 (ka, 2> ) /W (ka) , (10.35)
where
P1 P2
W= (% 06, )
0z 0z
is the Wronskian, the symbols z~. , z- mean, that z > zp and z < 2y correspondingly.
We represent @1 (ka, z<) and @9 (ka, z=) using up-going and down-going wave
fields
o1 (ka,z<) = U(ka,z< ) + 11 (ka, 2< ) D(ka, 2< ) ,
P2 (ka, z>) = D(ka,z> ) + 12 (ka, z> ) U(ka, 2> ) .
Where U is the solution of the homogeneous equation for up-going waves in the

vicinity of zp; D is down-going wave. At that the normalization of U and D is
chosen as follows

W U, D] = —2ik,
U(ka,0) _ 9.D(ka, h)

" T Dka,0)’  "* 7T 9.U(ka,h)
are the reflection coefficients at upper and lower bounds.
Taking into account that
W(¢1 ,(,52 ) = (1 — 7172 )VV(U7 D) = 21]{}(1 —Tr1T9 )

and using the Hankel image @(ka, z) (10.35) we can write the final representation
of the wave field

o0

wlp,z) = % / Jo (kap)[U (ka,z< ) +r1 D (ka, z< )]
0

x [D(ka,zs ) +r2U (ka,zs)](1 —r172) tada.

Factoring of the binomial (1 — 71 72 ) ™!, we obtain the multiple scattering represen-
tation (by analogy with the ray representation)

Pl0.2) =S 1 [ okl r2)" U (ha,2)D (b, 2
n=0 0

+ (r179)" U (ka, 25) D (ka, z< ) + 7T vl D(ka, 2 )
x D(ka,zs ) +rritt U(ka, 2s )U(ka, 2< ) ]a da. (10.36)

Here the first addend describes the wave which come out from the source in upward
direction, then after n reflections for each bound it propagates as down-going wave;
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the second addend describes similar wave with (m + 1) reflections for each bound;
the third and the fourth addends are interpreted as the wave, which goes out from
the source in definite direction, then after n reflections from one bound and n + 1
reflections from other one it propagates in the opposite direction. In the consid-
ered cases as reflection we understand the refraction phenomenon also, appropriate
turning point is described by the equality n?(z) = a? (see Eq. (10.34)).

The wave field (10.36) is generated by the point source, located in the point
p =0 and z = zp, i.e. the solution is the Green function. The ray interpretation
of the Green function, considered above, is based on the ray expansion of the wave
field:

G(z,x0) = Zgj(a:, xo ) expliwT;(z, z0 )],
J
where g; is the amplitude of the wave field for j-th ray; 7; is the eikonal.

10.5 Construction of Incident and Reversed Wave Fields

in Layered Reference Medium

The tomographic functional (10.10) includes the wave fields i, and @out, which are
the solutions of the direct problems. In the case of the arbitrary reference medium
such solutions can be connected with the great mathematical and computing diffi-
culty. As usual, the solution of the direct problem can be simplified if the reference
medium has some type of the symmetry. The most symmetric is, obviously, uniform
infinite medium allows an analytic representation of the wave fields @i, and @ous.
The next class of the medium is a class of piecewise-layered media. Such media have
a wide spread occurrence owing to shell structure of the Earth and near-Earth space.
Under the local description the spherical symmetry layers can be approximated by
plane parallel layers. Let us describe the algorithms for calculation of the fields @i,
and oyt in the case of the layered medium (Brekhovskikh, 1960; Petrashen et al.,
1985; Kennett, 1983).

The problem of propagation of elastic, acoustic and electromagnetic waves with
zero-initial conditions can be reduced to the solution of the differential matrix equa-
tion of the first order (Ursin, 1983; Ursin and Berteussen, 1986):

o . ~ 0 L P01

5—203('0:[3[@:[3 Ly 0 P2

So, if the equation Ly = 0 describes propagation of elastic waves in an isotropic

medium with the parameters p, A, i, then the Fourier transform by lateral coordi-
nates (z1,2) and the temporal frequency w:

. (10.37)

@(w7p17p27x3):///dtdxldeQO(tamlamQam:f)

X expliwt — ip1T1 — ipaa) . (10.38)
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We obtain following representation for ¢:

0r (3) a(3)
o1=| 0w | P2= kP ||
3(2) 9 P (2)

where 0;¢(;) is the velocity of the particles in the direction of i-th ort; oy = o3; is
the component of the stress tensor; the tilde denotes the Fourier transform.
In this case

1 AS1 ASo
A+2p A2 24
E _ ASl a _,LL(3A+2,LL)S1SQ
1= A2 A2 ’
AS2 _ }L(3)\+2,U.)Sl Sa b
A 2u A 2u
_ 4pA+p) ST 2.1 _ 1 _ ApQ+p)S3 .
where a = p — =50 — pSy; b= p— pSy — —=E
3 p S1 Sz
Lo=1|5 M_l 0
Se 0 /L_l
Here S; = p; /w (i = 1;2) are the components of the slowness vector; f = —iw.

The equation (10.37) describes the plane P-SV-wave with the normal vector
n = ey, for the initial condition 69 = 9; P2 = 0, and the equation (10.37) describes
S H-wave, for the initial condition S; =0, 61 = 3 = 0; p1 = 0 p3 = 0. Finally, if
a normal vector to the wave front is es and initial conditions are &1 = &9 = 0; p1 =
O¢ p2 = 0, then the equation (10.37) describes P plane wave.

Let us consider an electromagnetic case. The Maxwell equations for an isotropic
medium reads as
ArTS v xH:aE+5aa—I;I.
For the Fourier transform, by analogy with the relation (10.38), we obtain the
following representation I~/1 ,Eg ,#1 and @9 from the equation (10.37):

VXE=

3 . . By 5 —Hy
= —lw 1= 2 =
s ® B ® H |
5 ow— S_% _ 515 B v S3 515
— v ¥ — [T
L, _ 51852 M_S_g Lo S1.52 _S_$
v v n m

Where S; = p;/w,i=1;2 and v = o/ (wi) + ¢.

According to the boundary conditions the tangential components E and H must
be continuous at the crossing of the boundary. In the case of horizontally layered
medium it leads to continuity the vectors ¢, and ¢,. The components of the vector
@ provide the following representation of the energy flow in x3 direction

1 ~% ~ ~% ~ 1~* ~
R3 = —Z(%wz +@5p1) = 79 Mo,



314 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

M

I0

(I is identity matrix with dimension 2 x 2).
In the case of the acoustic medium, the vectors ¢;, ¢, and matrices Li, Lo
(from the equation (10.37)) are represented as

ﬂ:_iwa ¢1:||8t¢3||5 @2:||&||7
- 1 92 - 52 452
1 H)\ Lo =|lpll, "

The solution of the evolutionary equation (10.37) in the general form can be
represented with the help of the transition matrix P(x3,z9), which satisfies the
equation

— P(x3,29) = BL(x3 ) P(x3,29) (10.39)
8.1?3

and initial conditions P(z9,z9) = I.
Taking into account that the equation (10.39) can be represented in the equiv-
alent form:

Plas,al) = I+ﬂ/dng<xg>P<xg,x§>,

we can write the transition matrix in an iterative form:

P—I—|—/ 5)dah + /dx3 (z5) /dx

"

T3 zy T3
+/dx’3i(x’3)/dxgz( )/dx”’L( Y4
z§ z§ z§

Let note, that the transition matrix for the adjoint equation has an opposite
sign of .



Chapter 11

Tomography methods of recovering the
image of medium

The interpretation of the reconstruction tomography as a problem of recovering
the image of an object from its ray projections has gradually transformed to its
interpretation as a problem of integral geometry, i.e. as the problem of recovering
a function #(x) from the values of a given function

u(z) = / 0(z")w(z,z')do
X(x)
where x € R"; ¥(z) is a set of k-dimensional manifolds in R¥, k < n; w(z, ') is a
weight function; do is an element of a measure on X(z).

As we have seen in Chap. 10, where the notion of the tomographic functional was
introduced, any problem of recovering distributed parameters of a system (in partic-
ular, an arbitrary problem of remote sensing) can be considered as a problem of the
reconstruction tomography. Integrals of parametric functions defined on manifolds
of the dimension coinciding with that of the definition domain are treated as the
initial data of the corresponding tomographic problem. These manifolds are fixed
in the linear approximation; in the general case, they are implicitly transformed at
each iteration.

11.1 Elements of Linear Tomography

Mathematically, classical tomography is based on the Radon transform (Helgason,
1999; Herman, 1980):

ulpm) = frp = [ o(x) deltalp —x-m)ix 2 (5(p — x- ()
b's
where u(p,n) is the Radon transform of a function ¢(x), defined in an N-
dimensional space; §(p — x - n) is the singular kernel of the Radon transform, which
cuts out an (N — 1)-dimensional hyperplane (a straight line in the two-dimensional
case), that is defined by the normal vector n and the aiming-distance parameter p,
i.e., the distance from the origin of coordinates to the hyperplane:

X-n=p.

315
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The Radon transform arose in the classical tomography as a mathematical model
for the description multiforeshortening radiographies by X-rays of biological “soft”
objects, on which the scattering of X-rays may be assumed small. The transport
equation for a point (z ), monoenergetic (Fp ), collimation (v ) source of X-rays
radiation is a reduced transport equation of the form

(v-V)I(x) 4+ p(x)I(z) = cd(x — 20)0(v — v9)d(E — Ep). (11.1)

Here, I(z) is the beam of primary X-ray photons; v is the direction of collimation of
the source; ¢(z, E) is a linear coefficient; E' is the energy of photons. It is assumed
that the vectors v are coplanar, i.e. the problem considered is two-dimensional.
The solution of (11.1) can be written, upon performing the change of variables
x — (p,n), as

I(p,n, Ey) = ¢p exp{— / o(x)dz}, (11.2)
L(pn)
where £(p,n) is the line which radiation propagates. Taking the logarithm of the
relation (11.2), we obtain the Radon transform for the two-dimensional problem

_th éu(p7n):/(p(x)dxz/(p(gj)(S(p—x-n)d.r.

c
L X

Here, in the rightmost expression, the integration is carried out over the entire

domain of the definition of ¢(z).

The model of a planar cross section of an object arises in describing plasma
sounding by a planar laser ray (“light knife”). After its transition through the
volume of plasma under investigation, the planar beam is focused on a photodiode.
As it is not difficult to see, in both cases tomographic experiments are based on the
adequate use of the ray description of the propagation of the sounding signal (the
wavelength is small in comparison with the characteristic size of an inhomogeneity
with a strongly stretched forward scattering indicatrix).

Before passing to the basic properties of the direct Radon transform, we recall
some properties of linear continuous functionals, i.e., of generalized functions

() £ (L) = (I(2), o)),

where x € R"™.

11.1.1 Change of variables

Let x = Ly + xp be a nonsingular mapping, then
[[(Ly + o), p(y)] = [LI7* {(2), o(L™" (z = z0))]

whence for the delta-function we obtain

(8(Ly + z0)le(y)) £ (5@)ILI ™ (L7 (z — 20))) -

In particular,



Tomography methods of recovering the image of medium 317

(a) (0(z — zo)lp) = p(x0);
(b) (d(ay)le(y)) = (3(z)[la]"p(a™" z));
(¢)if L: L*L=1 and ¢ =0, then

OLy)le(y)) = (@) lp(L72));
() {o(L(z)e(@)) = 20y M L', T (L) y + )
2L, Tre(a),
k
=0.

where z : L(xy)
For example:

§(z? — 2?) = 2ict [0(x —ct) + 6(z + ct)];

d(sinx) Z O(x — km);

k=—o0

5(z —x0) [Hm@ H5 g —q)

Here, q; = ¢; (x), and h; = Y (0xx/0q;)?, which corresponds to the passage from
k

Cartesian coordinates to curvilinear orthogonal coordinates g; ().

11.1.2 Differentiation of generalized function
Let | € C™ and let || < n. Then
(D°1, ) = (—1)°(1, D).
In particular,
« A (0% «
(D*6lp) = (=1)*IDYp(0).
Below we list the basic properties of the Radon transform (Pikalov and Preo-
brazhenski, 1983; Helgason, 1999).
1. Its linearity
Rlayp1 + azps] = anR[p1] + aaR[ipo]

follows from the definition.
2. In view of (11.2), the rotation of the object leads to the same rotation of the
vector n in the argument of the Radon transform, i.e.,

R[p(O)] = u(p, On); (11.3)

the similarity transformation with coefficient o # 0 increases the aiming distance
by the factor o and decreases the Radon transform by the factor a!=", i.e.,

Rlp(az)] = a™™ u(p, g) = a'""u(ap,n).



318 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

3. The shift of the object by zp amounts to the shift of the aiming distance by
n- xo, i.e.,

Rlp(z — x0)] = u(p —n - xo,n) .

4. The Radon transform of the derivative of the function ¢, which describes the
object, is given by

Rk V)] = k-n%}’“\

for the mixed second derivative we have

R(k-V)(1- V)] = (k-n)(- n>%§n),

whence it follows that
0*u  0%u(p,n)

RI(V - V)g(@)] = nf* 7 op?

(11.4)

Finally, for an arbitrary linear differential operator L = L(9/8xy,0/0z,. ..
0/0xy, ) with constant coefficients, we have

)

R[Lo(z)] = f/<n1§p yee ’”’“6%) u(p,n).

An example of using property (11.4) is provided by the application of the direct
Radon transform to the 3-dimensional wave equation

1 92
(VQ—Cjﬁ)@(CE,t) :O7

A 1 02 0? 1 02
A|(v- 5w )e] = (5 - 2 e

which makes possible to reduce the 3-dimensional wave equation to the correspond-
ing 1-dimensional equation.
5. Differentiation the Radon transform

(k- V) Rlp(x)] = —%Ruk X)p(2)]

for two vectors k and 1 and the derivatives with respect to components of the unit
vector n, we arrive at the equality

2 A
(k- V)1 V)u(p.n) = f—pgR[(k X1 X)p()].

6. The Radon transform of the convolution of functions is as follows:

2 Ug(a; - x’)s(m’)dm’} - /s(m’)dm’/g(m —2)(p — - X)da
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Performing the change of variables © — z’ = y, we derive

upw) = [ (@) [ g)stp—n-x' ~n-y)dy
— [ st Rlotp—n- o))’
— [ Rloto ) dp! [ s(a)oly’ ¥

ie.
R[g « s] = R[g] » R[s].

Note that the Radon transform of a multidimensional convolution is equal to the
one-dimensional convolution of the Radon transforms with respect to the aiming
distance p*.

7. The relation between the Radon and Fourier transforms.

We write the Fourier transform with respect to the aiming distance of the Radon
transform u(p, n):

a(p7n):(2w)fl/2/ de/ (x)d(p — x - n)dz
= (2m)71/? /dxgp(x)/e*ip” dp—x-n)dp
_ (27‘()71/2 /QD({E) efiu(x-n) dx7

or, in operator form,

Fy [u(p,m)] £ F, [Rlp(@)]] = (2m) "2 Fe[p(@)]. (11.5)
The one-dimensional Fourier of the Radon transform is equivalent to the multi-
dimensional Fourier transform of the function ¢(z), which characterizes the object.
This relation between the Fourier transform of the Radon transform and multidi-
mensional Fourier transform of ¢ is formulated as the following generalized theorem
on the central section: for a fixed n, the one-dimensional Fourier transform of the
Radon transform yields the central section of the multidimensional Fourier spectrum
along the ray nv, passing through the origin of coordinates.
Based on the relation (11.5), the inverse Radon transform is derived in the
following way:

p(x) = (2m) T2 FLE, u(p,n)
=C, /d(l/n) elvmx /dpe_i”pu(p, n)

=Cy /d vn /dpe“’(q ) u(p,n),

where ¢ = n - x. Taking into account that d(vn) = dnv™~! dv, we represent ()

in the form
=C, / dn/duu" 1/dpe v(a—p) u(p,n) = C, / dn J(n

[n|=1 [n|=1
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We extend the limits of integration with respect to v to —oo and +oo, either by
introducing an even function J.(n, q),

J. (0,0) = 51700,0) + J(—n, ~)

or by using the following explicit representation of the integral J(n, q):
(o] o0

1 .
Je (n,q) = 5 /V”fl dv / u(p,m) e 17P) dp
0 —o00
1 Ji n—1 Ji —iv(q—p)
+ 5|V dv u(p, —m)e dp
0 —o00
1 n—1 iv(q—p)
=3 V" dv [ u(p,n)e dp.

The cases of even and odd values of n are considered separately.
1. Let n be odd. Integrating J, (n, q) by parts, n — 1 times, we obtain

< x n—1
Jo (Il, Q) = % (i)l_n / dv / dp <8gp> u,(p’ n) ei”(q_P)

% (i)' / <§p)nl u(p,m) (g — p)dp

(9 n—1
\N1—n i
) (519)
p=g¢=n-x

Thus, for odd values of n, the calculation of the integral J, (n,q) is reduced
to the computation of the derivative of order (n — 1) with respect to the aiming
distance p of the Radon transform u(p,n) at the point p = g = n - x. The ultimate
formula for Radon inversion in this case is

e | ()]

where C,, = (2ri)1=" /2.
2. Let n be even. Similarly to the case of add values of n, we integrate J, (n, g)
by parts n — 1 times, which yields

u(p,n).

N =

u(p,n)dn, (11.6)

o0 n—1
Hina) = 507 [ s [ ape 00 (2 uipn)

= 1(i)l_” 7dp 2 7Flu(p n) 7dl/sgn(u)e_w(p_q)
2 op ’

— 0o — 00

(@™ [(9/9p)" " u(p,n)
27 / P—q -




Tomography methods of recovering the image of medium 321

Here we have used the relation

Pl = £7(1).

where P is the symbol of integration in the sense of Cauchy principal value. De-
noting the Hilbert transform by H, i.e., setting
1 1
H(u) =—=P( —* ,
)

we can write the following representation of the Radon inversion in an even-
dimensional space:

=i | w{(8) sl
[nj=1
— _% dnP 8/85 nnl JEPJI) dp. (11.7)
Inj=1

Thus, in the case of an even value of n, in order to recover the function ¢(z) one
needs to compute the derivative of the order (n — 1) with respect to the aiming
distance p of the Radon transform u(p, n), thereafter perform the Hilbert transform
with respect to the aiming distance p, and, finally, carry out integration over the
unit sphere.

Analyzing representations (11.6) and (11.7) of the Radon inversion for even- and
odd-dimensional spaces, we readily see that the Radon inversion is “local” for odd
values of n. In this case, Radon surfaces on hyperplanes passing in the vicinity of
the space point x of the recovery are used. In even-dimensional spaces, the Radon
inversion is essentially nonlocal, which is explicitly demonstrated by the integral
Hilbert transform. The manifestation of the locality or nonlocality of the Radon
inversion is caused by a close relation between the Radon inversion and harmonic
functions. In particular, this relation manifests itself in the nonlocality of wave
fronts in even-dimensional spaces, where a wave front is followed by a diffusion
train, which is in contrast to sharply pronounced wave fronts in odd-dimensional
spaces.

We want to represent the Radon transform in the operator form. To this end,
for an arbitrary function 1 (p,n) (where p = n - x), such that ¢¥(p,n) = ¥(—p, —n),
we introduce the conjugate Radon operator R*:

R = / Y(n-x,n)dn.
|n|=1

Then, for odd values of n, the Radon inversion can be represented in the operator
form as

R~ =R'T.,
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8 n—1
= (33)

whereas for even values of n, it can be represented in the form

where

p=n-x

o\ !
R~ =RT,, Ty=—-iC,H|=— )
(%)
The operators ', and I, are counterparts of the operator (RR* )™, which occurs
in the following representation of the solution of the integral equation Ry = u
provided by the least squares method:

¢ =R"(RR") u.

The subscript in the formula for the operator R~ of the Radon inversion is used

because Radon inversion is an unstable procedure, and thus a regularization must
be used (Pikalov and Preobrazhenski, 1983; Tikhonov et al., 1987).

11.2 Connection of Radon Inversion with Diffraction Tomography

The linearized model of measurements in problems of sounding an object by a signal
© with the equation of propagation Ly = s is represented by the relation (10.9):

_ s N .
Up = <(L0 1) hn |5L9 900> +En = <90n (out)|6L9 |901n> +éEn.

The idealized analog of this model is obtained by representing the apparatus
function (h,) by a point receiver with the infinite band-pass, i.e., by letting
hn, = 0(x — x,)0(t — t,,) and by neglecting noises: &, = 0. Then @, will be
represented as the scattering field at the measurement point x,,, i.e.,

A
= (@ = @in )|z, -

We write this model in the form @ = (@out [0Lg |Qin ) -

As an example, consider the scalar wave equation (¢=29?/9t2 — A)p = 0 in the
case of a homogeneous reference medium, i.e., in the case co (z) = ¢p = const. As it
was shown in Sec. 10.3, the tomographic functional p for the scalar wave equation
is of the form

p: o= {plv(x)),

where v(z) = 52 (1 — c¢3/c*(z)), and the integral kernel of the tomographic func-
tional is given by the expression
82

a2

p= <§00ut Pin >T .
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For a point source s in the homogeneous medium considered, the fields ¢;, and @yt
are of the same structure, i.e.,

1 | — s |
Yin="————0(t—ts——— |,
dr|x — x4 | o

1 |z — x|
@outzié tr_t_i
dr|x — 2 | o

where x4 and ts specify the location of the source s and the time of its engagement,
respectively; x, and t, describe the location of the receiver and the current time of
recording respectively. In this particular case, the tomographic functional is of the
form

! /dt ! 5t—t—|AxT| 6—2>< ! 5t—t—|A$S|
pr= (47)2 Az, |\ " o ot2 " |Ax, | ® o ’
T

|Azg| = |z — x5, Az, | = |z — x|

Expanding |Az,| and |Ax| into series and retaining the first terms of the expansions
in the denominators and the first two terms in the arguments of the J-function
(which corresponds to the Fraunhofer approximation), we obtain

1 / x| mn,-x
(4m)2 x| |xs | J co co

. 1
x & [t—ts— o] m X] _
Co Co (4m)2 x| - |xs |
i Lelte) _smn)
Co Co
= §" (¢, —m-x),

(4m)? x| |5 |

¢ = (tr —ts)Co — (Ixs | + %1 ]),

Xr Xs

n, ng n=n,+n;.

Tl T Ix
Here, the vector n corresponds to the normal to the plane relative to which the
beam ¢;, with vector n is mirror-likely reflected in the direction (—n,). Finally,
the scattering field is related to the function v(x) via the Radon transform, i.e.,
. Co 7
= (p|lv(x :7/1/95(5 qr —n-Xx)dzx
¥ < | ( )> (47’()2 |Xr||Xs| ( ) ( T )

2

0
= consta—p2 /u(a:)é(p —n-x)dzx.

The Radon transform, formally represented as the integral over the points of the
plane {X : p = n - x}, provides, for different values of the recording time (¢,), the
following approximate representation of ¢:

. Co 7
= ——0"[(t, — ts — (|Az, Az |)].
2 (47)2 %, | [%s | [( )eo — (|Azy | + |Azs [)]
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Here, for different values of the recording time ¢,, it is implied that integration is
carried out over the corresponding ellipsoid of revolution with axes of the symmetry
passing through the points of the source (x;) and receiver (x;.) (which are the focuses
of the ellipsoids), which leads to the following clear physical interpretation: the
integration is performed over sets of kinematically equivalent points in the space,
i.e., over level of the constant total phase.

We consider the generalized Radon inversion in the idealized diffraction tomog-
raphy on the more complicated example presented in (Beylkin, 1985). In scalar
wave equation in a reference medium with the velocity of propagation ¢ (z)

1 o
——— = — A ,t) =0
(o ) ete)
can be represented in the form of the Helmholtz equation
(k0§ (x) + A)gin (2,k) =0,

where k% n? (z) = w?/cd(z), w is a cyclic frequency. Introducing the dimensionless
function u(x) via the relations

w2 02 x
) = =S5 v(o), vlo) = s (1- B3 ).

c§(x)

we write the Helmholtz equation in a medium with the velocity ¢(z) in the following

form:
(k2 (ng () + p()) + Alp(a, k) = 0.

The perturbation operator (an operator of multiplication) is of the form 0L =
k*u(x). We assume that the reference medium is such that the fields ¢;, and
wout are sufficiently accurately approximated by the zero-order terms of their ray
expansion. Then the scattering field is represented in the form

ok, z,) = k2<(pout|,u($)|<pin> = (p, |u(x))
= k? /Aout (x, zr )eik'r(w@r) w(x) Aip (2, 2 )efk'r(m“rps) de .

The amplitudes A satisfy the transport equation, and 7 satisfies the eikonal equa-
tion, so that

(Vr, V1) = ng (x),

1
|:(VT,V) + §AT:|A =0.
The tomographic functional p is represented by the integral kernel

p = k? Aous (x) Asp exp{ik[r(z,z, ) + 7(z, 2, )]} 2 2 A(z) exp(ikT).

We represent the generalized causal Radon transform associated with the rep-
resentation of the scattering field ¢ = (p|u) in the form

Ry = (A(2)é(q — 7(x)) (=) ,
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and set R =0 for t < 0.

Note that the scattering field ¢ can be represented up to the factor as the Fourier
transform of the generalized Radon transform Ry, i.e.,

p=cF,Rpu.

Let the point xs of the source lies inside a closed region V' with the boundary
0V. We assume that the reference medium and the boundary 0V are such that each
point of the boundary can be connected with the point of the source by a unique
ray. In addition, we assume that the rays do not intersect. In this case, the points
of the boundary 9V can be parameterized by the corresponding points of the unit
sphere centered at the source point. Then the action of the conjugate operator R*
is determined in the following way:

R — / G@2 )y s 0y (s )
ov

where w(x,z, ) is a smooth nonnegative weight function, which is chosen in the
form

w(z,z, ) = D(x,z,)A™" (2,2, )h(z,z, ).
Here, h(z,x,) is a cut-off factor insuring the nonnegativity of w(z,x, ), which
implies that the points of the boundary 0V and of the unit sphere are in one-to-one
correspondence;
02 1 0T 0T
D(z,z,) = 63117,1 T 5§2m1 T 3%317,1 T\ >
9 27T 92o 2T 925 2T

ANz, 2,) = [Aout (2,2 ) Agn ()] 71

It can be shown (Beylkin, 1985), that D dz, = Dy dQ (€ is a solid angle) and that
Dy (x,2, ) = n(x)[1+ cosf(x)], where (cos§(x) = €out - €, and e = e(x) is the unit
ray vector at the point x).

We write the generalized integral Fourier operator, defined as follows:

du(r) = (471r)3 ///e””(w“r/’“) a(z, ',z )p(z') do' do, k2 dk (11.8)
00V V
where 7(x, 2,2, ) = (¢, xp x5 ) — T(2, 20 , 25 ),
Az z,)
Az, z,)
Observing that the generalized Fourier operator (®) includes the Fourier operator
(F'T), where

a(z, 2’ x.) = D(z,z, ) h(z,z, ).

1T
+ .ot — 5 etk
F.Fk<p_W/<pe 1 dk
0
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we can represent the generalized Fourier transform as the following composition of
three operators:

®=R'FF,.
In order to analyze the meaning of the generalized Fourier operator introduced
above, we write the linear term of the phase function:

7(z,2') = Vy1(z, 20,25 ) (2 — 27),

17 | »
Iav()lu, = W / / /elkvm T(w,zmws)(m ) «

0avoV
x D(z,z, )p(z')da' de, k2 dk .

Introducing the new variable p = kV, 7(x, x, , x5 ), we represent the latter integral
in the form

Tgyop = ﬁ / /elp(w*w/) w(z)dx' dp.
QO(z) V

Here, Q° (x) is the image of the domain of integration under the above change
of variable.

Examining formula (11.8), we see that the generalized Fourier operator provides
for the recovery of the spectrum of the function u(x), which is determined by the
spectral domain Q° (x). In its turn, the latter domain depends on the part of
the surface of the boundary dV° over which the scattering field @ is integrated,
and also on the nonsingularity of the Jacobian of the passage from the coordinates
on the surface (coordinates of recording) to the ray coordinates. Therefore, the
approximate operator equality

Ipyo ~ R* Fl F,
determines the reconstruction operator
p~ R EFG.

We note that in our opinion, the solution obtained is mathematically elegant.
But it does not actually concern to practical interpretation problems. Even un-
der our idealized assumptions on the relationship between the scattering field and
the medium structure to be recovered, the linearized model, which is based on the
ray representation of the wave fields in the reference medium, has been used. The
Jacobian occurring in the generalized conjugate operator R* certainly fails to be
nonsingular if the dependence of the field ¢;, on time differs from the J-function.
This is easily seen from the generalized Radon transform, which involves the man-
ifold §(q — 7(z)) of the dimension coinciding with that of the problem. Each value
corresponds to the integration over a three-dimensional domain. In the case of a
point source, this domain is the surface of the ellipsoid with focuses at the points
x, and x4 if the temporal dependence is described by the J-function and a layer of
an ellipsoid of revolution if the duration of the field ¢;, is finite (see Fig. 10.1(b)).
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11.3 Construction of Algorithms of Reconstruction Tomography

In order to construct a recovery algorithm, we write the model (10.9) using the
notion of a tomographic functional:

Uy = Z<p;m v, (60)) +en (11.9)

©w

Here, u,, is a sampling of the seismogram, p,,,, is the tomographic functional, v,,(66)
is an unknown function of the variation of parameters (i is the index of the cor-
responding field, y = 1 = M). The error ¢, includes a random component, which
is generated by the fields of unidentified sources and instrument noises, as well as
the potential inadequacy of the model. The latter is caused, first, by errors in
the representation of the apparatus function; second, by errors in the prior picture
of the medium, ignoring dissipative and nonlinear effects in the description of the
propagation of sounding signals; third, by errors caused by the linearization of the
field ; fourth, by assumptions on the smoothness of the function #(x), and so on.
Since, physically the stochastic structure of the noise field can be regarded as the
sum of a large number of independent sources, it is natural to assume that the
random component is additive and normally distributed (Goltsman, 1971; Troyan,
1984, 1985). The statistical analysis of experimental data is generally confined to
the first and second moments of the random component. As it was mentioned in
Sec. 9.3, given the first and second moment, the distribution of maximum entropy
is normal, which provides yet another reason for the choosing of Gaussian random
variables in the constructing of the model.

In constructing of practical algorithms, the most simple and frequently used
model (K.) is that of uncorrelated equal-accuracy errors, i.e., K. = 021, where
I is an identity matrix, and the only parameter o2 is the variance of the random
component. In the case of uncorrelated measurements with the unequal accuracy,
the correlation matrix is of the form

0?0 ...0

2
K. — 0 o5 ...0
0 0 ...a%

The simplest mathematical description of the correlated errors of measurements is
provided by the Markov’s model of a random process, where the correlation matrix
is of the form

1 7~ 72 .. "/N
vy 1 ANt
K.=|77 1 N
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This matrix has the advantage that its inverse can be represented in the explicit
form, namely

1 —y 0 ...0
1472 —y...0

0 0 0 ...—v
0 0 0 ...1

€ 1_72

Note that the matrix KZ! is the finite difference counterpart of the symmetric
positive defined operator (—A + ~I), which is frequently used in the Tikhonov’s
regularization (Tikhonov and Arsenin, 1977).

In what follows, we will assume that the covariance matrix of the measure-
ment errors is known. However, the simultaneous estimation of the distribution
parameters and of the desired parameters of the medium presents no great diffi-
culties, although additional is needed because, in this case, the estimation problem
becomes certainly nonlinear (Turchin et al., 1971).

Since the random component of ¢ is principally unremovable, any method of
solving inverse problems related to the interpretation of practical data must nec-
essarily deal with a problem of the statistical estimation. Note that regularization
methods make it possible to construct formally stable solutions of tomographic
problems, which represent the desired fields v(46) at any point of the domain un-
der the investigation. The fields representing the medium can be considered as
multicomponent one (Tarantola, 1984). However, the solution of such problems in
interpreting data of remote sensing is useless because of the insufficiency of informa-
tion, i.e., practically a priori picture of the fields of parameters of the medium is not
refined. The idea of recovering fields from values of a finite number of functionals
of measurement has been elaborated in geophysics (see (Backus and Gilbert, 1967,
1968)). In accordance with this approach, we try to replace the recovery of the
field of parameters of the medium in the whole space by the recovery of values of
a number of linear functionals [ of the field v(60). This is a well-posed problem
only in the case where the unknown functional ! belongs to the linear hull of the
tomographic functionals {p, ,n =1+ N}, i.e., to the subspace
® ={I:3a: (- P*a)w(s0) = 0w}

This regularization method has evolved spontaneously when solving practical in-
verse problems, and different modifications of this method are commonly used,
although they are not properly justified.

If no a priori information on v(46) is available, then the stability of the solution
obtained by the maximum likelihood method is determined by the Fisher’s opera-
tor, which is certainly degenerate. The degeneracy of the Fisher’s operator means
that there is a direction in the space © that also determines elements of the func-
tional space, the information on which is unavailable, whence the variance of the
corresponding linear functional is unbounded. On the other hand, if the functional
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[ is the linear combination of the tomographic functionals {p,, } or, in other words,
if the conjugate equation P* a — [ = 0 is solvable, then the variance of its solution
is finite.

In practice, one frequently solves inverse problems by representing the solution
v(60) in the form of a finite series:

Z [1hq ) (tq [v(60)) Z’jq |thq )-

In this case, it is necessary that estimations of the coefficients v, have a finite vari-
ance, i.e., the equations P} — v, = 0 must be solvable. As the basis of {v, } one uses
either a number of functions from a complete orthonormalized set (for example,
Fourier series, Fourier-Bessel series, Korhunen—Loeve basis and so on; the choice
of the basis is usually determined by an intuitive a priori idea of the medium),
or a certain incomplete basis (characteristic functions of nonoverlapping space do-
mains, B-splines etc. (Troyan, 1981a, 1983)), or a number of heuristic (incomplete,
nonorthogonal) basis functions of the kind of “model bodies” (for example, the field
representations in the magnetic and gravimetric prospecting).

The error Av of the recovery of the field v(60) when using the representation in
the form of finite series

0)) = Z Vg g )
q

is determined, first, by errors Ay, of the recovery of the coefficients v, i.e., of the
values of linear functionals (1, |v), and, second, by the component of the field v(46)
not involved in the above representations, i.e.,

Av(66) ZAl/q [hg) + 7,

where 7 € © = <I—Z|¢q><¢q |> S}
q

Note that infinite error related to 6 is usually ignored when analyzing solutions
of practical problems, i.e., it is intuitively assumed that the solution sought belongs
to the subspace corresponding to the basis chosen.

The problem of the recovery of an arbitrary linear functional can be made a
well-posed one if one invokes additional information by introducing either a (non-
degenerate) probability measure in the space © or deterministic (usually quadratic)
constraints. The introduction of a probability measure, for example, of the Gaus-
sian one with positive correlator Ky, ensures that the variance o? of an arbitrary

linear functional [ becomes finite:
of =U(KgAl) =1((F+K,")™ ).

Here F = P* KZ'P is the Fisher’s operator and Al = [ — P* . If one introduces
a deterministic constraint by specifying a closed domain in the parameter space,
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for instance, the sphere ||v(860)||L, = 1, then, obviously, the variance of any linear
functional will be finite. But such an approach is sometimes senseless because the
error can prove to be of the same order as the diameter of a priori chosen domain,
although the equation P* o = is solvable (Morozov, 1993).

The regularization through the introducing of compacts in the space O, for
example, of a set of monotone bounded functions in Ly (Bakushinski and Gon-
charski, 1994), is performed by applying methods of mathematical programming.
In contrast to the case of quadratic constraints, the corresponding algorithms are
multistep methods and they can not be represented by closed formulas

It should be noted that all the conclusions mentioned above are implied by the
identity (l,AV) = [(¥), which means that the best estimate of a linear functional of the
field v coincides with the value of this functional at the best estimate of the field. All
basic formulas and relations can be obtained in the same way as the optimal decision
operator, the construction of which was proposed in Sec. 9.3. Nevertheless, in order
to emphasize the similarities and difference in the Backus-Gilbert approach and that
suggested here, below we outline the algorithm for solving the inverse problem.

The problem is to recover the value of a given liner functional [ of an unknown
field v, of parameters of the medium from N values u, of the sum of M linear
functional p,. For any linear functional {(v), we seek a solution in the form of a
linear combination of measurements, i.e.,

l(v) = Zan Up = (a,u), (11.10)

where [(v) = (l|u) . Using the model of experimental data (11.9), in the vicinity of
a point X the linear estimation (11.10) can be represented as follows:
v (80) = {( s v (00))v + (o se) -
w

Now we will refine the meaning of the term “the field in the vicinity of a point
X7, As V(é@ff) one can accept, e.g., the mean value in the sphere of the radius p
centered at the point X, i.e., the value of the linear functional of the unknown field
v(805 ):

v (060%) = (1" v )v

X 4 3 -

_J0 if £<0,
H(@_{1 if ¢€>0.

Irrespective of the specific choice of the linear procedure, the error nff of the recovery
(I |, ) can be formally represented as

= (Uvm) =Y (@, (b v ) — (e 2)

= {1 = (.p)lv) Y (ap v ) = (ase). (11.11)

WFR
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The quantitative interpretation of this expression is as follows. The error 7,
depends on the unknown field v, (66) (the first term in (11.11)) as well as on the
other fields v,y (' # p), and also on the random component e. The less the norm
of the functional [ — (c,p, ), i.e., the better the approximation of the functional [
under the estimation by the linear combination of the tomographic functionals p,, ,
the less the component of the error that depends on the field v,, . As is readily seen,
a reasonable approximation of the functional [, whose support is localized in the
vicinity of the point X can be obtained only if the set {p,, } includes functionals
whose supports have nonempty intersections with this vicinity. The error 77L is the
sum of linear forms of the unknown v, ( u =1+ M) and ¢, and each of these forms
depends on the coefficient vector «, which specifies a particular recovery procedure.

The vector « should be chosen in such a way that the recovery errors |7, | or
My )2 be minimized. In turn, the squared error can be described by a quadratic
form, which must involve all of the linear forms occurred in the representation
(11.11) of ), .

We consider the solution that minimizes the squared recovery error, i.e.,

& = arginf[(A — Q*a)* K (A — Q*a)],

where Q = ||P|I|| and I is the identity operator of the dimension equal to the
number of the measurement;

(Q*Q)*ZHOQ...O[”...O(NH
(pui(@)| ... Pu(@)] ... Pmi(x)] 1 ...0
e e 0
X | {p1n(@)] - Pun(@)] ... (pam(z)] O ... 0|,
e e 0
(pin(@)] ... pun(@)| ... (pun(z)] O ... 1
A = A AL N N Nl

where for i = 1,..., M, the A} are equal to (0] (except for Ay, = (I(x)[), whereas
fori= (M +1),...,(M + N), the \! are zero. The operator K must be positive
definite.

In this case, the optimal estimation &, which, by the linearity of the model
and the estimation of the functional, also determines the optimal estimation of the
functional [ itself, is given by the expression

&= (QKQ*) ' QKA. (11.12)

Since the estimation error (11.11) depends on unknown fields v, (60) and on the
random variable ¢, the choice of a specific operator K in the criterion determines a
class of functions {v,, p =1,..., M} and the statistical structure of the random
component &, which is equivalent to the introduction of a priori information.
Consider the statistical interpretation of the operator K and the estimation &.
If the set of fields {v, (06)} accepted as admissible solutions is characterized by the
Gaussian measure in the corresponding functional space and the random component
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is normally distributed, then the solution that minimizes the squared error of the
recovery E(n!,) (E denotes the mean over the fields {v, (66)} and realizations of ¢):
Koy oo Kuyw, oo Kooy - Kyje
K=Ky - Ky, - Ky - Ky
Koy oo Koy, oo Koy oo Kee
Here K v,v,s 1S an operator of the integral type such that, for any linear functionals
¢ and 7, the condition

(€K, Vit Im = E€lvu ) (v [n)
where

K. = E(egT ), Ko, : Ee(uuln) = K.y,

)

is satisfied

The optimal estimation & in (11.12) determines the structure of the recovery
algorithm with the minimal error variance. This estimation can be represented
in the following form, in which all statistical correlations of the fields v, and v,
occur in the explicit form (under the assumption that the fields v, and the random
component ¢ are not correlated, we have K,. = 0):

& = [PN Ky,u, Pi+ Y (PuK,,u, Pi+PuK,,,, Pi)
WFR

-1
+ Z Z PH' Kl,“, Yy P;Z// + Kga]
WEL P Fp

X (P#KW vt Y PuK,, yu>|z>.
W#ER
In the particular case where there is no statistical correlations either between dis-

tinct field v, (60) and v,/ (60) or between, v, (d6) and e, the optimal estimation
(11.12) reduces to the form

—1
dM = <PN KVuVu P;; + Z PN' KV;L/ L% P;:' +K55> PNKVMVM |l>’

W#ER
where
<p1u |Kl/u vy |p1u> s <p1u |Ku“ vy pNu>
PH KV/,L Yy P;j = <pnu |Kl/u vy |p1u> cee <pnu |Ku“ vy pNu>
<pNM |Ku“ vy p1u> s <pNu |Kl/u vy pr,>
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is the covariance matrix of the legitimate (with respect to the u-th parameter field)
signal;

( Z Py Ky, ., P+ K55>

W#ER
is the covariance matrix of the effective noise that includes the statistical correlations
of the fields {v,/ , i’ # p} as well as of the random component €. The error variance
of the estimation & is of the form

[ * *
E(nﬂ )2 = <Z|K”u Vp T K”u Vu PV‘ <PH Kl’u Vu PM

-1
+ Z P,u/ Ku“/ 2 P;/ =+ Kss) Pp Kl/u Yy |l>7
WFER

or, in terms of the Fisher’s operator,
E(n,)* = (U1F, 1),
-1

R L DL R Y

Uy
W#ER

The latter expression clearly demonstrates that the higher the sensitivity of the

data processed to the variations of the p-th field and the less the influence of the

variations of the other fields (u’ # p) on the experimental data, the higher quality

of the estimation of the p-th field.

The model of experimental data (11.9) formally includes (Troyan, 1982) all the
fields of the parameters of the medium that occur in the propagation equation of
the sounding signal. Taking into account the observation system under a chosen
experimental design, we know a priori that the magnitude of the signal-to-noise ratio
is not necessarily large for all of the fields v,, (66). In order to construct an adequate
model of experimental data, it is necessary to introduce a quantitative measure
of the influence of the variations of each of the parameters on the measurement
field. To this end, we introduce the notation of the information sensitivity of the
observation field (u) with respect to a fixed linear parameter field (v(d6)) as the
limit of the derivative of the Shannon information I, (I(v)/u) on a with respect to
a — 0 (signal-to-nose ratio), as o tends to zero:

. 0 I(v)
P _ i N7
S —o[hrnO Ia(u >,

l(l/) - 1 E(népr )2 l 2 __
fo (7) =g gy B’ = (1K (D),

E(n, ) = (I(P* K" P+ K,)) 7t D),
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2 2
K.=0.1, K, =0

_ 2.2
SI, a=o;/o:.

The explicit expression for the derivative with respect to « is as follows:

2, (@)1 a
oa *\u, /] 2 (I —aP*(aPP*+ 1)1 P|l)
{_ (|P*(aPP* + I)~' P|i)

b
(1|P*(aPP* + I)~! PP* (aPP* + 1)~ P|l)
+ o :
ul
By passing to the limit as « — 0, we obtain
1 (I|P*P 1 ||P|l > ||
SP = lim I, (@) _ L4 b _ 117 HQRN . (11.13)
a—0 up 2 <l|l> 2 |||l> ||L2

The area of application of the information sensitivity includes the construction
of the model of experimental data and the design of tomographic experiment.

Physically, expression (11.13) means that the greater energy of the legitimate
signal that has passed through the medium with a nonhomogeneity, the field of
which coincides with the weight function of the estimate functional [ the higher the
information sensitivity of a given system of tomographic functionals. In the case of
the ray tomography, such a qualitative conclusion is obvious if the functional under
the estimation is of the type of mean over volume elements. An important property
of the measure of information sensitivity introduced above is that it provides a
quantitative characteristic for arbitrary tomographic functionals (we recall that the
functionals of the diffraction tomography are alternating Sec. 4.3) and arbitrary
functionals to be estimated (e.g. the coefficients of the space Fourier transform of
the unknown parameter field). This measure of the information sensitivity makes
it possible to determine the contribution of each of the fields involved in the model
(11.9) and to construct an adequate model, from which all fields not informationally
covered by a chosen design of the experiment (the set of tomographic functionals)
are excluded.

11.4 Errors of Recovery, Resolving Length and Backus and Gilbert
Method

To analyze the errors of recovering, we shall follow to the scheme from Sec. 9.3.
Neglecting the influence of all field v,,, except one field, we rewrite the representation
for the error of the estimate (11.11):

== (a,pv) — (a,€) (11.14)
then, introducing the notation b (displacement) and e (noise):

n=>b+e,
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where b = E,n = (I — (a,p)v) = (I —|v); e = —(a,); E, denotes the conditional
mathematical expectation.

We should note, that the general reason for an ill-posed statement of the esti-
mation problem consists in an absence of a priori information about the solution
set {v(60)} (Backus and Gilbert, 1967, 1968). Actually, an unbiased estimate can
be obtained if estimated functional [ belongs to the linear span of the tomographic
functionals (o, p). But the latter condition a fortiori not holds, if, for example, [ is
singular, but p, are regular (n = 1 + N). So, the error of the estimate n' in the
general case can be infinite by the virtue of the unboundness of the set {v(6)}.
Therefore it is impossible to introduce any optimal criterion for the estimation.

Taking into account the mentioned above problem, we will analyze the Backus
and Gilbert method (B—G) (Sec. 6.16), which is wide represented in scientific liter-
ature (Jensen et al., 2000; Troyan, 1985; Yanovskaya and Porokhova, 2004; Nolet,
1985). Let us briefly explain the idea and the algorithmic structure of (Backus
and Gilbert, 1968), in which a presence of the random component in a measure-
ment data is assumed, but a priori information about the set of solutions {v(46)}
is supposed to be absent. Using the notations of the formula (11.14), we write
the optimality criterion in a sense of Backus and Gilbert criterion. In the work
(Ryzhikov and Troyan, 1987) a one-dimensional problem (z € R!) is considered.
The criterion Jg_g contains two components. The first one (R-criterion “delta-
likeness”): a singular functional (Ig_g| = d(z — X) is estimated. If we denote
(a,p) = (a(X),p(x)) =, then

R = (lp_¢ — l|Kp_gl|lB—c — ),
where the integral operator K o has a singular kernel of the form
ko 2") = cla’ — X)(2" — X)o(2' —2”),

which contains the estimated point X. We write the value of R relatively to «
parameter

R=(a,V*a),

where

V* Uy = c// dx'dz" pp (2 ) (2 — X)5(2" — 2") (2" — X)pm(z")

=c//m@mmmu—xﬂm

The value of R is connected with the resolution of the method on x coordinate; for
this purpose the constant ¢ in R! is assumed to be 12, because, if we put to criterion

R= 12/i(x)(x — X)2%dx

an uniform at the interval A distribution, instead of the linear combination

~ N
=3 an(X)pa(a),
n=1
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(which produce “solving kernel”), then R will be numerically equal to a value of
the interval A, i.e.

X+A/2

—12/12 2de «— 12 / [Ax—XQ]da;zA.

X—A/2

Here A is the resolving length on the coordinate .
An influence of the random component e, cased, for example, by measurement
errors, is taken into account by the second component of the Jp_g criterion:

N(a, K.a)

(K. = E(eeT) is a covariance matrix of the measurement errors).
Finally, the optimality criterion for the estimation of the functional [ consists in
minimizing on « the sum of the weighted quadratic forms R and N:

JBfG:(l_’Y)R—’_’VNv ’76 [071]7
or
Js_c =01 —-{1—-I|Ks_g|l ) +v(a, K.

under the condition (I|1) = 1. The supplementary condition is introduced by anal-
ogy with (Ilg_g|1) = [d(z — X)dz. It is possible to see, that without the supple-
mentary condition the criterion produces only an unique zero solution.

It is assumed to minimize the criterion Jp_g under various values of the pa-
rameter -y, and the optimality estimate (&) corresponds to the minimum or the
sum R and N, that provides under ideology of the Backus and Gilbert method a
compromise between “resolving length” and “error”.

We shall compare the optimality criterion Jg_g and optimality criterion in-
troduced by Ryzhikov and Troyan (R-T) (Ryzhikov and Troyan, 1994), which is
considered in Sec. 11.3:

Jp-r =[(A— Q") Kp_1(A - Q)]

This criterion for the considered case of the single one-dimensional estimated field
without any a priori link between v(d6) and ¢) we write down in the form

Jp_1 = <lP7T - ZN|KVV|IP,T - ZN> + (Oé,KEOz).

It was mentioned, the first term of Jp_7 criterion, which is connected with the
displacement b, must include a priori information about v(86). In the criterion Jp_
this a priori information is introduced by the operator Kp_7, which determines a
set of feasible solutions {v(d6)}. A priori information can be introduced in the
probability form, for example, by determination of the Gaussian measure on the set
{v(00)}. In this case the operator Kp_r makes a sense of the a priori covariance
operator of the field {v(d6)}.
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The class of the solution v () can be determined also by inequality (v|H|v) < C,
where H is the Hermitian positive operator. For example, in the case of

r € R, H:Z&I(uaq), u < 0,
q=0

then with accurate within a factor ~y, which is a regularization parameter, the oper-
ator Kp_7 is the Green operator for the operator H, in addition the class {v(d6)}
is interpreted as a class of solutions of the r-th degree of smoothness.

The first component of the criterion Jg_g is a quadratic form of the displace-
ment. The integral operator Kp_¢g with a singular kernel brings a priori information
about the solution set. This operator implicitly depends on the point X, which loca-
tion is not determined. So, a priori information in the Backus and Gilbert method is
transformed together with a change of the point X, that is inadmissible in the pro-
cessing of the fixed volume of experimental data. The solving kernel (a(X), p(z)) is
oscillating one and the interpretation of the first component of Jg_g as a resolving
length is incorrect. Probably it is better instead of the functional {* = §(z — X) to
use the functional which has a sense of a middle value of a desired field () in the
vicinity of the point X. In this case a diameter of the vicinity is determined “re-
solving length”, and the error of the estimate has a variance (I|F|l), which includes
the displacement b and the noise e.

The linear constraint <l~|1>7 which is used in Jg_q, is an artificial one. Its
appearance is caused by two reasons: first, the estimated functional is localized in
the point X'; second, the kernel K ng is equal to zero in the same point. So, without
the linear constraint we can not obtain the proper estimate. It should underscore,
that the delta function is not defined by the condition (IX[1) = 1, it is defined by
the condition (I*X|1) = 1(X) The logic of the Backus and Gilbert method leads to
the necessity to introduce an infinite number of the (delta-like) linear constraints
(IJ1,) = (X)) (where {1b,} is a complete system of the basis functions).

If the kernel kf{fG does not equal to zero in the point X, then the optimality
criterion does not need the linear constraints The various shapes of the kernel k_,
are considered in (Backus and Gilbert, 1968), but most of the applications use the
kernel of the form

EY o =c(z' — X) (2" — X)o(2' — ).

One can show, that the introducing of the linear constraint in (R—T)-algorithm
leads to increasing of the estimate variance. In this case (R-T)-criterion has a form

Jp_r = Jp_r + (I — l|vu)
(vi is a model field) and an optimal estimate
& = arginf jp_T
is determined as

a = K, Nu, + sugn),
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where u, = PK,,|l); ug = Pvyg; Ky, = PK,,P* + K;
(X vm) — ug Ko um

1
ung U

Using the expression for s, we, finally, obtain

1

-
ug wu W

-1
KuuuH

a= |1 —
—1
unguH

K lugud | Ko, + (0 |vg)
Let write an increasing of the variance of the estimate of the functional IX after
introducing of the linear constraint to the criterion

() — uiy Ky ur)?

An® = (7 —n)? =

ugKu_uluH 20
Analysis of the An? shows, that introducing of the supplementary linear constraint
(IX —I|v) = 0 (like to usage of (I|1) = 1 in the Backus and Gilbert criterion), leads
to loss of the estimation efficiency.

After carrying out the analysis we can conclude, that the correct restoration
algorithm for the parameters using seismic data should be based on the quadratic
optimality criterion:

Jpor = (g — l|Kp_7|l3_1 — 1),

where as the estimated functional I 1 we use the mean value of the desired field
in the vicinity of the point X; for example, in a rectangular parallelepiped abc with
center in the point (X1, Xa, X3):

a b c
lf)(_T = (abc)1H<§ — |£C1 — X1|)H(§ — |(E2 — X2|>H(§ — |£C3 — X3|>,

The variance of the estimate reads as
En® = (Ip_|F'I5 1)

and it includes both the displacement b and noise e.

The criterion Jp_r in the full measure takes into account both a priori infor-
mation about the elastic field and statistical structure of observation errors. In
Fig. 11.1 the integral kernels for the operators of the criterion Kp_g (a),

Kp_g(2',2") = (' — X)(2" — X)o(2' — 2""),

are represented: Kp_7 for the noncorrelated homogeneous field (b) and Kp_r for
the Markovian homogeneous field (¢), which determine an introducing a priori in-
formation in (B-G) and (P-T) methods.
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Fig. 11.1 Integral kernels of the correlation operators: (a) corresponds to ( B-G)-method, (b)
and (c) correspond to (P-T)-method for the noncorrelated homogeneous field and the Markovian
homogeneous field respectively.
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11.5 Back Projection in Diffraction Tomography

Let us remind the model for the diffraction tomography experiment:
u=PO+e,

where the tomographic operator P is

Pl = /pt(ﬁ,a:)ﬁ(x)dm,

P& ) = <G8hfr|5[9x]|aosgs> = <SOOUt{t}|S[Gz]|SDi£;>7
where Gf includes the time inversion under the interpretation of the nonstation-
ary sounding signal; the integral kernel of the tomography functional p(-, x) is the
weight function connected with the variation of the medium parameters in the space
point x and in the temporary point ¢. This weight function corresponds to the &
source-receiver pair and it produces by local interaction S{’;] of the inverted field

@Eﬁc (t} Lipout = hfr, which is produced by the source th located in the point &,

and working in the inverse time ¢, and the incident field @fg Lopin = 58
The inversion of the data u using the regularized algorithm R 6 = Ru is con-
structed on the basis of the solution of an extremum problem:

R = arginf(|RP — I||%, + | Rll%.),
where ||A||p = (spABA*)'/? reads as
R = KyP*(PKyP* + K.)!, (11.15)

and provides a minimum variance of the restoration error, i.e.

R =arg iréf spKse,

Ks9 = Ky — RK,R*, K, = PKyP" + K..

The construction of the optimum operator R leads to some problems. The anal-
ogous problems appear at the realization of the exact algorithms in the conventional
ray tomography. But in the computational tomography these problems are solved
in the way of the construction of heuristic algorithms, which provide to use with
more or less effectiveness some part of the information contained in the experimental
data. One of the routine methods of a such kind is the back projection procedure
(Vasilenko and Taratorin, 1986; Kireitov and Pikalov, 1985; Beylkin, 1985). We
should note that the back projection is a part of the exact analytical inversion of
the Radon transform (Helgason, 1999; Herman, 1980), which as a data for the back
projection are used the derivatives of the Hilbert images of the Radon projections.

Let us consider a suboptimal algorithm R of the restoration with the use of the
inversion of the measured wave fields and the back projection. To write down the
algorithm R in a form

O(z) = Ru(z) = a™" Y (5,150 |95,),
¢
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where the summation is implemented on the results of processing of the isolated
experiments; @fn is a direct continuation of the wave field, which produces by the
s-th set of the sources; @fmt is a backward continuation, measured by the r-th
set of receivers; « is a dimension factor, which is proportional to a volume of the
processed experimental data. After the parametrization of the experimental record

in the form
Ufg _ Z Z Z U St §(t — £,)0(s — £)0(xr — &),

tn & &

we rewrite the expression for the estimate (z):

0(z) =t Z Z Z uréstn peréstn

th & &

= *12211 2o, (€,2) = a7 Pru. (11.16)

In this case the kernel of the tomography functional p; (&, ) is produced by the
hardware function of the recording channel h& = (t — tn)d(x, — &), that cor-
responds to a wide band recording of the experlmental data. Let note, that the
last expression for the estimate é(x) contains the back projection procedure in the
explicit form.

We consider the back projection as a part of the generalized inversion algorithm
described in Sec. 11.3. For this purpose we write down the result of the restoration
of an arbitrary linear functional {(f) = (I|6) (Ryzhikov and Troyan, 1990):

1(6) = (110) = (W(PKoP" + K.)"* PE,|l)

and consider its simplified version for Ko = I, (I|] = (gl =
= (6(x — [2])]. Then the expression for [(§) reads as

Oy = ([12)10) = (u|(PP* + K.) "' P|l})).
Taking into account, that
Plli) = [ Pu¢,2)8(a ~ [o])do = Pi(€, o],

and assuming (PP* + K.) ~ o, we obtain an analog of an action of the algorithm

R:
é[w] ~at Z Zué(tn)Ptn (& [=]).
(23

The comparison of the formulas (11.15) and (11.16) allows us to see the disad-
vantages of the generalized inversion (or generalized back projection): it does not
taking into account a statistics of the measurement errors, a priori representations
about medium parameters are absent, the links between various generalized Radon
projections are ignored.
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The certain advantage of the back projection consists in its manufacturing, be-
cause the algorithm is reduced to the well known procedures of the wave field
continuation (Zhdanov et al., 1988; Claerbout, 1985; Kozlov, 1986; Petrashen and
Nakhamkin, 1973; Berkhout, 1984.; Stolt and Weglein, 1985).

Let us remind that classical methods of the elastic wave fields continuation
(Claerbout, 1976; Petrashen and Nakhamkin, 1973; Timoshin, 1978; Berkhout,
1985) reduce to the procedure @ = Giu. As it follows from the analysis of the
generalized back projection algorithm (11.16), the procedure of the back continua-
tion is one of the component of the procedure of restoration of the image of medium:
Doyt = Giu. From the representation (11.15) it follows, that an application of the
continuation as the method of the restoration needs an information about proper-
ties of the sounding signal ®;, and the information about the interaction character
of the direct and back continuation of the wave fields (S%). The algorithm of gen-
eralized back projection is virtual to the back continuation under conditions that
the incident field ®;, has a plane wave-front and the interaction operator S is a
multiplication operator.

Let note, that the procedure of the generalized back projection can be inter-
preted as a hologram processing. We would remind that the optical holography is
found on the registration both the amplitude and the phase of an optic signal at the
same time. In optics it implements by recording an interference picture, which ap-
pears as a result of the superposition between the monochromatic (laser) reference
beam and the wave field scattered by the object. In the optic holography using a
monochromatic beam is a single opportunity to fix both the amplitude and phase,
but in many sounding tasks recording fields contain both these parameters of the
scattering field. The analogy with the holography is found in the explicit form in
the generalized back projection procedure:

0 ~ a” NG (u — u)|S°|pin),
Ug = ‘Pin‘w:&-
In this case the arbitrary field ¢j, can be considered as the reference beam, but
as in the case of the optical holography, if it does not bring any information. The
“holography” image appears as the result of the interaction of the reference field
in and an illuminated “hologram” w — wug, at that an information transmission to
the space satisfies the same laws as the reference field ¢;,. The interaction operator
5% is no multiplication operator in general case, and it determines only by the
propagation law for the sounding signal.

Let us show that the procedure of the construction of the field oyt in the form
G*u can be represented in the explicit form as an analytical extension of the field
observed on some part of the space surface. Let us consider an example of the
extension of the scalar wave field.

Using the second Green theorem in the form

/ (V2 — V2V — 7{ [PV — ¥V - do,
ov

\%4
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where do = ndo, we can chose v such as

o (v L2V o e )

c2 ot? T TEETE )
where 2z’ lays inside the volume V', bounded by the closed surface OV, the field
¢ produced by the sources, located outside of the volume V. Let us write the

Kirchhoff integral (Lavrentev, 1967; Berkhout, 1985, 1984.):

o(z) = ﬁ /[¢V<p — V] - do. (11.17)
ov

The expression (11.17) represents an explicit form of the link of the field parameters
in the arbitrary point 2’ in the volume with the field in the closed surface, i.e. the
Kirchhoff integral gives an analytic continuation of the field from the surface to the
volume, which is bounded by that surface. This kind of continuation is not always
convenient for the practice, because it is necessary to state the normal derivative
(n- V)¢ of the field on the surface OV besides the function ¢ itself. Let ¢ be a field
of the pressure, then, taking into account that Vi = —iwpv (v), the time Fourier
representation of the Kirchhoff integral on time has the form:

ola') = /{w(x) 0 (w) +iwpy, SR =]

T Ar an |z — 2| |z — 2|
oV

Let us add the field g to the field v, where 1) is satisfied to the homogeneous wave

equation:
1 02
2
<V 2ot )1/)0 0

and the boundary condition on 9V:

(- V]ove' 2 n-Vav) (@ + o),
i.e.
op°

N !
i :—(n-e)1+2k|x x|

—ikle — 2
N e ekl — o)

e=(x'—x)lz -2t

The boundary condition can be satisfied, if it takes a part of the plane z3 = xJ as

a boundary, then ¢° is a field of a point source with a mirror location relatively to
the point z’. For such field 1)’ the Kirchhoff integral takes the form

N dwp exp(—ik|z — x'|)

=— [(n- ————dp, 11.18

o) = 52 [ via) S (11.18)

where p = (21, z2). Integral on the part of the sphere which is closed the boundary

0V, is assumed to be zero, because it is supposed that the radius of the sphere is

big enough, and a continuable wave field ¢, induced by a source located outside the

volume V', switched at the moment ¢ = 0, has an interest for us in the restricted time
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interval (0,7 only. The integral (11.18) describes the continuation of the normal
component of the velocity v(z), which is stated on a part of the plane x3 = 9, to
the pressure ¢(2') in the direction (—n), where n in the Green formula is external
normal vector. This integral representation is known as the Rayleigh integral.

We can obtain the second Rayleigh integral by choosing the field 1° in the
accordance with the constraint

A
1/’/|av =@+ ¢0)|av =0.
Now we can rewrite the Kirchhoff integral in the form
1 1+ ik|x — 2|
/ . !/

p(x') = o /(n . e(x))gp‘m:zg (x)w x exp(—ik|z — 2'|)dp, (11.19)
where p = (21, 22). The expression (11.19) describes the direct continuation of the
pressure field from plane 23 = 29 to (—n) direction. This expression is also known
as the Rayleigh integral.

The formula (11.19) can be obtained using an evolutionary representation for
the wave equation, with a parameter of the evolution x3 = z. For the Fourier
components of the wave field @(ky, ky, z,w) the wave equation transforms to the
Helmholtz equation:

0% 9~
@QP + kZQD = 0,
where k? = —k2 — k2 4+ w?/c?.

Representing the approximate solution ¢ in the form of non-interacting fields

p1 and @, that satisfy the equations

o - o . .
<& - ZkZ)<PT =0, (& + ZkZ>(pl =0,

it is possible to write down the solution in the form

Z2

G113 (22) = Gpr1y(=: eXp{ii/kde}. (11.20)

z1
The similar expression can be obtained for the case of the WKB approximation
(see Sec. 5.3), where the eikonal equation with ¢ = g explit(2)] (07(2)/02)? = k2
under the assumption of the weak inhomogeneity of the medium on the coordinates
x,y, i.e. a quasi-layered model of the medium is used. In this case the eikonal
equation is disintegrated on two equations:
or or
5 k., o —k,.
At small values of Az the expression (11.20) can be approximately written as

P(z + Az) =~ ¢(z) exp{Lik, - Az},

where exp(+ik, - Az) is a continuation operator in the frequency domain. Let us
note, that sign + corresponds to an opposite orientations of the direction of wave
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propagation and direction of the continuation, that corresponds to the continuation
in inverse time, but sign — leads coincidence of these directions:

H_ =exp(ik, - Az), H, = exp(—ik. - Az),
here the operators of the direct and inverse continuation are connected of the rela-
tion H_ = H X

To recognize a link between the second Rayleigh integral and the operator of
the direct continuation, let us consider a field of the point source, located in the
origin of coordinates:

1
ik,

. 1 Vi exp(—ikp )
Pol. = . // % exp(—i(kex + kyy))dp =

p=a?+y?
This field is continued from the plane z = 0 to some plane Az # 0. The field

after the continuation should has a form explikr]/r. After the direct continuation
of the field woizzo, we obtain the equality

—ikr 1
e thr / — exp{—ik. Az} exp{i(how + byy) dhudby,
r ik
where 7 = (22 + y? + 22)1/2. The differentiation both parts of this equality by z,
we obtain
_ge—ikr
0z r

/ exp{—ik. Az} exp{i(koa + kyy) }dkodk, 2 2 Fy ' Fy H

So far, the space-frequency representation of the operator H + can be written down
as follows
n-e(l+ikr)

B Az (1 +ikr)
T r2

2 r3

Thus, we have shown that continuation of the wave field, produced of the evo-
lutionary equation with the evolution parameter z, is identically to continuation of
the wave field representing by the second Rayleigh integral.

Once again we shall point out, that the construction of the field @yt is connected
with the conjugate Green function, which corresponds in the space-time domain to
the propagation of the signal in the reverse time, but in the space-frequency domain
it corresponds to the complex conjugate Green function.

Let us show the natural growth of the idea of the back projection while the
solving of the nonlinear problem

exp(—ikr) = exp(—ikr).

u="P0) +e,

whereP(0) is a generalized nonlinear tomographic operator.
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As it was shown in Sec. 9.1, the Newton’s method of the solution of the extremum
problem

6 = arginf{|lu — P(0)| - 0 — ol -
arginf{|[u —P(0)|I 5+ + || oll-1}
reduces to an iterative process
Oni1=0n — [PiK Py + Ky ' % [PrK T (up — u) + Ky ' (0, — 00)]

The first step of this process gives an exact solution if the expression

0
u="Pl) +—=| Péd+e¢
89|,
0
approximates an initial model with the satisfactory accuracy.
Each step of the gradient method applied to the solution of the extremum prob-
lem includes in the explicit form the back projection operator

Oni1 = 0n — [Pr K (uy —u) + Ky (0, — 60)],

therefore, if the linearized model is enough satisfied, then the direction of the gra-
dient descent is determined by the expression

60 = aP*K_(u — P(6p)).
We can also change the initial model by some equivalent one:
K-Y2u = KZY2P(9) + K72
or @ = P(f) + &, and to obtain an explicit formula for the back projection:
60 = aP* (i — P(6)).

We note, that the Newton’s procedure at the solution of a nonlinear problem can
be represented by some variant of the generalized gradient method, if to propose
that the quantity of information about 6, which contains in U, is small enough, i.e.
the Fisher operator F), does not contribute to a priori information: ||F,|| < || K, .
In this case an inverse derivative of the initial regularized functional is equal to Ky,
and the first step produces the back projection with the consequent filtering:

60 = aKoP* (i — P(6p)).

And the filtration is entirely determined by a priori information and corresponds
to the smoothing with a kernel of the operator K. If the correlator Ky describes
the homogeneous fields 6 the filtration is reduced to the convolution of the image,
received by the back projection, because the kernel kg(x,2") of the correlator Ky is
such, that ke (z,2’) = ke(|z — 2'|) and 60 = kg * 60.

Moreover, just the back projection with the subsequent filtering are a part of
the formal algorithm of the gradient descent using in (Ryzhikov and Troyan, 1990;
Tarantola, 1984; Nolet et al., 1986), where the models of the seismotomography
are written under the assumption that the physical equipments have an infinite
bandwidth. The algorithm represented in these works, can be interpreted as the
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next consequence: the propagation of the seismic signal, which is produced by a
source with the direct time ;,; the back projection of the field of the discrepancy
from the observation surface @q,t; the interaction of the fields i, and @y with
the consequent filtering. The similar algorithm in (Tarantola, 1984) is represented
as follows

) ) — (S0,

where gol(: ) Ly, gpi(:) = s; s is the source function;

Pout L, oo = 05,
where §s(® = K- 1901(:) — WYobs; Pobs Observed field. It is assumed that the field
Yobs coincides with the field of the seismic signal in the observation points up to an
additive value €.

11.6 Regularization Problems in 3-D Ray Tomography

The traditional tomographic interpretation of remote sensing data is based on the
ray representation of the propagation of a signal. In this case, the path of a ray
is assumed to be known in the reference medium (see (Bukhgeim, 2000)). The
use of the analytic Radon inversion leads to rough errors in the case of an obvious
incompleteness of data (Alekseev et al., 1985). The methods of the algebraic re-
construction use either a priori block decomposition of a medium (Alekseev et al.,
1983) or a finite basis of space functions (Marchuk, 1982).

As a consequence of the inevitable observation errors, it is necessary to apply
regularization methods even in the processing the data of “complete foreshorten-
ing” tomography. In actual the tomography experiment, the errors related to a
small foreshortening of observations are added to these errors. From the mathe-
matical viewpoint, the solution of an inverse problem is related to the inversion of
a completely continuous operator and the action on the function that does not be-
long certainly to the image of the operator, i.e., the inversion problem is essentially
incorrect.

Here we consider the potentialities of the regularization method in the solving
3-D ray tomography problem and give a physical interpretation of algorithms sug-
gested. Here, we take into account that it is advisable to perform the regularization
for equations represented in functional spaces. Only in this case one can guarantee
the fact that algebraic analogs of these equations will be regularized independently
of the dimension of the respective Euclidean space.

As a model of experimental data u in ray tomography (in the seismic case, the
travel time or amplitudes of seismic waves), we use an operator equation of the first
kind:

Pv+¢e=u, (11.21)
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where v is a field associated with physical parameters of a medium such as the veloc-
ity of propagation of an elastic wave or the slack coefficient involving attenuation and
scattering; P is an integral operator with the singular kernel (L —1,... o} (z))@0 (),
¢ is the residual of the model and experimental data that is assumed to be random
variable normally distributed with the zero mathematical expectation and positive-
defined covariance matrix K. = Eee” and that includes the measurement and
linearization errors.

The model of experimental data in the form (11.21) is introduced under the
assumption that v(z) represents small smooth deviations relative to po (the field of
parameters in the reference medium), i.e., v(z) = (u — po)/1o (v vanish nowhere),
where p is the field of absolute values of physical parameters that assumed to be
smooth with respect to the characteristic scale of a problem, in our case, with
respect to the characteristic wavelength of a sounding signal. It should be noted
that, first, the smoothness is a necessary condition for the ray interpretation of the
propagation of an elastic wave and, second, the smallness of u(x) makes possible to
apply the linearization:

P(n) = Pluo) + P'| , (n— 1) = P(po) + Pv,

P:PLWQ

In the general case, one may consider the linearization as the first step of the
iterative solution of a nonlinear problem, but in the processing of the data of the
ray seismic tomography, subsequent iterations, as a rule, are not provided with the
sufficient information.

Precisely the physical requirements to the application of the model (11.21) de-
termine the regularization methods for the solution of the inverse problem: find

2

v = arginf || Pv — ul| 3
€

under some conditions of the smoothness and boundedness of the function v. The
formalization of these conditions reduces to the well-known Tikhonov regularization
(Tikhonov and Arsenin, 1977) (considered in Sec. 9.2), which, with the use of the
regularization parameter «, leads to the solution of the extremum problem

U= arginf||Pl/—u||§(,1 +a(v, (I — A)), (11.22)

where
15 = > > kT ifit s
g

I is the identity operator; A is the Laplace operator; (-, ) denotes the scalar product
in the Hilbert space:

(v, I —A)yw) = (v,v)+ (Vr,Vv)

under the condition of vanishing v or Vv on the boundaries of the integration
domain.
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One can write the solution of the problem (11.22) in the form
v=D'PPD'P*+ K.}
where P* is the adjoint operator in the sense of Lagrange to the operator P and
D=t = a~}(I — A)7! is the integral operator with the kernel equal to the Green’s
function of the operator D £ all —A):

/d ;1 exp(— ac—:r|)'u(x,)

|z — /|

exp(—|z])

1
a |z

* p(z), (11.23)

where a1 exp(—|z|)/|z| is the Yukawa potential, which is well known in the quan-
tum mechanics and the field theory.

A “simplified” Tikhonov regularization corresponds to the solution of the ex-
tremum problem in the class of smooth functions v, i.e.,

) = arg inf[||Pv — uHi_l +a||Vy|?],

and yields an operator Dy L such that
1 1 1 1
DY () = [ do' = ——— (2’ x), 11.24
) = [ do' o) = £ o o) (11.24)
where a~!|z|~! is the Coulomb potential.

Consider the composition of the operators PD~'P* and D~!'P*. Taking into
account the action of the operator P, which corresponds to the integration of the
space function v(x) over ray parts, and the action of the operators D! and D}, we
see that the matrix element (PD~!P*);; is obtained as a result of the convolution
of the d-function that are localized on the paths of the i-th and j-th rays with
respective potentials:

7Py = [ [ ol ))5(@@//))%@%'/
— b (Li(2)) é é 10D (L (x), (11.25)
1 exp(|a:’ - x”|) 2 dx
(PD1P*),; = //5 (SL@ DA(SL o) S '
= 6(L;(x)) * % «6(SL;(x)). (11.26)

The physical meaning of the matrix element (PD; ! P*);; in the formula (11.25)
is that it represents the energy of the Coulomb interaction of two charged threads
with charge densities (47 /a)'/?pg that are localized along the i-th and j-th rays;
the matrix element in the formula (11.26) describes the energy of the i-th and j-th
threads that are interacted by means of the Yukawa potential.

The result of the action of the operator D~! P* is a set of m fields (in accordance
with the number of rays) created at each point of the space by each of the m rays
with Coulomb or Yukawa field.
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In the statistical interpretation of the algorithm (11.22), the estimate of the field
corresponds to the optimal statistical extrapolation or regression

U= K, K lu,

uu

where K., = D7'P* and K,, = PD™'P* + Ke, i.e., it corresponds to a priori
ideas of the field v as a random homogeneous and isotropic field with correlation
functions coinciding in (11.23) with the Yukawa potential and in (11.24) with the
Coulomb potential.

If we use the concept of the local regularization(see (Ryzhikov and Troyan,
1986a)), it is not difficult to write a regularization algorithm that adequately in-
cludes more complete a priori information. Such a priori knowledge may be an idea
of the field v as a random homogeneous and isotropic one. This may be related to
geophysical ideas of the space distribution of an inhomogeneous medium: so, for
example, in the case of the stratified model of the reference medium the situation
may occur where the orientation of inhomogeneities coincides with the spatial ori-
entation of the layers and one can indicate the typical sizes of inhomogeneities, i.e.,
the sizes of the axes of a priori ellipsoid concentration of the random field v. If
a priori information on the primary localization of nonhomogeneities is available,
then the method of the local regularization makes it possible to interpret the field
v as a random isotropic inhomogeneous one and to include this information ade-
quately into the computational procedure. Moreover, a correspondence should be
obeyed between the a priori ideas of the characteristic sizes of inhomogeneities and
the extend of the correlation and the accepted ray model of propagation of a sound-
ing signal: the least radius should be greater than or equal to the characteristic
wavelength. Thus, physical requirements on the ray interpretation of the seismic
tomography necessarily leads to the application of the Tikhonov’s regularization of
the first or higher order when solving these problems.

The application of the local regularization is based on the fact that in the regu-
larizing functional (v, (Ia)v), instead of the elliptic operator A an operator K;;0;0;
is used with a positive defined matrix K, which in terms of correlation functions cor-
responds to the change |z| — (2, K ~'x)'/2. Tt should be noted that the introduction
of the local regularization leaves in the force all proofs of Tikhonov’s regularization
theorems, because the norms of the respective Sobolev space are equivalent.

In practical implementation of the algorithms, the matrix K1 is given by six
parameters: the sizes of three axes of the correlation and three Euler angles deter-
mined the orientation of the ellipsoid relative to the coordinate system associated
with the observation scheme. The matrix elements (K ~!);; are computed with
the help of the similarity transformation induced by the matrix of rotation from the
proper coordinate system of the ellipsoid to the coordinate system of the observation
scheme.
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11.7 Construction of Green Function for Some Type of Sounding
Signals

Let us consider a weak sounding signal, for example, a small seismic displacement,
then the process of the signal propagation inside the seismic medium can be repre-
sented in a form of the linear operator equation

Iig(p:s,

where Ly is a linear tensor operator, which depends on the field of the medium
parameters; @ is a vector field of the sounding signal; s is a vector function of the
source, which is assumed to be known. One of the main elements of the inverse
problem solution of the remote sounding is the problem of the recovery of the
field p(x,t) in the reference medium with a known field 6y (z) with a given source
function s:

o=L""'s, or @:GS,

where LG = I; G is the Green operator.
Let us explain some examples of the Green function construction for the sound-
ing signals of the various physical nature.

11.7.1  Green function for the wave equation

Let us to write the wave equation in the form
82
— +H)p=0 11.27
(g + )0 =0. (1127

where H is an operator that acts to the space variables. To find the Green function
of (11.27), let’s write the solution of (11.27) in the form of infinite series over
eigenfunctions of the operator H:

oz, t) =Y Ay (e (), (11.28)

n=0

where ¢, (z) is such that Hp,, = A, ¢, and (@5, ©m ) = dpm. The substitution of
the notation (11.28) into the wave equation (11.27), we obtain

> (An+ An An )n =0. (11.29)

Scalar multiplying the equality (11.29) on ¢,, we obtain for each n the equation
for the coefficients A,, (t):

A, () + A, (DX, =0,
with the next solution

Ay () = ap eVt 4 by e VAL (11.30)
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We note, that A, (0) = a,, + by, and the derivative in (-) 0 A, (0) = iv/X (an — by, ).
For the initial conditions

. A
¢(@,t)];—o = Po (11.31)

and  @(z,1) 2 @, (11.32)
it is possible to obtain the system of equations for the coefficients a,,, by,:

QPOZZ(an'*'bn)SDna

By scalar multiplying (11.33) on ¢,,, we obtain
((PnaSDO) :an+bn 5

(SDnast) = i\/x(an - bn)

Each of the coefficients has the next representation:

= | 0) = = om0 (11.34)
b = 3 (0nr0) + = (o 0)]. (11.35)

Because in the case of the wave equation the initial condition are represented by
two functions (11.31), (11.32), it is possible for each function to construct the Green
function and to represent the general solution as follows

©==G1p0+ G2

Substituting the representations (11.34), (11.35) to the right hand side of equality
(11.30), and the coefficients A,, (t) we substitute into (11.28), we obtain

sin v A, t
Z cos\/ An t‘Pn (Pn s (PO + Z \/— ©n )((,On ,(po ) (1136)

We note, that the representation of the operator H using eigenfunctions can be
written down as

hence
Z FOw )pn @3

we can write the Green functions G; and G in the operator expression:

A A sinv/H t
GlZCOS\/ﬁt, ngﬁ
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Using (11.36) we can obtain a coordinate form of the Green function

g1 (z,t; 2", 1) ZCOS\/_L‘—t )en (2)¢y, (27,

g (@t ) = %w (@)}, ().

If we have the system of eigenfunctions for the operator H, then we can write
the particular representation for the Green functions of the wave equation.

Let us consider, for example, the wave equation without the source (homogeneous
wave equation) for the case of the uniform space:

1 62
14 c? 8t2<p

n

= 0.
The eigenfunctions of the operator, which in this case is equal to (—A) (z € R?),

are determined as

1 ikx 3
@kzwe 5 r e R”.

Here the normalized coefficient corresponds to the condition (¢ , @i ) = 6(k — k).
Thus, the coordinate form of G5 reads as

1 7 ey
g2 (x,t;a:’,t’) _ / SlnC|k’|(t t)elk(z_m)dgk

(2m)? ) c|k]
- m {6(lz = a'| + et =) = 8} — 2’| — e(t = "))}

From this representation it is followed that under condition ¢ > t’ just only the
second part of the Green function “works”, i.e

g (x,t;x',t') _ i {_5(|5E — $I| —c(t — tl))} A G(_) (11.37)

4me |z — /|

for t > ¢/, that corresponds the signal propagation in the direct time. In the case
of the inverse time ¢ < t’ the Green function is equal to
1 [ 0|z — 2’| —l—c(t—t’))} A

7t7 /7t/ = :G
g2 (x T ) 47TC |Z‘ _ $/| (+)

for t < t'.

11.7.2 Green function for “Poisson equation”

Let us write the Poisson equation in the form
Hp=s,

where H > 0, s = s(x) is the source function. The Green function in the operator
form can be written as G = H~!, and in the coordinate form it reads as

= > Nlon(@)e; (2). (11.38)

An#£0
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Here A, are eigenvalues of the operator H. In the expression (11.38) the summation
is implemented only if A,, # 0, that is equivalent to the representation of the solution
in the form

Lp:H_ls—Fk(po,

where g is an eigenfunction of the operator H that corresponds to A, = 0, that
leads to the equality

Hp=s=Hp+ kHypy
for an arbitrary k. If the operator H is equal to —A (x € R3) (we consider the

Poisson equation in the infinite space), then the Green function in the coordinate
form can be written as

Glo, ') = 1 /exp[ik(m — ') P

(2m)3 k2
1 smk|;v — '] 1 1
dk = —_— 11.39
T on2 |a:—x’|/ 47 |z — o' ( )

The solution of the Poisson equation can be written down as follows

47r/|x +k<ﬂo()

where pg: App = 0; k is an arbitrary number.

11.7.3 Green function for Lame equation in uniform isotropic
infinite medium

The vector Lame equation L = s has an unique solution, which can be represented
with the help of the Green tensor G such that its integral kernel is the tensor function
g(x, t; ', t") which satisfies the equation
Lyj=6(x—2")o(t—t)I.

In the infinite uniform space the retarded Green function g_ (z,z’;t,t’) satisfies the
condition g_ = 0 where t < t’. To construct the fundamental solution of the Lame
equation in the explicit form, we use, taking into account the Helmhotz theorem,
the representation of the vector field by scalar and vector potentials (4.20):

p=—-V&+VxA,

s=-V&,+V x Aq,

which satisfy the scalar and vector wave equation respectively

D,

— 02 AP = (11.40)

p
As

A—02AA =20 (11.41)
p
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The representation of the vector s as a sum of the vectors of potential and solenoidal
fields allow us to introduce the vector field H such as

—V’H=s=-Vd,+V xA,.

Taking into account the identity law —V?H = —V(V -H) + V x (V x H), it is
possible to find that

®,=V-H, (11.42)

A, =V xH. (11.43)

Let us write a solution for the vector Poisson equation with the help of the
solution for the scalar Poisson equation for the case of the vector point source,
located in the origin of coordinates and oriented in the direction of the first ort
of the coordinates, i.e. s(x,t) = ey s(t)d(x). The solution of the vector Poisson

equation V?H = —s, using Green function for the scalar wave equation (11.39)
reads as
1 s(t)d(x") 1 s(¥)
H(x,t)=— [ di/——"> = —e; —=. 11.44
(1) 471'/ * |z — 2| At x| ( )

Using the relations for the scalar (11.42), vector (11.43) potential and the represen-
tation for H in the form (11.44), we obtain

_ o (1 st)\_ s(t) 1
q)s =V (4ﬂ_e1 |X| )— A 61 |X| y (1].45)
1os)y s
A=V x (e S 20 g -1 (11.46)
dr x| 4 _y
9 |x|

Substituting the source functions in the forms (11.45) and (11.46), we rewrite the
wave equations (11.40) and (11.41):

i oaag SW) -1
P — ’Up Ad = m 31 |X| 5 (1147)

A —vIAA =2 o50x|7? (11.48)
4T 1
—82 |X|
We write retarded Green functions for the wave equation (11.47), (11.48), using
the Green function, obtained in the case of L = (A — % 87 ) (see (11.37)):

1 (e (= 1))
go (23t t)_47mf; |z — 2|
Lot —t) = |z —a'|/vp)

= 11.49
47TUI2) |z — 2| ’ ( )
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1 5((t—t’)—|x—a:’|/vs).

t—t) =1
9a (@, ) 4mv? |z — /|

(11.50)

To represent the solutions of the wave equations (11.47) and (11.48) in the form

!/
d(x,t) = /d;v’ dt' go (x,x";t —t') [% o |x’|_1} : (11.51)

s(t)

A(x,t) = [ do' dt’ Lt —t
ot) = [ ' gn st G0

0
s |x (11.52)
92 |x

!

!
Then, using the expressions for the Green function (11.49) and (11.50) the solutions
(11.51), (11.52) we write down as follows

(I)(X, t) = m /d$/ dt’ 5((t — t/) — |(E — leUp)S(t/) o, |X/|717 (1153)

|z — 2|
A(x,1) /d g S H) o~ l/vs)
|z — |
x s(t') 83|x’| L. (11.54)
_82|X/|—1

After the integration over ¢’ the solution (11.53) and after the change of variables
|x —x'|/v, =T, we obtain the representation for the scalar potential

1T st—1) -
D(x,t) = ()2 o2 P /dT — 7{ O x| do . (11.55)
0

|lz—a'|=vp T
To bear in mind the calculation the surface integral from the right hand side of
(11.55), we consider the following integral

do
o; iy 11.56
[ (11.56)
|z—a'|=r
where r = v, 7, do = 27r?sinfdf, x' =x —r,
(le X/) = (X7 X) - Q(Xv I‘) + (I‘, I‘)
(Fig. 11.2) or 2'? = 2% — 2zrcosf + 2. To write down an exact differential of the
last expression and to obtain
x' de’ = xrsinfdé,

and from it follows
_ 2mr|x'| da’
Y

To calculate the integral (11.56):
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Fig. 11.2 Tllustration of the calculation of the integral from right hand side of the equality (11.55).

|x|+7
d 20, i
i ]{ = 2w, x| / do = { A0l A <Xl
%/ 0, it r> x|
|[x—x'|=r |x|—7

Using representation (11.57) for the surface integral, we rewrite the expression
(11.55) for the potential ®(x, t):
1 |%|/vp
D(x,t) = o (01 x| / Ts(t — T)dr. (11.58)
0
Taking into account the representation (11.57) and after change of variable |x —
x'|/vp, = 7 in the solution (11.54) we can calculate the vector potential:

e s 0
= Ts(t—7)dr || O3 |x|71||. (11.59)
e ) — 9y |x|7!

Using obtained solutions for scalar and vector potentials (11.58) and (11.59) we
restore the potential and solenoidal components of the fields ¢, and ¢:

) 07 |x|! x| /vp
op=—-V&=—— |10,0; x| drs(t— 1)1
dmp -1
83 81 |X|
O x|~ oy [x|
x| s(t — |x|/v

_ % ) |X|71 Dy |X| ,

P O x|~ 93 |x|

—03 |7t — 95 x| H|| X
VxA= - 01 0o x| 71 / Ts(t — T)dr
Pl oy 05 x| 1 5
—0s |X|71 02 |X| — 03 |X|71 05 |X|
0y x|~ 01 [x]
05 x|~ 01 [x]

Ps

t— s
L s |>;|/v )
4T pv3
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Introducing the notations v; = 9; |x| and under the assumption that the source
direction is e;, i.e. after change 1 on j, we obtain, after some mathematical manip-
ulations,

t_ﬂ>+<f_p>

¥ = %p + s = 471_7%)’0}2) |X| S( Vp

x| /vs

! s<t—@)+(3ﬁ—f) ! /TS(t—T)dT.

X S — S —
4 pv2 |x| Vg 47 p|x|?

x| /vp

The retarded Green function after the integration over 7 can be represented in
the form

g(ac,x’;t _t/):ﬁp{v_ié(t—tlr— T‘/Up) n (I ZQP) (5(t — t/r— r/vs)
Y G0 Ity —r/:g) — 0t —t' —7/vs)] }

where 6(t) is the rump function,

1, it >0,

9('5)_{0, if t<0;
/ / r T
r=x—-2z2', r=[|x—-x|; eT:m, P=(e e, ).

11.7.4 Green function for diffusion equation

Let us to write a “diffusion equation” in the form

o
<§+H>¢:o, (11.60)

where H > 0. The operator H acts on space variables only. To find the Green func-
tion of the equation (11.60) we represent its solution as expansion on eigenfunctions
of the operator H:

p(z,t) =Y Ay (H)pn(x). (11.61)

n=0

Substituting the expansion (11.61) to the equation (11.60), we obtain the equation
for the coefficients A,, (t):

oo

n=0

i.e.

A, (t) = A, (0)e A1, (11.62)
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In the expansion (11.61) the coefficient A,, (¢) is equal to projection of the func-
tion op(z,t) on the ort of the proper basis of the operator H ¢, i.e.
An (t) = (on, ) -

Denoting ¢(z,t = 0) using g, we write down:

A (0) = (n,0) - (11.63)

Substituting the expression (11.63) into the representation (11.62) and, further,
substituting the representation (11.62) into the expansion (11.61), we find a link
between ¢(z,t) and ¢(z,t = 0):

Ze "t o () (on 00) - (11.64)

From the formula (11.64) we can see, that the Green function in the operator form
can be written as G = e *, in the coordinate representation we have

G(z,2';t,t) Ze‘A =) o, ()% ().

Let the operator is H = —a V2 (xr € R3), then the Green function for the
diffusion equation (t > t') reads as

VI Y N et o
Clo b, t) = e = )? p{ 4a2<t—t’>}'

11.7.5 Green function for operator equation of the second genus

Let us write the equation under the consideration in the form
p+Hp=s, (11.65)

where H > 0. If we represent the equation (11.65) in the form (I + H)p = s, then
we write the coordinate representation of the Green operator G = (I + H)~!

follows

Glaa) =Y (14 M) pu (@)p;, (a).

n=0
As an example to find the Green function of the equation
(~VZ+m)p =s.

The coordinate representation of the Green function can be written as follows

1 explik(x — 2’

/ exp zk|x '] b dle — 1 exp[-m|z —2'|/2]
47r2z|x—x’| 4 |z — 2| '

This expression is known as Yukawa’s potential.
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11.8 Examples of the Recovery of the Local Inhomogeneity
Parameters by the Diffraction Tomography Method

Let us consider the results of the numerical simulation on the recovery of the param-
eters of local inhomogeneities by the diffraction tomography method. The resolution
of the diffraction tomography is demonstrated by the recovery results of a bulk of
inhomogeneities with sizes much smaller of the wavelength, which are placed in the
3-D uniform reference medium (Troyan and Ryzhikov, 1994, 1995). The results of
the recovery of the parameters of local inhomogeneities of a complex shape and
the sizes comparable with the wavelength (Kiselev and Troyan, 1998) allows us to
estimate the errors sequent from the Born approximation, which is used here to
linearize the inverse problem solution.

11.8.1 An estimation of the resolution

Let us consider the numerical experiments (Troyan and Ryzhikov, 1994, 1995), for
the of the resolution of the diffraction tomography method under the simply ordered
array of three-component seismometers. The reference medium is assumed to be
infinite and uniform. The incident wave field is a plane p-wave with a definite time
shape and a given normal vector to the wave front. The resolution is tested on a
regular set of the point diffractors. The synthetic seismograms (direct problem solu-
tion) are solved under the Born approximation. The geometry of such experiments
is represented at Fig. 11.3. All results are normalized on a dominant wavelength A
of the incident p-wave in the reference medium (v,, =4000 m/s, vy, =2000 m/s).
The velocity of the p-wave inside diffractors is equal to 3300 m/s. The recovery of
the set of diffractors is implemented by the processing of the several experiments
with the various normal to the wave front and the various signal shape. The recov-
ery consists in the estimation of the parameter w = (vp, /vp — 1). In the experiment
the following normal vectors are used: ng, n; and ny. The next equalities are valid
(ng,e.) =1, (n1,e;) = v2/2, (ny,e,) = v/2/2, where e, and e, are unit vectors,
directed along z and x axis respectively. For the simulation of the real seismic
data the white noise with the zero mathematical expectation and the variance o
is added.

The resolution of the diffraction tomography method is investigated depend-
ing on the distance between receivers, the type of the incident wave, noise
level.

At Fig. 11.4 the results of the recovery for distances between receivers d = 0,5
A, d=3 Xand d =5 )\ are represented. The noise level is 5 %. Two incident plane
waves are used for the calculation of the synthetic seismogram. The best recovery
is obtained for the case of d = 3 A , Fig. 11.4(b). The better recovery is observed
in the case of two plane incident waves in comparison with one plane wave. The
applied algorithm can be used for the case of the noise level 20 %.
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Fig. 11.3 The geometry of the numerical experiment: A is the plane (2 = 0) contained the
geophones, B is the plane with diffractors (y = const), intervals between diffractors along z axis
are equal to 1.5 A and intervals between diffractors along z axis are equal to 1.0 \).

11.8.2 An estimation of the recovery accuracy of inhomogeneities
parameters

Let us consider the results of the numerical simulation on the estimation of the
parameters of local elastic inhomogeneities and inhomogeneities of an electrical
conductivity by the diffraction tomography method. In the cases of both types of
inhomogeneities, the direct problem on the elastic wave propagation (the solution of
the Lame equation (4.17), (10.11)) and the direct problem on the electromagnetic
wave propagation (the solution of the Maxwell equation (4.61)—(4.64)) is solved
by the finite difference method. It allows us to take into account the diffraction
phenomenon on the target object with the complex geometry and estimate the
accuracy of the diffraction tomography method depending on the contrast of the
target object relatively to the reference medium.

Let us consider the restoration of the elastic parameters. Using notion of the
tomography functional (see Secs. 10.2, 10.3), the vector of the difference field (which

is the field, scattered by the desired inhomogeneity — see Sec. 10.1) can be written
as follows

a(xs, X, t) = /[(ﬂ(x)p)‘(x,xs,xr,t) +ou(x)p*(x, X5, X, t)
s

+ dp(x)p” (%, X5, X7, )] dx, (11.66)
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Fig. 11.4 The results of the recovery for two incident plane waves with the normals n; and ng
to the wave front (w = vgo/vg —1): (a) —d=05X(b) —d=3X; (c) —d=5 A\
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where x,, and x, are the source and receiver positions respectively; p*, p* and
p? are the vectors of the tomographic functionals, which corresponds to the next
perturbations of the medium d\, du and dp respectively. Under assumption of the
linear relation between perturbations of parameters of the elastic medium (A, dp,

dp):
ON(x) = exbpu(x), p(x) = c,dp(x), (11.67)

the integral equation (11.66) can be written as follows

u (Xs; Xr, t) ~ / [CAp)\ (X, Xsy X t) +p” (X, Xsy Xr; t)
S
+ ¢,p” (X, X, X, )] pu(x)dx. (11.68)

After digitization of the equation (11.68) the system of linear equations relatively
to the vector d,, of the desired values du(x) can be written as

Pd, = d,, (11.69)

where d,, are the samples of the field scattered by the inhomogeneity. The solution
of the system of linear equations (11.69) we obtain by the minimizing of the sum
of squares of the deviations between left hand side and right hand side of (11.69),
that, after introducing regularizing terms, leads the system of linear equations

[P'P + a1(B,B, + B.B.) + a;C'C + a3D'D]d,, = P'd,,. (11.70)

In equation (11.70) aq, ae, ag are the regularizing coefficients; matrices B, and B,
are finite differences images of second partial derivatives with respect to = and z
respectively; C' and D are penalty matrices for non-zero values of the desired values
(d,) in the boundary point and the ‘near’ boundary point of the recovery region S
respectively.

Minimizing of the sum of squares of the deviations between the left hand side
and the right hand side of (11.69) permits to find the coefficients ¢y and c¢,. In
this case the system of equations (11.70) is solved iteratively, and the minimum of
such deviation (connected with the values of ¢y, ¢, and du(x)) can be found, for
example, by the gradient method.

The parameters of inhomogeneity can be determined using the parametric repre-
sentation of inhomogeneity. In this case for the minimization of the sum of squares
of the deviations between left hand side and right hand side of (11.69) the gradient
method can be used also.

The accuracy of the direct problem solution is estimated on the intrinsic con-
vergence for the following local inhomogeneity

0.254 |1+ =211+ ==,
T |x{_@|co<s(§f“a2ll[ - i°2(iz:?] (11.71)
0,if |z —2&|>A, or |z—2>A,
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Fig. 11.5 Seismic model and observation scheme: 1-8 are the source and receiver location; S is
the recovery region; A = As = 0.02 km.

where (Z, 2) is the location of the maximum deviation p,, the value p(x) from the
value p(x) in the reference medium, A, and A, determine inhomogeneity sizes in
horizontal (e1) and vertical directions (es) respectively. The solution of the direct
problem is implemented with a net for which in the case of A, = A, =~ A\ = vsTy
decreasing of the distance between nodes on two times leads to the deviation between
signal amplitudes approximately of 2-5 %.

The recovered inhomogeneities are described by the formula (11.71). The re-
covery region S and the desired inhomogeneity are represented in Fig. 11.5. The
inhomogeneity with a complex geometry is obtained by the superposition of the
simple shapes (11.71). So, the model, which is marked in Fig. 11.5 by more dark
color, is constructed using three shapes (11.71) with the next parameters:

1 = do, Bi=2 (A, = A, = 0.45),),

o= G0+ 050, 22 =20 (Aw = 0.5\, A, = Ay),
By =G0 — 05N, 23 =20 (Aw = 0.5\, A, = Ay),
Zo =0, 20 = 5.0As, pim1 = fm2 = pim3z = 1.2.

(11.72)

An asymmetric inhomogeneity described by the parameters
T1 =29 — 0.25)g, 21 = 25 + 0.6 (Az =A, = 0.5/\5),
To =g+ 0.25)\g, 29 = 29 + 0.1 A4 (Az =A, = 0.5/\5),
T3 To+ 0.25)\g, 23 = 25 — 0.5, (Aw =A, = 045)\5),
ﬁ%0:07 20:5())\5 Mmlzﬂm2:Mm3:1«2

(11.73)

is considered also. The inhomogeneity is located in the uniform space (vs =
1.1 km/s), which contacts with the half-space (vs = 1.2 km/s) and with the uni-
form layer (vs = 1.0 km/s), which is bounded by the free surface (z = 0). The
maximum velocity contrast of the inhomogeneity is 20 % (0vp max = 0.37 km/s,
s max = 0.21 km/s). The observation points and the source points (-3 Fig. 11.5)
are placed under the free surface (z = 0) with the depth ~ 3 m.
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The parameters of the inhomogeneities (11.72), (11.73) are recovered by the
solution of the system of linear equations (11.70) and with the help of the optimizing
methods together with the parametric representation of inhomogeneities using more
wade function set than one given by the formula (11.71). In the last case the desired
parameters are found by minimizing of the sum of squared differences of the left
hand side and right hand side of the equation (11.69). The elementary test function

0, r>A+ A,
6p(x) = ¢ 0.5, [1+ cos (WT*AAl)] A <r <A+ A,
Hom r <Ay,
r=+/(z —2)2+ (z — 2)2h2 + (x — &)(z — 2)h2, (11.74)

is determined by the seven parameters: the location of its center Z, Z; the values
A and A1, which determine an ellipse with the constant value of 0 = i, and the
region of a smooth change of i from the value ., to zero value; the maximum value
of the shear module p,,; multipliers h, and h;,. The restoration of the parameters
is implemented using one, two or three functions of the form (11.74). For finding
from 9 to 23 desired values (including ¢y and ¢, from the integral equation (11.68))
a gradient method is used. The convergence of the gradient method to the values
close to true values occurs, when the deviation of the initial values is not greater
than 50 %, and the deviation for # and 2 is 0.25-0.3 A,.

Before consideration of the results of the numerical simulation, we make a few
remarks. The system of the linear equations (11.70) is solved at nonzero values of
the regularizing coefficients cr; and az. As it follows from the numerical simulation
the smoothness condition, for recovered parameters of the medium, assigned as a
restriction on the value of the second derivative, leads to the better result than the
application of the first derivative. The regularization using a penalty function on
the nonzero value of the desired parameters in the boundary points of the recovery
region S is a very natural procedure for the recovered region with a limited size.
Similar regularization (as # 0) leads to decrement by 10-20 % of the error of the
parameters (for example, the velocity of the p-wave) recovery. The penalty func-
tion connected with the regularizing coefficient a3 # 0 can be used as a way for
introducing a priori information about the location and sizes of the desired inhomo-
geneity. A choice of the regularization parameter «; does not involve difficulties,
because in the great size of its changing (1-3 orders), after the transition from the
bad conditionality of the system of equation (11.70), the recovered function is a
very stable and tends to more smooth one with increasing of a;. The parameter
ag is chosen so that the recovered values in the boundary of the recovered region S
(see Fig. 11.5) are much smaller then their maximum value.

The number of nodes in the recovery region S is equal to 25 x25. The represented
below examples of the parameters recovery are obtained using two (z- and 2-)
component of the wave field, “observed” in the points 1-3 (see Fig. 11.5). The wave
field is excited at the same points (9 source-receiver pairs). Let’s not, that recovery
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of the inhomogeneity parameters using only z-component of the wave field leads to
increasing of the recovery error by 10-20 %.

Let us consider the results of recovery of the inhomogeneities (11.72) and (11.73)
(which are represented on Fig. 11.6(a) and 11.7(a) respectively) with the maximum
velocity perturbation of p-wave v, max = 0.37 km/s when the velocity of p-wave in
the reference medium is equal to v, = 1.9 km/s. In Fig. 11.6(b) (11.7(b)) are

(a) °ﬁ H— (b) 0:251 —

&v,, km/s Goats
D,

; Q;"'ul: ;
IR vl

TN

NI
NN
LI

Fig. 11.6 The recovery of v), for the inhomogeneity (11.72):

(a) is the model; (b) — (d) are the results of recovery: (b), (c) the recovery by the solution of the
system of equations (11.70) with a3 = 0 and a3 # 0 respectively; (d) the recovery with the use of
the parametric representation of the inhomogeneity.

represented the results of recovery (the maximum value vp max = 0.31 (Up max =
0.29)), which are obtained by the solution of the system of linear equations (11.70)
together with the calculation of ¢y and ¢, (from the equation (11.68)) at oz = 0. The
values cy and ¢, corresponds to the minimum value of the sum of squared differences
of the left hand side and the right hand side of the equation (11.69), which is finding
by gradient method. The effect of the introducing of penalty functions (as # 0,
equation (11.70)), is demonstrated on Fig. 11.6(c) (vp max = 0.30). As a rule, four
or five iteration are enough for calculation of ¢y and ¢, with error not greater than
1 %, if initial values (cxo and c¢,¢), differ from the true values by 50 % at least.

In the considered cases the errors of recovery ¢y and ¢, are not greater of 10 %
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Fig. 11.7 Recovery of vy for inhomogeneity (11.73): (a) is the model of inhomogeneity; (b)—(d)
are the results of recovery: (b) recovery by the solution of the system of equations (11.70) with
a3 = 0; (c) and (d) recovery with the use of the parametric representation of inhomogeneity with
the help of three and one function (11.74) correspondingly.

and 90 % respectively. Let’s note, that ¢, always is overstated. Such considerable
error of the dp recovery can be explained so that the part of the wave field scattered
by the perturbation of dp, “at the average” has a small contribution to the full
scattering field.

Similar errors are obtained for the values c) and c, in the case of the para-
metric representation of inhomogeneities using the formula (11.74). The results of
the recovery of inhomogeneity (11.72) (see Fig. 11.6(a)) with the help of the one
function of (11.74) are represented in Fig. 11.6(d) (vp max = 0.337 km/s). The re-
covered inhomogeneity of the form (11.73) is represented in Fig. 11.7(c) and 11.7(d)
correspondingly for the cases of three and one function (11.74).

The calculation of ¢, allows as to recover v = v, /vp. In the considered model is
assumed A = u, and recovery error of v is about 1 %.

From the results of numerical simulation, it follows that in the case of the velocity
contrast 40-80 % of the target inhomogeneity relatively to the reference medium,
the recovery error can be 40-50 %. In the cases of the symmetric target objects the
satisfactory result can be obtained using three or even two source-receiver pairs.

Let us consider the results of the numerical simulation of the recovery of pertur-
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bation of an electrical conductivity using a nonstationary wave field. The algorithm
of the recovery in this case is very close to considered above algorithm. The ex-
pression for the tomographic functional p?, which is connected with a scattering
by the perturbation of the electrical conductivity o, has a form of the tomographic
functional, which is connected with the perturbation of the mass density (see an ex-
pression (10.19)). The tomographic functional p? is expressed through the electric
intensities Eqy; and E;y:

pa =Eqou ® %Ein-
Let us note, that the tomographic functional p®, which is connected with the pertur-
bation of the electric permittivity € accurate within the name of variables coincide
the mentioned above tomographic functional for the mass density:

2
p‘S = Eout ® %Eilr
With the help of the tomographic functional, the integral equation For the de-

sired perturbation of the electric permittivity do can be written as

0E = /&fp”dx, (11.75)
5

where JE is the difference field. In Fig. 11.8 it is represented the result of recovery
of the inhomogeneity with a simple shape. The inhomogeneity size is equal approx-
imately the wavelength in the reference medium with € =10. The inhomogeneity

0.0006
0.0005 [
0.0004
0.0003 |-
0.0002
0.0001

-0.0001

Fig. 11.8 The recovery of the electrical conductivity.

is determined by the function (11.71) with a maximum quantity of the electrical
conductivity 1073 S/m. Sounding is implemented by the signal with apparent fre-
quency 5 - 10% Hz. The observation scheme is similar the considered above scheme
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of the elastic case. The distance between the inhomogeneity and the observation
line is equal to 10 A (A=20 m). The system of linear equations (11.70) is solved at
zero values of the regularizing coefficients ay and ag.

As in the case of the elastic medium, the recovery error is approximately equal
to the value of the maximum contrast of inhomogeneity relatively to the reference
medium.
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Chapter 12

Methods of transforms and analysis of the
geophysical data

12.1 Fourier Transform

12.1.1 Fourier series

If the integral
T/2

[ 1

~T/2
exists, the real function f(¢) in the interval —T/2 < t < T'/2 generates the Fourier

(12.1)

series, which is infinite trigonometric series

) +o0
1 . .
500 + ;(an cos nwot + by, sin nwot) = n;w cn exp{inwot}, (12.2)
where wg = 27/ T,
T/2 T/2
2 2 .
an = & f(1)cosnwordr, b, = T f (1) sin nwotdr,
—-T/2 —-T/2
T/2
_ 1 _ 1
Cp =Cp = 5(@,1 —ib,) = T / f (1) exp{nwot}dr. (12.3)

—T/2
If the Fourier series is created for the interval (a,a + T'), then the integration in

(12.3) should be implemented between a and a + T'.
If the integral

T/2
[ e
—-T/2
exists, then the mean square error
T/2
1 2
T [f(7) = Py(7))dT,
—T/2

371
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where

1 n
P,(t) = 5&@ + Z(an cos nwot + By, sin nwot)

n=1

is an arbitrary trigonometric polynomial, which for every n has a minimum value,
if it is a partial sum

N =

sn(t) = —ap + Z(an cos nwot + by, sin nwot)

n=1
of the Fourier series of the function f(¢). The coefficients a,, and b,, are calculated
by the formula (12.3).

If the trigonometric series (12.2) converges uniformly to f(¢) inside interval
(=T/2,T/2), then its coefficients are the Fourier coefficients (12.3) of the function
f(t) with the necessity.

The real coefficients a,, b, and complex coefficients ¢, are connected by the
formulas

Gp = Cp + C—p, b, = Z(Cn - C,n),

1 1
Cp = i(CLn—an), Cp = §(a71+ibn) (n:03172)7 (124)

where by = 0. Fourier series (12.3) for the even function or the odd function f(t)
reduces to the sine Fourier series or cosine Fourier series correspondingly.

The necessary conditions for the expansion of the function f(¢) in the Fourier
series consist in the absolute convergence and the constrained variation of f(¢) (12.1)
(a finite interval contains a finite number of extremum points). Last condition is
always applied in practice.

12.1.2 Fourier integral

Let us show transformation of the Fourier series to Fourier integral in the case of
T — oo. Substituting the expression (12.3) to the right hand side of equalities
(12.4), we obtain

- T/2
=3 / F(#) exp{—inwt}dt | explinwot}(1/T).

If T tends to the infinity, then 1/7" tends to zero, hence
1/T — dVO = dw0/27r.

The difference between neighboring harmonics nwg and (n+1)wy becomes infinitely
small, i.e. nwy transforms to continuous variable w. So, the discrete spectrum nwq,
which is connected with the Fourier series, transforms to the continuous spectrum.
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The subscripts in v and w can be omitted, because after proceeding to limit it does
not has any value. The sum

f@t) = Z an exp{inwot}

transforms to the integral
£(t) = / F(#) expliwt}dt | expliwt}dw/2r. (12.5)

The inner integral from the right hand side of the equality (12.5) is called the Fourier
transform of the function f(t):

fw) = / f(t) exp{—iwt}dt, (12.6)

and outer integral from the right hand side of the equality (12.5) is called the inverse
Fourier transform of the function f(w):

f@) = % / f(w) exp{iwt}dw. (12.7)

There are other kinds of the Fourier and inverse Fourier transforms, for example,
with multiplier 1/1/27 in both Fourier transform and inverse Fourier transform.

The sufficient condition for the existence of the Fourier transform of the function
f(t) consists in a boundedness of the integral

7 |f(®)]dt.

If the function f(t) is real one, then inverse Fourier transform can be written
down as

f(t):% / R(w) coswtdw—% /X(w)sinwtdw, (12.8)
where
R(w) = /f(y)coswydy (12.9)

is cosine transform of f(t),

—X(w):/f(y)sinwydy (12.10)
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is sine transform of f(t). In addition the following formula is valid

f(w) = R(w) +iX(w) = A(w) exp{iy(w)},

where
Aw) = [R2(w) + X2(w)]"* (12.11)
is a amplitude spectrum,
v(w) = arctg [X (w)/R(w)] (12.12)
is a phase spectrum.
In the case of multivariable function f(t1,te,...,t,), if the following integral
exists
/ / . / |f(r1, 72, .., Tn)|dTidrs . . . dTy,
then the direct
1 o0 o0 o0
C(wl,...,wn):W flr, 12y )
X exp | —i ijTj dridrs .. .dm,
j=1
and inverse
1 o0 o0 o0
f(tl,...,tn):W C’(wl,wg,...,wn)

n
X exp —iijtj dwidws . .. dw,.
j=1

Fourier transforms are determined.

12.2 Laplace Transform

The Laplace transform is closely connected with the Fourier transform. If we do
not use generalized functions, then many functions, for example, sin at and cosat
functions, do not have the Fourier image, because the direct Fourier integral is
divergent one. But if we multiply appropriate function by exp (—olt|), where o is
a real positive value, which satisfies the condition tgrgloo{exp(—ﬂﬂ) f(®)} =0, then

the function {exp(—olt|)f(t)} has the Fourier image. Such transform is called the
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Laplace transform of f(t). If f(t) =0 at ¢ < 0, then we obtain the one-side Laplace
transform

Fls) = / (1) exp(—st)dt, (12.13)
0

where s = o + iw, in addition the following condition , lirﬂ? {exp(—s|t)f(®)} =0

must be satisfied. The inverse Laplace transform, can be written as

o+100
flit)y= 2%” / F(s)exp(st)ds, (12.14)

where the path of integration is a straight line, which is parallel to the imaginary
axis and placed in the right half-plane of the complex plane.

In many cases Laplace transform is more preferable than Fourier transform, for
example, in the cases when the function F'(s) from the transform of (12.14) has the
pole particularities in the imaginary axis.

12.3 Z-Transform

Z-transform is a special kind of the transform, which is useful for calculations with
the functions represented by their discrete sequences.

Let us consider the sequence of numbers by, which is a discrete representation
of the continuous function f(¢) at given time points t;, = kA (k=...,—1,0,1,...),
where A is a sampling interval. Let us write the discrete image f4(t) of the function

f(t) as
fa(t) = i brd(t — kA), (12.15)

k=—o0

where 4(t) is delta function. The Fourier transform of f4(¢) can be written as the
following sum

B(w) = /fd(t) exp(—iwt)dt = Z by exp(—ikwA). (12.16)
oo k=—o00
Introducing the notation Z = exp(—iwA) we can write B(w) (12.16) as polynomial
B(z)= Y b2" (12.17)
k=—cc

where B(Z) is Z-transform of f4(t)!.

1Once Z is determined as Z = exp(iwA), then a polynomial with reversed sign of Z is obtained
in comparison with the sign of the polynomials which are considered above.
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12.4 Radon Transform for Seismogram Processing

The direct Radon transform reads as

s(p,7) = /u(x,pa:+7)dx

(Fig. 12.1). The inverse Radon transform is determined as

A a) A T (b)

1=pox +1,

rig %; ........................... o

To

{ - i p

d
' EEP (©) A (d)
2 =TT XaPy

-4 B,
L =1,+xp,
e
B

2 P x
x =-tgB, x,=-tgh,

Y

\J

Fig. 12.1 The direct and inverse Radon transform. The straight line in the space-time plane (a)
and the point in the plane angle coefficient — reflection time (b). The point in the plane angle
coefficient — reflection time (c) and the line in space-time plane (d).

_ / H%sm 7)dp = —PHD[s(p, 7)),

or

Tr1 o
u(z,t) = — / [—F*Es(pﬁ) dp.

— 00

Let us write the two-dimensional Fourier transform of the seismogram (Fig. 12.2):
u(ky,w) = //u(x,t) expli(wt — kyx)|dadt.
Using the formula k, = pw, we can write the spectrum u(k,,w) in the form

u(pw,w) = /7u(x, t) expli(wt — pwz)|dxdt,
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(b)
k, k, = po

Fig. 12.2 The line in the space-time plane (a) and in the wave number — frequency plane (b).

4 c(k)

min

Fig. 12.3 The window function for the integration in k-domain.

or, by introducing variable ¢t = 7 4 px, we obtain the following expression:

u(pw,w) = /ei‘”[/ w(zx, T+ pr)dx|dr
= / e“Ts(p, T)dr = FRu(z,t)],

where s(p,7) = [“_wu(z,7 + pr)dz is the Radon transform of the seismogram
u. Thus, the two-dimensional Fourier transform can be represented as the Radon
transform and the one-dimensional Fourier transform.

The filtration in the domain wavenumber—frequency (k — w) reduces to the in-
tegration with the limits ki, and ke, (Fig. 12.3):

kmax
u(z) = — / u(k) exp(ikx)dk,

Kmin

where k = |w|p, or

Pmax

_ vl u(p) exp(iwpz)dp (dk = |w|dp).

T ow

Pmin

The complete filtration of the seismogram in (w, k) plane can be written down as
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following (Fig. 12.4)

Wmax Pmax

u(z,t) = 4—71r2 / / u(w, p)|w| exp[—iw(t — pz)]dpdw

Wmin Pmin

Wmax

% 7axdp [% / exp|—iw(t — px)] X FR[u(x,t)]|w|dw

Pmin Wmin
1 pmax

o M
Pmin

Proax

Prin . ®
. _. (O]

min max

»

Fig. 12.4 The domain of integration in (w, k) plane.

12.5 Gilbert Transform and Analytical Signal

Let the function S(¢) is a bounded function with the norm L?, i.e.
S(t) € LP(—o0, 00), / |S(#)|Pdt < 00, p>1.
In this case it is possible to define the direct

Q) = —%V.P. / %dr = —=5(t) = %

_ 1 V.P. / @dﬂ
T t—7
where V.P. denotes the Cauchy principal value of the integral at the point ¢t = 7.
Let us calculate the direct Fourier transform of the Gilbert transform Q(¢):

/Q )exp(iwt)dt = — = /S / exp zwt) exp(iwt) ,. .\

and inverse Gilbert transform
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After change of variable 7 —t = u we obtain the simple expression for the spectrum:

Qw) = —= / S(r) exp(iwr) / W‘W
T

- —s()y [ 22y,
T u
21 Oosinwu . .

= —S(w)—/ du = —iS(w) signw,
T u

0

because (Fig. 12.5)

o0
sin wu T
du = — signw.
U 2
0

We should note, that |Q(w)| = |S(w)|, arg Q(w) = arg S(w) £ 7/2.

sigh®

Y

-1

Fig. 12.5 The graphic representation of the function signw.

The function Q(w) is a quadrature filter, which changes a phase of the signal by
+7/2, but does not change its amplitude.
Let Z(t) is a complex (temporal) function or an analytical signal:

Z(t) =5(t) +:1Q(t), or Z(t)=a(t)exp(ip(t)),
where

S(t) = ReZ(t) = a(t) cos p(t),
Q(t) = ImZ(t) = a(t) sin o(t).

The amplitude and phase function can be represented as following

a(t) = (S*(t) + Q*(1))'/* and  (t) = arctan(Q(t)/S(1)).

The amplitude and phase function are used for the interpretation of seismic data.
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12.6 Cepstral Transform

The convolution can be realized as a multiplication of the spectra of the initial
signals, which are obtained with the help of the direct Fourier transform (from
the time domain to the spectrum domain). The cepstral transform (from the time
domain to the cepstral domain) allows to substitute the convolution of the signals
for the summation of their cepstral images. Besides, in some cases a separation
of the signals is better to implement in the cepstral domain than in the spectral
domain, that can leads to more effective filtration.

The inverse Fourier transform of the logarithm of the frequency spectrum yields
a cepstrum

o0

f(O)=1/2n / In[f (w)] exp(iw)dw. (12.18)

— 00

The transform from the time domain to the cepstral domain can be implemented
per four steps:

1) Jf(w) = f;ooo F(t) exp(—iwt)dt,

2) flw) = /(@) expliglw)].

3) In f(w) =In|f(w)| + ip(w), (12.19)
9 J(©) =1/2x ] InIf@)] +ip()] explio)do

To return in the time domain we should implement the inversion of the transforms
(12.19):

1) F(w) = [7, F(O) exp(—iw()dC,
2) f(w) = explf ()], (12.20)
3) f(t) = 1/27‘(‘7[ f(w)| exp(iwt)dw.

The variable ( is called the cepstral frequency. By analogy with a filtering in
the time and frequency domains, the filtering in the cepstral domain is called the
cepstral filtering.

Let’s note that during passing to the cepstral domain an important step consists
in the phase determination ¢(w). It is due to the periodic property of the tangent,
which has the period nw. Therefore the phase value ¢(w) can be determined ac-
curate within nw. If the phase ¢(w) is assumed a continuous value, then at their
calculation we should use, for example, a criterion of the smallness of the absolute
value of the phase function.
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12.7 Bispectral Analysis

In Sec. 1.10.5 it was introduced the correlation function for a real random function.
Let us consider an autocovariance function of the second order? b(7, 72) for the real
random function &£(t):

b(r1,m2) = / EE(t + 71)E(t + m2)dt. (12.21)

— 0o

After Fourier transform of b(7y,72), we obtain the two-dimensional spectrum

B(wi,ws) = // b(11, m2) exp{—i(w1T + waTe)}dr1dTe (12.22)

— o000

of the autocorrelation function, at that the next inequality is valid

B(wi,wz2) = f(w1)f(w2) f* (w1 + wa),

where f(w) is the Fourier transform of £(¢), symbol * denotes a complex conjugation.
Let us note, that the function b(r1, 72) from the formula (12.21) is a symmetric one:

b(11,72) = b(12,71) = b(—T2, 1 — T2)

=b(r — 12,—72) =b(—71,72,—71) = b(T2 — 11, —T1),
from that follows the next equalities for the spectral function B(wy, ws):
B(w1,ws) = B(wa,w1) = B(w1, —w1 — w2)
= B(—w1 —we, —w1) = B(wa, —w1 — wsy) = B(—w1 — wa, —w3).
Since we consider here a real process £(t), the next equality is valid also
B(wy,wz) = B*(—w1, —wa).

Let us consider the relation between the phase function of a linear filter and
the phase characteristic of the bispectral function of the output signal. Let us the
process x; is represented as the discrete convolution of the filter w, with the “input”
process g

o0
Tt = § WsGt—s-
s=0

If the process g; is the stationary and uncorrelated one, then the second order
autocovariance of the process z; can be written as
o0
3
b(r1,72) = Yy E WsWepry Wepry s (12.23)
s=0
2Here we do not consider the living conditions of the autocovariance function of the second order.

In action, the random function have a limited length, therefore the existence of similar function
does not raise doubts.
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where 73 = Mlg}], ws = 0, s < 0. We represent spectrum B, (w1,ws) of the
autocovariance function b(7y,72) from the relation (12.23) as multiplication of the
filter W (w) spectral functions:

%) %) %)
3
B, (wlﬂ wQ) = E E E SsWs41) Wst7y

x exp[—i(w1T + waTe)] = VSW(Wl)W(W2)W(_(W1 +w2))
= V3W (w1)W (wa) W™ (w1 + wa),

/g
where
oo —nm<w; <,
W(w) = Z ws exp(—iws), -7 <wy <,
§=—00 —TSw twy ST

We note, that the spectrum of the second order autocovariance function of z; accu-
rate within multiplier coincides with spectrum of the second order autocovariance
function of the filter wy:
Ba (w1, ws) = 73 Bu(wi,w2).

If we denote the phase of the spectra of the second order covariance function of the
filter and the filter phase function as (w1, ws) and p(w) respectively

B, (w1, w2) = Gy (w1, wa) exp(iy (w1, w2)),

W(w) = H(w) exp(ip(w),
then we can write the equality

Y(wr,w2) = p(wr) + p(w2) — p(wr +w2). (12.24)
So, the calculation of the spectrum phase ¥ (w1, w2) of the second order autocovari-
ance function of x;, it is possible to find a spectrum phase of the filter p(w).

12.8 Kalman Filtering

The recurrence procedure, which has been considered in Sec. 6.11, can be assumed
as a basis of the construction of the algorithm of the dynamic (Kalman) filtration.
A shape of the seismic signals can be changed during the propagation. Such changes
can be taken into account using the following model:

ui:<p¢0i+8i7 EiEN(O,Ji)7

0, =F;;_10,_1 + G5i—17 d; € N(O, O'gi),

where 6; is an amplitude vector for i-th sample:

o "
;=1 |, 0i1=

: s G— =
M M
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The vector components 8; and 0;_; are satisfied the next relations

2 1
o =)

g — pM -1

i—1
The row vector ¢; = [cpgl), .. .,cpEM)] contains the signal shapes for i-th sample.
Matrix
7"1'_1(1) Ti_1(2) e Ti_l(M - 1) Ti_l(M)
1 0o ... 0 0
Fia=1] o0 1 ... 0 0 ,
0 0 .. 1 0

is a transition matrix from 6;_1 to 8;, ;_1(u) are the elements of a priori autocorre-
lation of the components of #; ;. The illustration of the Kalman filtering procedure
is represented at Fig. 12.6.

‘ \V

Fig. 12.6 The illustration of the Kalman filtering: (a) is an initial seismic trace; (b) is an impulse
seismic trace; (c), (d) are the signal shapes for different parts of the trace.

The estimate of 8; can be obtained with the help of the quadratic criterion using
the minimizing procedure
-1 1 N R
16:) = =—5 (u; — 9i0:)* — =(0; —0;")" R, (0; — 0,
0) = o (=900~ 50— 0.) TR 0.0,
where é; = Fii_loii_l,
R&l = <019lT> = Fii—lROi_ngfl + GO’?Z;IGT.

The estimate 0; has the form
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Using the identities (6.39), we can write a recurrence formula for the parameters
estimation together with the appropriate covariance matrix

0:=0;"+ Roo (0iRor o + 02)  (ui — ib; "),

Ry, = Ry — Rorp] (0iRgi 0" + 02) "piRy;.
The recurrence formula needs an initial vector 6y and an initial matrix Rg,. Without
a priori information usually the next initial data

0 1 0...0
0 1...0

bo=1|:|, R =
0 0 0 1

are used.

12.9 Multifactor Analysis and Processing of Time Series

We consider a time series
{z}, =2 = f((i —1At), i=1,2,...,N.
The function f(¢) might be random.

12.9.0.1 I Ewvolvent of 1-D time series to multidimensional one

We chose some number M < N, named Maxzimum Number of Principal Components
(MNPC), and present the first M values of the time series x; as a first row of
the matrix X. As elements of the second row we take values from x4 to xpr41.
The last row with the number k& = N — M + 1 will be last M of the time series
Ly Lh+1y-+-+3 LN
1 X2 I3 N .V
X=@ = |00 (12.25)
Tk Tk+1 Tk+2 -+ TN
This matrix, with elements x;; = x;4;_1, can be considered as M-dimensional
sampling with % sample size.

12.9.0.2  II. Analysis of principal components: Singular decomposition of
the sample correlation matriz

1. The calculation of the mean value and the standard deviation along the columns
of the matrix X:

k k

_ 1 1 _

T =7 > Tivjo1 8= Z > (@irj-1 — )%, (12.26)
i=1 i=1
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where Z; has meaning of the moving average, s; has meaning of the standard
deviation with the rectangular window with the width k.

2. We introduce matrix X*, that is centered along
R i Rk ) B SR T SN S V4 (12.27)

3. Calculation of the sample correlation matrix
1
R= EX*TX* (12.28)

with elements

x| =

k
1 _ _
rij = ; - (@iti-1 — ) (Tj1-1 — T5)-
4. Calculation of eigenvalues and eigenvectors of the matrix R (Singular Value

Decomposition — SVD):

R = PAPT, (12.29)
where
MO ... 0
0 X2...0
A:
00 ... \u

is a diagonal matrix of eigenvalues and

P11 P21 ... PM1
P12 P22 ...DPM2

P = (p17p27"'7p]\/[) -
Pim P2M - - PMM

is an orthogonal matrix of the eigenvectors of the matrix R.
In this case the following relations are valid:

pT=p-t pT'p—=ppT—1o,,

M M
A=P"RP, > N=M, [[A=detR.
=1 i=1

Interpretation of the matrices P and A. The matrix P might be considered
as a transfer function from the matrix X* to the Principal Components

X*P=Y =(y1,y2,---,Ym)-

If we consider random time series x;, then the eigenvalues of the matrix R are
sampling variances and square roots of its are sampling standards. The sampling
standards are proportionally to the semiaxes of the ellipsoid of the concentration,
described by matrix R.
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If the considered time series {z;} is stationary, in the sense that any part of time
series with the length s = min(M, k) carries out all basic information about the
structure of the process {x;}, it is possible to average the matrix R along diagonals
and to obtain the autocorrelation function r(7):

1 M—T1
r(r) = > rigee, T=1...M. (12.30)

M —T1 4
Jj=1

12.9.0.3 IIl. Selection of the principal components
As it was defined above the principal components is defined as
Y =X"P=(y1,y2,---,Ym)-
We normalize the principal components on the sampling standards (by Aps # 0)
Y =YA? = (g1, y50 )
In this case the principal components are orthonormalized:
Y*TY* = Iy,

i.e. we obtain the decomposition of the initial M-dimensional process on orthogonal
components.
The transform

y; = X"p;

is very close to the linear transform of the initial time series by means of the discrete
convolution operator

M M
* _\Dj
y;(l) = Zququ = Z(mlﬂ—l - xq)%
q=1 g=1 1

M » M »
Jq = Piq
RIS D D
q=1 7 g=1 1

Thus, the procedure of the multifactor analysis creates a set of the linear filters.
In this case the eigenvectors are the transition functions of linear filters.

The visual analysis of the eigenvectors and principal components, obtained after
linear filtering can give a lot of interesting information about the structure of the
process.

It is very useful the visual information, which gives a two-dimensional diagram
(on the z-axis — p; or y;, on the y-axis p; or ;).

Example 12.1. If the two-dimensional diagram for p; and p;11 is closed to a
circle, it means that we can interpret these eigenvectors as a pair of sin—cos in the
Fourier transform. Let us consider the functions
{ x(t) = a(t) cos(w(t)t + (1)),
y(t) = a(t) sin(w(t)t + ¥(t)),
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slowly Varymg functions

t)
{ t) cos(a(t)t),
Sln( ®)1),

assuming a(t), w(t) and (

where
r(t) = Va2 (t) + y*(t) = a(t),

a(t) = arctan % = w(t)t +Y(t).
We choose two sequences with the time delay 7 and find a difference of the polar
angles:
Aa=a(t+7)—alt)=w(lt+71)t+71)
+ Yt +71) —w(t)t —p(t

)
= (wt+7)—w@)t+ ot +71)—P(t)
W' ()T 4+ o(T)t + (w(t)
+ W' ()T + o(T))T + ' (t)T + o(T).
If w(t) and (¢) are slowly varied functions such that w’(t) and ’(t) have an
order O(7?), we can write
27T
T(t)
Aa(t) 2T
t) = d Tt) ~ ——.
w(®) T an ®) Aa(t)
Thus, calculating the difference of the polar angles, we can estimate an instanta-
neous frequency w(t) and an instantaneous period T'(7) of a “harmonic oscillation”
corresponding to chosen pair of eigenvectors.
It should be noted, that it is impossible to estimate the frequency more than

Aa(t) =w(t)T =

wWN = —.
T

12.9.0.4 IV. Recovery of 1-D time series

Taking into account the orthogonal property of the matrix P we have
T
P
T
N P32
X" =YPT = (y1, 92 ym) -

M M
= ZyleT = ZX;-
=1 =1
After the canceling of the normalization and decentering of the matrix X*
M M
X=zI[ +X'S=X;+Y X/S=>» X/S
=1 1=0
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we obtain an initial matrix as a sum of M + 1 matrix.
To obtain an initial time series we implement averaging over near main diagonals.
To determine the mean operator A as

M
z=AX)=) AX;S), (12.31)
1=0
we obtain the representation for the initial time series as a sum of M +1 time series.
We should note, that the interactive property of the considered algorithm is its
natural peculiarity.

12.9.0.5 Selection of parameters

The main control parameter is the MNPC — M (M should be < N/2).
The choice of the length M depends on the current problem:

(1) The search of a latent periodicity.
First of all, we calculate eigenvalues by the maximum M and estimate a number
of the eigenvalues [, which satisfy the inequality A; > 0 . On the next step we
carry out our analysis using M ={.

(2) Smoothing of the time series.
In this case we can interpret an action of the considered algorithm as a filtering.
The reconstruction of some principal components is reduced to the filtering of
the time series by the transition function which is equal to the eigenvector. The
more M, the more narrow will be the band of the filter.

(3) Recovery of the periodicity with the known period.
M should be equal to the period T and N should be multiply to the period
T.

It should be noted that the method is very stable to the variation of the length M.
Intermediate results for interpretation.

(1) Eigenvalues of the correlation matrix of the M-dimensional presentation of the
time series.

(2) Eigenvectors of the correlation matrix. They take up the orthogonal system.

(3) Principal components of the M-dimensional presentation. They also form the
orthogonal system.

(4) Reconstructed time series on the different sets of the principal components is
operator of the transfer from components to the M-dimensional matrix X and
the operator A for the transition from the M-dimensional matrix X to the
1-dimensional time series {z;}z=1,. N

It should be pointed out two extreme cases.

e M < N. We can interpret the eigenvectors as transition functions of the linear
filters, and the principal components appear as the action of these filters.
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e M ~ N/2. The method can be interpreted as an approximated method with
respect to an initial time series. For example, to search of the harmonic compo-
nents.

12.10 Wiener Filter

The convolution of two vectors h and x (see Sec. 6.4) in discrete form is determined
by the formula

Lh
yk =Y _ hjxkj, k=0,...,Ly, (Ly=Lp+Ly—1), (12.32)
j=0

where Lj is a length of the filter h, L, is a length of the filtered signal x. The
discrete convolution can be represented in a matrix form as following

mn o0 0 ... 0 ho
Y1 T1 o 0 ...0 hl
Yo — |zax120...0 ho , (12.33)
yL, 000 ...2p, 1 Lhg,
or
y = Xh. (12.34)

If the vector y and the matrix X are known, then it is possible to find the vector
h, using, for example, the least squares method (see Sec. 6.4), which leads to the
system of linear equations

XTxn=Xx"Ty. (12.35)
The system (12.35) after introducing regularization can be written down as
(XTX +al)h = X"y, (12.36)

where [ is an identity matrix, « is a regularization coeflicient.

If only one element of the vector y is equal to 1, and others elements are equal
to zero, then the filter h is called the Wiener filter. In this case the vector x is
transformed to y = [..., 1,...] by the filter h.

Let us consider a filtering of the signal x(t), which is a continuous function of ¢.
Let us find the filter A(t), which minimizes the sum of squares deviations E between
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some “required” signal §(¢) and “actual” signal y(t):

T
B = Jim (1/21) [ ly(t) - g0} ds
. :
:711_1}(1)0(1/2T)/{ /h x(t —7)dr| —g(t) p dt
o T 00
= %er(l)o(l/QT) / / h(r)x(t — T)dr / h(o)z(t — o)do | dt
. —T =00 ., —o0
—2/ /[h(T)x(t—T)dT]g)(t)dt—i-/QQ(t)dt : (12.37)
T —0 -T

After the interchange of integrations we represent F using autocorrelation functions
of the input signal R,,, “required” signal R;; and their cross-correlation function
Rzgt

0o 00 T

fop /h(r)dr / h(o)do T1Ln30(1/2T)/a:(t—T)x(t—a)dt
_Z o T - T

—2 / h(r)dr | lim (1/2T)/g() (t —7)dt +T1320(1/2T)/g2(t)dt
00 -T =T

o0

= [ nyar 7 h(0) Ras(7 — 0)dor 2 7 W) Rag ()T + Ry (0).

Using the methods of the calculus of variations to the expression (12.38), it is
possible to obtain an integral equation for the desired function h(t)

(12.38)

/ B(E) Row (r — )dt = Rog(7), 730, (12.39)

This equation is called the Wiener—Hopf equation. The solution of the equation
(12.39) is considered in (Lee, 1960).

12.11 Predictive-Error Filter and Maximum Entropy Principle

Let us consider the filter h = {hq,..., hy}, which predicts the values of the causal
series X = {x1,...,Tm} (M > n) for one step on time with the help of the past and
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the current values of x:

x; =hixj1+ forjo+ -+ hjzg = Z hrzj_,
k=1
j=1,...m; a_p=0if k> ;. (12.40)

It is supposed usually, that predicted value xg is equal to zero. The prediction error
(ej) of z; can be written down as

€; = Z hkxj,k —x; = Z hkxj,k, (12.41)
k=1 k=0

where hg = —1. The filter —1, hy, ho, ..., h, is called the predictive error filter of
the order (n+ 1) for the prediction on one step.

In addition to considered above the predictive error filter, there are other filters
which are used for different transforms of the time series (see, for example, (Box
and Jenkins, 1976)).

With the help of the least squares method (see Secs. 6.4, 12.10) we can write
the system of linear equations (see also (12.35)) to find the filter h:

> hiRua(r — k) = Rea(r), r=1,2,...,n, (12.42)

where R, (r) is an autocorrelation function of the input signal.
Sum of squares of the values e; (12.41) can be represented as

m m n 2
E = Ze Z (Z hpxj_) — a:j>
Jj=0 =0 \k=1
= Z [(Z thSJ k thﬁj l> — 2 <Z hkxj k> + 33
7=0 k=1

After the change of the order of summation and taking into account equation an
(12.42), we can represent E with the help of the autocorrelation function R,,:

EZth Zhl ij,kxj,l
k l J

—Qth ijxj,k + R,.(0)
k J

:th Zthm(k—l)
—thRm —QthRm ) + Rz (0).

_9 Z hi Rua(—k) + Raa(0)
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Taking into account that hy = —1, we obtain

E ==Y hpReu(k). (12.43)
k

from the relations (12.42) and (12.43) it is possible to obtain the following matrix
equation:

Ruu(0) Ruw(~1) ... Ryu(—n) ZO -
Rya(1) Raa(0) Reel=m) [ )0 (10

The concept of the information and entropy, considered in Sec. 1.9, plays the
important role in the probability theory and its applications. In the information
theory the entropy characterizes a measure of the uncertainty of time series. The
amount of information which can be extracted, is increased with the growth of the
entropy. Completely predictable signal does not carry any information. Absolutely
unpredictable signal, for example, white noise, carries maximal information poten-
tially. At a filtration by the mazimum entropy method aspire so to transform an
input signal that it is unpredictable as much as possible with the preservation of its
autocorrelation function. The purpose of a such transformation can be to extract
of the signals on a background of the ordered noise.

In Sec. 1.9 the entropy H for the system of events with an unequal probability
was introduced (1.54). It is possible to extend this notion to the cases of stationary
time series of the finite length n (H,) and stationary time series of the infinite
length n — oo (H) (see, for example, (Stratonovich, 1975)). At that a notion of
the specific entropy

H = lim [H,/(n+1)] (12.45)

is introduced. In (Smylie et al., 1973) it is shown that the entropy of the time series
with infinite length

WN

1 1 1
H= 3 InEy = 5 In(wy /m) + Ton In[Roo (w)]dw (12.46)

—WN

is connected with an energy of the prediction error Fo, (12.43) (at n = 00)

_wN 1 r
Eyx = - exp on /ln[Roo(w)]dw ) (12.47)

and the spectral function R (w) of the input signal x

Roo(w) = Roo(2) = i Ruz(k)2". (12.48)

k=—o0

In the formulas (12.47), (12.46) the value wy is the Nyquist frequency.
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In practice the autocorrelation function R, (i) has a finite length. One can
suppose that R, (i) = 0, |k| > n outside the measuring span. But such values of
the autocorrelation function can be chosen so, that H is stable with respect to the
value R, (7) at |k| > n (Burg, 1972). Using the formulas (12.46), (12.48), we obtain
the system of equations:

aRm / R dw, |k > n. (12.49)

—WN

We will written down the final result without mathematical manipulations:
Roo(2) = E[h(2)h(z~1)] 71, (12.50)

where E and h(z) are the sum of predictive error squares (12.43) and z-transform
of the predictive error filter (12.44). The solution of the system of equations (12.44)
is considered in (Anderson, 1974; Smylie et al., 1973).

Consider a recurrent procedure for the solution of the system of equations (12.44)
to find the predictive error filter 1,—hq,...,—hp,...,—hy (n = 0,1,2,...,N) in
the case of the time series x1,...,Zm,...,xpm (m =1,2,..., M) of a finite length.
We define the autocorrelation function taking into account a number of the terms
in considered time series:

M—m

R'm—M_ Zkak-i-’m :07172a"'7M_1)'

By analogy the sum of the bquared differences of the predictive error filter E is
normalized.
Let’s note that the following identities

1
Ry-1=Fy, where FEj= MZCE%

in initial step n = 0 are satisfied. At the first step (n = 1) the coefficient h,,, of the
predictive error filter 1, —hi; (where the first number of the subscript is the step
number) is found by minimizing the sum of the prediction error
1 M—-1
By =— 2482,
YT — 1) ; (€5 + &)
which calculated by averaging of the predictions in the direct
€5 = Tj41 — hnxj

and inverse

€; =5 — hllijrl
directions,

M—-1
1
Er = m Z [(mj—l—l - hllxj)2 + (z; — h11$j+1)2} . (12.51)

J=1
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Considering F; as a function of hy1, we find hy; as the solution of the equation
dE1/dhi1 =0

M-1
1
T2N-1) (w1 — duwy)(=z;) + (2 — duzj)(=2j41)]
=1
1 M-1
TN - D =g = wjpaws) + b +a3)]

—

J
Thus,

M-—1 M—-1
2 2
hi1 =2 Z Z‘jl‘j_H/ Z (Jij +xj+1)'
=1 j=1

Using expression (12.51), we find E;. Let’s note, that R it is possible to find from
the first equation of the system of equations
Ry Ry 1 B
‘Rl Ry —h11 n H 0
Generally the average total error for the direct and inverse filters can be written
down as follows:

1 M—n n 2
= g7 2 | (7~ )

j=1 k=1

n 2

+ (xj+n - Z hnk$j+nkk) ]
k=1

The average error also can be written down as
1 M—n
Ep=——r brj — hanbl )2 4 (b — Bbij )
2(M_n);[( J n]) +(n] J) ]7

where

/
bij =zj, by; = T14y,

n n
bnj = E P11,k Tjtk = E Rn—1n—kTjrm—k,
k=0 =0

n n

/

bnj - § hnkaijrmfk = § hnfl,nkajJrka
k=0 k=0

at that for the coefficients b and b’ and the coefficients of the filter h the next
recurrent relations

bnj =bn-1; = Pn—1m-1by_1 11,

Vi = bn—1,j41 = hn—1n—1b5_1 j 11,

Pk :hnfl,k_hmmfkm k=1,2,...,n—1,

hno=—-1, hp=0 (k>n)
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are valid. By solution of the equation for hy,,, — dFE,/dh,, = 0, we obtain

M—n M—n
hon =23 bujbli/ Y (bnj +b,5)- (12.52)
j=1 j=1

Let’s show that the value E,, also satisfies to a recurrent relation. Let’s write
the system of equations determining the predictive error filter for the case of n = 3:

Ry R1 Ry R3 1 E,
Ry Ry Ry Ro|||| —hn1|| || O
Ry Ry Ro Ry ||| —hna|| || O || (12.53)
R3 Ry Ry Ro || || —hn3 0

Substituting to the system of equation (12.53) the recurrent relation for h,;, we
obtain

Ry R1 Ry R3 1 1
R1 Ry R1 R» —hp_11|| hos —hn_1,
Ry Ry Ry Ry —hn_1,2 " =hn-1,2

R3 Ry R1 Ry 0 0

En,1 hnBEnfl En

0 0 0

B 0 = s 0 o

hnBEnfl Enfl 0

Generally the recurrent formula for F,, can be written down as follows:
E,=E,_1(1-h2,).

Let’s note, that from equality (12.52) it follows |hyy| < 1, therefore the inequalities
0< FE, < FE,_1 are valid.
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Appendix A

Computer exercises

The computer exercises represented in the Appendix, make a basis of the computing
practical work which go with lectures “Statistical methods of processing of the
geophysical data” and “Geophysical inverse problems”, given to master students
and to post-graduate students in the Earth Physics Department of the Physical
Faculty of Saint-Petersburg State University within last ten years. The computer
exercises will allow the students to understand the essence and opportunities of the
considered methods of analysis and processing of the geophysical information more
deeply.

Basis of the computer exercises is the set of programs3, written in MATLAB
language. The programs contain a brief description of the input and output data,
demonstration example and recommendations for change input data.* The com-
puter exercises require the initial rudiments about MATLAB, such which allow to
change the input data in programs written in MATLAB language.

A.1 Statistical Methods

A.1.1 Ezxzamples of numerical simulation of random values

In Matlab package there are procedures for simulation of the random values. The
next script produces the samples belonging to uniform (at the interval (0,1)) and
normal (N (0,1)) distributions.

% Script r0a.m

% Examples of random values

% indd=1 : uniform distribution at interval (0,1)
% indd=2 : Gaussian distribution (N(0,1))
clear

% INPUT

3The programs are placed in http://geo.phys.spbu.ru/™~ vtroyan.

4The programs together with demonstration examples was prepared in Geophysical Institute
of Lausanne University. Authors consider as the pleasant debt to express gratitude to professor
R.Olivier for creation of excellent conditions for work and a friendly climate.

397
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indd=1;
m=25; % sample size
% END INPUT
n=1:m; % n=1,2,....m
if indd==
s=rand(1,m); % s : row vector
else
s=randn(length(n),1); % s : column vector; length(n)=m
s=s’ % s : row vector
end
rect=[0.1 0.1 .8 0.5]; % size of figure
axes(’position’ rect)
stem(n,s); % graphic representation

A.1.1.1 Ezercises

(1) With the use of script rOa.m to implement a graphic representation of the
samples belonging to the uniform and normal distributions.

(2) By using the command line to implement graphic presentation of the samplings
belonging to the uniform and normal distributions with the use of plot com-
mand.

A.1.2 Construction of histogram

The histogram characterizes the probability properties of a random variable. The
next script (pOhist.m) constructs the histogram for a sampling belonging to the
normal distribution.

%Script pOhist.m
% Construction of histogram
% nr : sample size

clear

% INPUT

nr=>500; % sample size

del=0.5; % input of bin for zcoordinate

% END INPUT
x=-5:del:5; % construction of the bins for z-coordinate
d=randn(1,nr); % d : a batch of numbers
% (row vector)
% hist(d,x);
[n,x]=hist(d,x);
bar(x,n./(nr.*del)); % graphic representation
% of the normalized histogram
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hold on
d2=d_gauss(x,0,1); % normal probability density
% (row vector)
plot(x,d2,’g’) % graphic representation of % the normal density function

A.1.2.1 Ezercises

(1) To compare the histograms obtained using the different sample sizes (for exam-
ple, 100 — 500).

(2) To compare the histograms obtained for a different number of the bins on the
z axis (for example, 4 — 20). Do not change the interval of the histogram
determination on the z axis.

A.1.3 Description of a random variable

A few probability distributions for the discrete random variables and the density
functions for the continuous random variables are represented below.

A.1.3.1 Beta distribution

Density function for the beta distribution reads as

I'(a+p8 a— .
fe(zla, B) = Fet et (1 —a) L0 <z < 1,
| 0, ifz<0oraz>1,

(A.1)

where a > 0, 3 > 0;

Q@ af

M=Grs PTG prersrD

Graphic presentation of (A.1) is realized by the script dObeta.m. The function
d=d _beta(x,al,bt) returns a row vector d with values of the density function for
the beta distribution.

A.1.3.2 Binomial distribution

Binomial distribution function is determined by the formula (1.38). Graphic pre-
sentation of the distribution function (1.38) is realized in the script dObin.m. The
function d=d_bin(n,p) returns row vector d — the probabilities of the binomial
distribution.

The script dObin.m is represented below.

% Script dObin.m

% Binomial distribution

% call function d=d_bin(n,p)

% n : n=1,2,...; - the maximum value of x
% x=0,1,...,n
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%p:0jpil

% d : row vector, contains the distribution function

%

clear

% INPUT

n=>50;

p=0.7;

% END INPUT

d=d_bin(n,p);

x=0:n;

% graphic representation

rect=[0.1 0.1 .8 0.5]; % size of the figure
axes(’position’rect)

stem(x,d);

comp_prob=sum(d) % computation of the total probability
math_exp=n .* p % mathematical expectation
stand_dev=sqrt(n .* p .* (1-p)) % standard deviation
ml=sum(x.*d) % mathematical expectation
sl=sqrt(sum((x-m1).” 2.*d)) % standard deviation
pause

% comparison with normal distribution

hold on

dn=d_gauss(x,math_exp,stand_dev);

plot(x,dn,’g’);

The function d=d_bin(n,p) is represented below.

function d=d_bin(n,p);
% binomial distribution d=d_bin(n,p)

% n : n=1,2,...; - the maximum value of x
% x=0,1,....n
%p:0ipil
%
nl=prod(l:n);
d=zeros(1,n+1); % determination of the row vector d
for m=0:n
if m==
ml=1;
else
ml=prod(l:m);
end
nm=n-1n;

if nm==
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nml=1;
else
nml=prod(1:nm);
end
d(m+1)=(nl/(m1*nml))*p" m * (1-p)” nm;
end

A.1.3.3 Cauchy distribution

The density function of the Cauchy distribution is given by the formula (1.51).
Graphic presentation of the Cauchy density function is realized by the script
dOcauch.m. The function d=d_cauch(x) return the row vector d, which contains
the values of the Cauchy density function.

A.1.3.4 x2-distribution

Graphic presentation of the density function for y2-distribution (1.45) is realized
in the script dOchisq.m. The function d=d_chisq(x,n) returns the row vector 4,
which contains the values of the density function.

The script dOchisq.m is represented below.

% Script dOchisq.m

% Calculation of the density function for y? distribution

% call d=d_chisq(x,n)

% n : a number of degree of freedom

% x : an argument of the density function, a { x | b

% d : returns the values of the density
% function

clear

% INPUT

n=50

% to determine an interval on z axis for computing the density
% function

a=0; % (ajxib)

bh=100.0:

nx=500; % sample size

% END INPUT

del=(b-a)/(nx-1); % to determine the values of argument
x=a:del:b;

d=d_chisq(x,n); % row vector

plot(x,d); % graphic presentation

comp_prob=trapz(x,d) % computing of the total probability
math_exp=n % mathematical expectation

stand_dev=sqrt(2 .* n) % standard deviation
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ml=trapz(x,x.*d) % mathematical expectation
sl=sqrt(trapz(x,(x-ml).” 2.%d)) % standard deviation
%

pause

% comparison with the normal distribution

hold on

dn=d_gauss(x,math_exp,stand_dev);
plot(x,dn,’g’); % graphic presentation
% of the normal distribution

The function d=d_chisq(x,n) is represented below.

function d=d_chisq(x,n)

% x2-distribution d=d_chisq(x,n)

% n : a number of the degree of freedom

% x : a row vector contains the values of argument (0 j x i inf)
% d : a row vector contains the values of the density function

%
d=((x./2).” ((n./2)-1).*exp(-x ./ 2))/(2.*gamma(n./2));

A.1.3.5 Exponential distribution

Graphic presentation of the exponential density function (1.49) is realized by the
script dOexpon.m. The function d=d_expon(x,1) returns row vector d, Which con-
tains the values of the exponential density function.

A.1.3.6 Fisher distribution

Graphic presentation of the Fisher density function (1.48) is realized by the script
dO0fish.m. The function d=d_fish(x,n1,n2) returns row vector d, Which contains
the values of the Fisher density function.

A.1.3.7  Unavariate normal (Gaussian) distribution

Graphic presentation of the normal density function (1.41) is realized by the script
dOgauss.m. The function d=d_gauss(x,xm, s) returns row vector d, Which contains
the values of the normal density function.

A.1.3.8 Geometrical distribution

Graphic presentation of the geometrical density function (1.40) is realized by the
script dOgeom.m. The function d=d_geom(n,p) returns row vector d, Which contains
the values of the normal density function.
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A.1.3.9 Laplace distribution

Graphic presentation of the Laplace density function (1.50) is realized by the script
d0lapl.m. The function d=d_lapl(x,1) returns row vector d, Which contains the
values of the Laplace density function.

A.1.3.10 Logarithmic normal distribution

Graphic presentation of the logarithmic normal density function (1.52) is realized
by the script d01lnorm.m. Function d=d_1norm(x,xm,s) returns row vector d, which
contains the values of the logarithmic normal density function.

A.1.3.11 Poisson distribution

Graphic presentation of the Poisson probability function (1.39) is realized by the
script dOpoiss.m. Function d=d_poiss(n,a) returns row vector d, which contains
the values of the Poisson probability function.

A.1.3.12 Student distribution

Graphic presentation of the Student density function (1.46) is realized by the script
dOstu.m. Function d=d_stu(x,n) returns row vector d, which contains the values
of the Student density function.

A.1.3.13  Uniform distribution

Graphic presentation of the uniform density function (1.44) is realized by the script
dOunif.m. Function d=d_unif (x,al,bt) returns row vector d, which contains the
values of the uniform density function.

A.1.3.14 Two-dimensional normal distribution

Graphic presentation of the two-dimensional normal density function (see Sec. 1.8.2)
is realized by the script dOgauss2.m. Function d=d_gauss2.m returns matrix d,
which contains the values of the two-dimensional normal density function.

A.1.3.15 Ezercises

(1) To compare the binomial distribution with the normal density function for the
following values of the parameters n (n = 1,5,20) and p (p = 0.1,0.5,0.9).

(2) To compare the Poisson distribution with the normal density function for the
following values of the parameter a (¢ = 0.1,0.5,1.0,5.0).

(3) To compare a density function of the y2-distribution with the normal density
function for the following values of the parameter n (n = 2,5, 10, 20).

(4) To compare a density function of the Student distribution with the normal
density function for the following values of the parameter n (n = 2,5, 10, 20).
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(5) To implement a graphic presentation of the two-dimensional normal density
function for different mean values m; and mg (m; = 0,1,10; me = 0,1, 10),
standard deviations o7 and oy (07 = 0,1,10; oo = 0, 1,10), correlation coeffi-
cient p (p = —0,95;0;0,95).

A.1.4 Computer simulation of random values

There are the algorithms for simulation of the random values (see, for example,
(Ermakov and Mikhailov, 1982)). The scripts rnd0ald.m and rndOalc.mreturn the
random values which belong respectively to discrete and continuous distributions
considered in Sec. A.1.3.

For these both cases a generator for the uniform random distribution on interval
[0; 1] with the following density function

1,0<z <1,
ﬂ@_{ax<0ﬁx>0 (4.2)
is used.
For the discrete case the general method for the simulation of random variable
& with the probability function p,, = P(§ = x,,) is based on the relation

m—1 m
P(an§a<zpn>:pm; (AB)
n=0 n=0

where a value a belongs to the uniform distribution (A.2).
For the continuous case the formula for simulation of random variable using
cumulative distribution function F(x) can be written as

¢ =F o), (A.4)

where F~1(a) is the inverse (cumulative) distribution function, o belongs to the
uniform distribution from (A.2) and a value £ belongs to the distribution with
the cumulative distribution function F(x) (in (Ermakov and Mikhailov, 1982) the
various algorithms of the simulation of random values are considered). Because of
the strongly monotone continuous function F(z), we can write the next equalities

P(F (o) < x) = P(a < F(x)) = F(x). (A.5)

The scripts rndOgau.m and rndOuni.m return random values belonging to Gaussian
and uniform distributions correspondingly. Script rndOn2.m returns a sampling
belonging to the 2-D Gaussian distribution.

A.1.41 Kolmogorov criterion

Script gcOkolm.m allows to realize the Kolmogorov criterion of belonging of the
sample cumulative distribution function to one or other type of the continuous
distribution. The Kolmogorov criterion gives probability of the random event, that



Computer exercises 405

a difference between cumulative distribution function Fe(z) and its sample image
F%(x) is smaller than given quantity v/+v/N. In explicit form this criterion reads as

lim oo P (SUD_sgcy oo | Fe() = Fiy ()] < 7/ V)
=Y (=DFexp(—2k24?), (A.6)

where NN is sample size. Criterion is realized for continuous distributions from
Sec. A.1.3.

A.1.4.2 FEzercises

(1) Using scripts rnd0alc.m and rnd0Oald.m from Sec. A.1.4 to compare mean val-
ues and standard deviation with their population values for different sample
sizes (f.e. 10 — 500) for the cases of chi-square and Student distributions.

(2) Using script rndOn2.m to investigate an influence of the sample size (f.e. 100
— 5000) on the sample mean and sample covariance matrix (correlation and
covariance coefficients).

(3) With the use of script gcOkolm.m to calculate the probability for the Kol-
mogorov criterion for the different types of the continuous distributions (Gaus-
sian, x?2, Student). To pay the main attention to a behaviour of the sample
(cumulative) distribution function in dependence of sample size (f.e. 10 — 1000).

A.1.5 Confidence intervals

Script g0conf .m returns the confidence interval for the sample mean of the random
value belonging to the Gaussian distribution (see Sec. 1.8.14).

A.1.5.1 Ezercises

(1) Using script gOconf.m to find the confidence intervals for the sample mean of
the random value belonging to the Gaussian distribution for different values of
the confidence probability 8 (f.e. §=0.2, 0.5, 0.9) and sample size (10 — 100).

A.1.6 Time series
A.1.6.1 Correlated and uncorrelated time series

Script pOcovrp.mreturns uncorrelated time series and Markov chain (see Sec. 1.10),
creates sample covariance matrix.

A.1.6.2 Autocorrelation and crosscorrelation functions

Script pOcorf .m returns autocorrelation function or crosscorrelation function com-
puted for correlated and uncorrelated processes.
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A.1.6.3 Ezercises

(1) Using script pOcovrp.m to compare the covariance and correlation matrices for
correlated and uncorrelated time series. To use a different length of the time
series (f.e. 100, 1000, 10000).

(2) Using script pOcorf.m to compare autocorrelation functions and crosscorrela-
tion functions for correlating and uncorrelated time series.

A.2 Transforms

A.2.1 Fourier transform

The MATLAB functions £fft and ifft are realized the discrete Fourier transform
and inverse discrete Fourier transform respectively. These transforms are deter-
mined by the next relations (see also Sec. 12.1)

= 2mkr
ykZ;)xrexp[—i N ] k=0,...,N—1 (A7)
(Fourier transform),
N-1
1 2mkr
9Cr=NkZ_0ykexp[l N ], r=0,...,N—1 (A.8)

(inverse Fourier transform).

A.2.2 Signals and their spectral characteristics

Script pOwlet.m creates a simple seismic trace: wavelet and Gaussian noise. The
spectral characteristics, autocorrelation function, power spectrum of the trace are
calculated (see Sec. 1.10). The signals created by function p_wlet.m, that allows to
use the simple signals in time domain.

(1) Discrete d-function:

_J1ifr =4,
= {0, if £ . (A-9)
(2) Like d-function signal:
z, =exp [-m(r—t,)/t.)?], r=0,...,N—1, (A.10)

where t. determines a width of the signal, ¢, determines the shift of the signal
relatively to the zero sample r = 0.
(3) Ricker wavelet:

2 = exp [—(m % (1 — (e + 1)) /1e)?] (1 — 2 (n(r — (te + tp))/tc)2) ,
r=0,...,N—1, (A.11)
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where t. determines a width of the signal, ¢, determines the shift of the signal
relatively to the zero sample r = 0. An example of the graphic output of the
script pOwlet.m is represented at Fig. A.1.

1 15
(a) (b)
0.5 10
0 5
t Frequency
-0.5 0
0 50 100 150 200 0 50 100
0 20
(c) (d)
20, 10
2
-8
=40 '-g 0
8+
-60 -10
Frequency Frequency
-80 =20
0 50 100 0 50 100

Fig. A.1 An example of the graphic output ofpOwlet.m. Ricker wavelet (a), its spectrum module
(b), spectrum phase (c), real part and imaginary part of the spectrum (d). The abscissa axes
contain the samples (see formulas (A.7), (A.8)).

A.2.2.1 FEzercises

(1) Using script pOwlet.m to calculate the spectra of signals (Ricker wavelet, o-
function) for different values of ¢, and different signal-to noise ratio.

A.2.3 Multifactor analysis

Script pOcaterl.m is realized the multifactor analysis (see Sec. 12.9).

Let us consider an example of the application of the script pOcaterl.m to pro-
cessing of the simple trace “signal with noise” (see Fig.A.2). The input data are:
np=500; % length of the trace (sample)
jm=20; % maximum number of principal

% components
unzer=2; % number of principal components
% (nonzero eigenvalues)
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% for recovery

op=3; % sinal shape

tp=100; % the time shift of the wavelet
xm=0; % expectation of the noise
$s=0.05; % st deviation of the noise

The covariance matrix and its eigenvalues (and eigenvectors) are presented at
Fig. A.3 and Fig. A.4 correspondingly. The diagrams of the pairs of the principal
components and a complete set of the principal components are presented at Fig. A.5
and Fig. A.6 correspondingly (see Example from 12.9). The result of recovery of the
record using a different number (1 — 4) of the principal components are presented
at Fig. A.7.

1 15
(@) (b)
1
0.5
0.5
0
0
t
-05 -05
0 200 400 600 0 200 400 600

Fig. A.2 Initial record without noise (a) and with additive uncorrelated noise (b).

Fig. A.3 Correlation matrix M = 20.
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Fig. A.4 Proper numbers (a) and eigenvectors (b) of the correlation matrix.

A.2.3.1 FEzxercises

(1) Using script pOcaterl.m to implement processing of the trace (wavelet with
Gaussian noise) for the cases of different values of the maximum principal com-
ponents (5 — 20), different number of the principal components using for the
recovery (2 — 10), different values of signal-to-noise ratio.
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Fig. A.5 The scatterplots of pairs of the principal components: M and M — 1 (a); M — 1 and
M —-2(Mb); M—2and M —3 (¢c); M —3 and M — 4 (d). The maximum number of principal
components is 20.
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Fig. A.6 The complete set of principal components (M = 20).
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Fig. A.7 Recovery of the record from Fig. A.2(b). Recovery using the first principal component
(a), two (b), three (c) and four (d) principal components (see Fig. A.6).

A.2.4 Cepstral transform

Script pOcepl.m is realized the cepstral transform (see Sec. 12.6).
The cepstral transform in the script pOcepl.m is realized as follows:
d=ft(trace); % Fourier transform
% of the vector “trace”
dabs=abs(d); % computing of the absolute value
% of the spectrum
dang=unwrap(angle(d)); % calculation of the phase
deep=fTt(log(dabs)+i*dang); % Fourier transform
% of the logarithm of spectrum (cepstrum)

The inverse cepstrum transform is realized as following;:

dback=ifft(dcep); % inverse Fourier
dexp=exp(dback); % transform
dback0=ifft(dexp); % inverse Fourier

% transform

In Fig. A.8 and Fig. A.9 two signals and their cepstral characteristics are rep-
resented respectively. The result of the convolution of the two signals is compared
with the inverse cepstral transform of the sum of their cepstrums (see Fig. A.10).
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Fig. A.8 The first signal (a) and its cepstral characteristics (b) — (d). The Ricker wavelet (a),
real (b), imaginary (c) parts and the module of its cepstrum (d).
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Fig. A.9 The second signal and its cepstrum characteristics (see Fig. A.8).

A.2.4.1 FEzercises

Using script pOcepl.m to compare the convolution in time domain with summation
in cepstral domain.



Computer exercises 413

15

10

t
100 200 300 400

-10
0

Fig. A.10 The convolution of the signals from Figs. A.8(a), A.9(a) and inverse cepstrum transform
of the sum of their cepstrums.

A.3 Direct and Inverse Problem Solution

A.3.1 Computer simulation of gravitational attraction
A.3.1.1 Gravitational attraction of the sphere

Script £0sphl.m is realized the gravitational attraction of the uniform sphere.
Gravitational potential V' of the uniform sphere is given by

4 madp
V=n- , A12
13 (A.12)
where - is the gravitational constant; a is a radius of the sphere; p is a mass density;
r is a distance between a center of the sphere and an observation point.

Thus the gravitational attraction reads as

g=— § 2 n, (A13)

where n is a unit vector, directed from a center of the sphere to an observation
point.

A.3.1.2  Gravitational attraction of the uniform cylinder

Script £0cyl1l.m is realized the gravitational attraction of the uniform cylinder.
Gravitational potential of the uniform cylinder V' is given by the formula

1
V = 2ra’pylog - (A.14)

where 7 is the gravitational constant; a is a radius of the cylinder; p is a mass density;
r is a perpendicular distance between a center of the cylinder and an observation
point.
Thus the gravitational attraction reads as
_ 21a? pwn
r

where n is a unit vector, directed from a center of the cylinder to an observation
point.

: (A.15)
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A.3.2 Computer simulation of magnetic field
A.3.2.1 Magnetic induction of a dipole

Script £0dipl.m is realized the magnetic induction of the dipole.
Magnetic potential V' of the magnetic dipole is given by

(m-7)

V:Om ’]"3 ?

(A.16)

where C,,, is equal po/4m in ST units; m is a dipole moment; r is a distance between
the dipole and the observation point. Thus the magnetic induction reads as

m
B = Cmr—3[3(nm SN )N — Ny (A.17)

where m = |m|7 Ny = m/|m|a n, = 'l"/|'l"|.

A.3.2.2 Magnetic induction of the horizontal cylinder

Script £Omcyll.m is realized the magnetic induction of the magnetic cylinder.
Magnetic potential of the cylinder is given by

V= 2OmM, (A.18)

where C,, is equal pp/4m in SI units; m is the dipole moment per unit length;
r = |r| is a distance between the center of the cylinder and the observation point;

n, =r/|r|.
Thus the magnetic induction reads as
2C,m
= 2 [Z(Tlm : nr)nr - nm], (A.lg)

where m = |m|, n,, =m/|m]|.

A.3.3 Computer simulation of the seismic field

In the script £d0mnl.m the numerical simulation of the propagation of the elas-
tic waves in the piecewise half-space (1-D case) is realized by the finite difference
method. The component of displacement ¢ is satisfied the partial equation

%0 O\ +2pu) Op 0%p
A+ os =5, T =rpm (A.20)
the boundary condition at the free surface (z = 0)
dyp
- =0 A21
2| (A.21)
and at welded interfaces (z = z;)
0 0
Plomsi-0 = Plamsivo, (A+20) F2 =0+ (A
z=z;—0 z z=z;+0
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where p is a mass density, A and p are Lame parameters. The wave field is excited
by the point source

f=06(2)]), (A.23)
located in the point z = 0.
The piecewise homogeneous medium can be perturbed by a smooth inhomo-

geneity of E = X\ + 2u parameter, which is given by the formula
0E =0, if |2 — 2| > A,

OE(z) = { SE = En0.5[1 + cos(n(z — 2)/A)], if |z — 3| < A, (A.24)
or the smooth inhomogeneity of p parameter
_[ép=0, if |z — 2| > A,
or(z) = {5,; — pmO5[L+ cos(n(z — H)/A), if |z — 2| < A, (8.25)

where Z is the location of inhomogeneity, A is its half-size, E,, and p,, are the
maximum values of perturbation of E and p respectively.

A.3.3.1 Ezxercises
To calculate the seismic wave field for the piecewise homogeneous half-space:

e the source location is z5 = 0.003 km;

e the receiver locations are z, = 0.003, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5
km;

location of the interfaces z=0.3, 0.5, 0.7, 0.9 km;

Lame parameters £ = A 4+ 2u = 1;

mass density p = 1.0, 1.2, 0.8, 1.2, 1.0;

time sample dt =0.001 s;

as the source time dependence the Ricker wavelet of 25 Hz frequency is used.

In Fig. A.11 the model, wavelet and the first trace are represented. The seismogram
is represented Fig. A.12 to implement a qualitative analysis of the wave field.

A.3.4 Deconvolution by the Wiener filter

Script pOdecon2.m gives an example of deconvolution using the Wiener filter (see
Sec. 12.10)5.

Let consider processing of the seismogram (see Sec. A.3.3, Fig. A.12) with the
additional noise by the script pOdecon2.m. We will try to decrease the signal-to-
noise merit and to bring a shape of the signal to the J-function. In Fig. A.13 a
fragment of the seismogram from Fig. A.12 with addition of the Gaussian noise is
represented (N(0,0A4,,). Here 0=0.1, A,, is a maximum value of the seismic signal
on the seismogram). In Fig. A.14 the fragment of the seismogram from Fig. A.13
after the deconvolution is represented.

5The Wiener filter can be considered as an example of the application of the method of least
squares Sec. 6.4.
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Fig. A.11 Graphic presentation of the model and the first trace. Time dependence in the source
(a); 1 — p, 2— X+ 2u (b); longitudinal wave velocity (c); the wave field in the first observation
point (d).
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Fig. A.12 The seismogram.

A.3.4.1 FEzxercise

To implement the deconvolution of the seismic field:

e without the noise (sigl=sig2=0);
o for different values of the regularizing coefficient « (see formula (12.36)) (at
eps1=2.0, 1.0, 0.5);
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Fig. A.13 The fragment of a seismogram from Fig. A.12 with the addition of the uncorrelated
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Fig. A.14 The deconvolution of the seismogram from Fig. A.13.

Trace
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o for different values of the noise (sigl=sig2=0.5, 0.1).

A.3.5 Quantitative interpretation

Let us consider an application of the Newton-Le Cam method (see Secs. 3.2, 6.2,
6.3) to the point estimation of the parameters 6 of the geophysical objects (script
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pOmgl.m ). As an examples, the magnetic bodies with vertical magnetization are
considered:
thread of poles

2Mh
fe(0) = W2+ (on — )2 6 ={M, h,E} (A.26)
thread of dipoles
_ MR — (w -8 , .
fk(o) - [h2 ¥ (mk — 5)2]2 ) 0= {Mu hvg}v (A27)
point magnetic pole
M (2h? — 22
Jl0) = G 0= (M0 (A.25)
point magnetic dipole
[1(0) = e 0= (M.h); (A.20)

(2 + 22)3/%

where M is a magnetic moment, h is a depth, £ is a coordinate of the function fj (@)
maximum.
Applying the maximum likelihood method to the additive model of the data

up = fr(0) +er (u=f(0)+e), (A.30)
with uncorrelated Gaussian noise ¢ (N(0,0)), we can get the next procedure for
estimation of @ = (01,...,0s). At the initial point to choose an initial value 6y of
0. After that to solve a system of the linear equations (see Sec. 6.3)

CAOM =4, (A.31)
where
1 of (9)}
ds = = |(u—f(0) =—— ,
= |w-ror 2]
1o ofo)
” 2 00, 6=0(0) 00 9=6(0) ’
s=1,...,8

(1
and to calculate the first 0( ) approximation of

9(1) _

0 + AWM. (A.32)
The iterative process is finished if the threshold condition is satisfied, for example,
|AO) /90| ~ 1072 + 1072, (A.33)

An example of the similar numerical simulation for the field given by the formula
(A.26) is represented in Fig. A.15 for the next input data:
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Fig. A.15 Qualitative interpretation. The model field without noise (a) and with noise (b), the
model field (1) and the field (2) computed for the initial parameters (c), the model field and the
field computed for the estimated parameters (d).

x=-4:0.1:4; % observation points

m=1; % intensity

h=1; % depth

xi=0.0; % location of the object

xm=0.0; % expectation of the noise
s=0.1; % standard deviation of the noise
m0=0.5; % initial value of m

h0=1.5; % initial value of h

xi=0.; % initial value of xi

eps.m=1.0e-5; % threshold condition for m
eps_h=1.0e-5; % threshold condition for h

The values of M and h are estimated. As the result of numerical simulation,
the Fisher matrix and its inverse matrix are calculated.

A.3.5.1 FEzercises

Using the script pOmgl.m to implement the next exercises for the models (A.26)-
(A.29) (to pay attention to the Fisher matrix and its inverse matrix):

(1) To investigate restoration of M and h for the different values of the standard
deviation of the Gaussian noise (for example, o =0.1, 0.2, 0.3).

(2) To investigate the convergence of the iterative process in dependence on initial
values of the parameters M and h.

(3) To implement the numerical simulation for the different sample sizes (for ex-
ample, 10, 20, 50, 100).
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A.3.6 Qualitative interpretation

Using script pOmg2.m to implement the qualitative interpretation (see Sec. 3.4, sig-
nal and noise (Hp) or noise (H;)) with the help of a posteriori probability ratio
(see Secs. 7.1, 7.2) for the signal models from (A.26)—(A.29). For the case of the
uncorrelated Gaussian noise this criterion reads as
zln%—i—% [w"u— (u— f1)"(u—f1)]. (A.34)
If a > 0, then hypothesis H; (“noise”). If o < 0, then hypothesis Hy (“signal and
noise”).
We assume that a model function f;(@) differs from the real function f1(6+ A6).
Such difference is given by the deviation A@ of the “true” parameters 8 + A6 from

their supposed values 6.

200 400 :
u (b)
200
100 M
0
X, km
0 =200
4 -4 -2 0 2 4
500 1
o (c) ao/|af (d)
0 o—e———8—5—8—0—6&
‘5°°<L ° [ ]
Noise Noige
-1000 -1lo—o—e—o-o &b
0 1 2 3 4 0 1 2 3 4

Fig. A.16 Qualitative interpretation. The model field f1() (1) and “real” field f1(0 + A0) (2)
(a), the model field with uncorrelated noise (b), dependence of a (c) and normalized a (d) as
functions of the noise value.

An example of the similar numerical simulation for the field (A.26) is represented
in Fig. A.16 for the next input data:

x=-4:0.1:4; % observation points

m=1; % intensity

h=1; % depth

xi=0.0; % location of the object

ddm=0.0; % deviation of m

ddh=0.0; % deviation of h

ddxi=0.2; % deviation of xi

xm=0.0; % expectation of the noise

p0=0.5; % a priori probability of existence of the object
s=0.1; % initial standard deviation of the noise
s1=s:0.4:4; % the values of the standard deviation for the numerical simulation
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A.3.6.1 Ezercises
Using script pOmg2 . m to implement the next exercises for the models (A.26) — (A.29):

(1) to implement the numerical simulation for a wide range of a noise/signal ratio
(variable s1);
2) to implement simulations for the different deviations of A@ between the “real”
p
and model fields;
(3) to implement the simulation for a different number of the observation points
(for example, 10, 20, 50, 100).

A.3.7 Diffraction tomography

Script dtOmn1.m is implemented a numerical simulation to restore the medium pa-
rameters by the diffraction tomography method (Secs. 10, 11).

The 1-D direct problem solution on the propagation of the elastic waves in uni-
form space, which contains a smooth perturbation of the parameters comparable
in size with the wavelength, is solved by the finite difference method. The com-
ponent of the wave field ¢ satisfies the partial equation (A.20) an the boundary
conditions (A.21), (A.22). The restoration of the Lame parameters A, y and mass
and mass density p is implemented by the diffraction tomography method using the
next algorithm.

We introduce the tomography functionals p, and pg, which are connected with
the values p and E = X\ + 2u correspondingly:

o0

82
Pp(2, 25, 27, t) = —/%uc(azr,t—T)@win(z,zsﬁ)dﬂ
0
( t>——f3 (5220t = 7) X a2, 20 )T, (A35)
PE(Z, Zg, Zp, - 82‘;0011‘5 Zy Rr, T 8z§01n Zy2g,T)AT, .
0

then, under the Born approximation, the scattering (or difference) field Ay gener-
ated by the inhomogeneity, can be written as

Ap ~ / (pEOE + p,dp)dl, (A.36)
L
where z; and z,. are the source and receiver locations; i, is the wave field generated
by the source with its time dependence; oyt is the wave field, generated by the
“artificial” source with time dependence as d(t)-function, located in the observa-
tion point; L is the restoration region; §F, dp are the desired parameters of the
inhomogeneity (perturbation of E and p relatively reference medium).
If, for example, a value of dp =~ 0 and we shall find only JF, then the inte-
gral equation (A.36) after digitization can be presented as a system of the linear
equations

Pép =6, (A.37)



422 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

where g is the desired vector and d, is a vector of the sampled difference field.
The simplest regularization of the solution of (A.37) consist of the solution of
the next system of the linear equations:

(P'P+eD'D)og = P's,, (A.38)

where ¢ is regularized parameter and D, for example, is an identity matrix.
Let us consider an example of the numerical simulation for the next model:

e z, =z, = 0.003 km;
e p=1FE=1v=\E/p=1;

the smooth (desired) inhomogeneity is given by the formula

SE =0, if |2 — 2| > A,

0E(2) = { SE = En0.5[1 + cos(m(z — 2)/A)], if |2 — | < A, (A.39)

where Z is inhomogeneity location, A is its half-size, F,, is a maximum value of a
perturbation of E.
Z=0.3 km, A =0.03 km, F,, = 0.3; Ricker wavelet

F(w) = (i>2exp{ (wio)z} exp{—2miw Jwo} (A.40)

wo

with the apparent frequency wg = 25 Hz; the interval L of restoration is L = 0.21
—0.39 km; regularization parameter £ = = 1075,

Graphic presentation of the model and the results of the direct problem solution
is represented in Fig. A.17 and Fig. A.18 respectively. The result of restoration is

1000 1.5
(a) Y, 2 (b)
500 1 A
0 0.5
ts z, km
-500 0
0 0.02 0.04 0.06 0.08 0 0.5 1 15
1.15 0.01
v, (c) (d)
1.1fm/
0
1.05
t
; z, km 001 s
0 0.5 1 1.5 0 0.5 1

Fig. A.17 The data for simulation of the propagation process and the wave field in the first
observation point. This representation is similar to Fig. A.11.

represented in Fig. A.19.
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Fig. A.18 The seismogram for the observation points (km): 0.003, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35,
0.4, 0.45, 0.5.
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Fig. A.19 Restoration of the longitudinal velocity : 1 it is the model of inhomogeneity; 2 it is the
restored perturbation of the velocity.

A.3.7.1 Ezercises

(1) Using a script dtOmnl, to investigate an accuracy of the restoration of E by
the diffraction tomography method in dependence on the contrast and size of
inhomogeneity (for example, £ = 0.05,0.1,0.2,0.5 A = 0.01,0.02,0.03,0.04 ).

(2) To estimate accuracy of restoration in dependence on a noise value.
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Appendix B

Tables

The tables which are represented below allow to implement the calculations with
Laplace function, with density functions for x? distribution and Student distribu-
tion.

Table B.1 The values of the function ®(z) = 2(1—®(z)) (see Sec. 1.8.1,
Eq. (1.42)).

z b(2) z P(z) z P(z) z D(z)

0,0 | 1,00000 || 1,0 | 0,31732 || 2,0 | 0,04550 || 3,0 | 0,00270
0,1 | 0,92034 || 1,1 | 0,27134 || 2,1 | 0,03572 || 3,1 | 0,00194
0,2 | 0,84148 || 1,2 | 0,23014 || 2,2 | 0,02780 || 3,2 | 0,00138
0,3 | 0,76418 || 1,3 | 0,19360 || 2,3 | 0,02144 || 3,3 | 0,00096
0,4 | 0,68916 || 1,4 | 0,16152 || 2,4 | 0,01640 || 3,4 | 0,00068
0,5 | 0,61708 || 1,5 | 0,13362 || 2,5 | 0,01242 || 3,5 | 0,00087
0,6 | 0,54850 || 1,6 | 0,10960 || 2,6 | 0,00932 || 3,6 | 0,00061
0,7 | 0,48392 || 1,7 | 0,08914 || 2,7 | 0,00694 || 3,7 | 0,00042
0,8 | 042372 || 1,8 | 0,07186 || 2,8 | 0,00512 || 3,8 | 0,00029
0,9 | 0,36812 || 1,9 | 0,05714 || 2,9 | 0,00374 || 3,9 | 0,00020

Table B.2 The value xp and probability P(z > zp)
with degrees of freedom n (see Sec. 1.8.4, Eq. (1.45)).

P

n | 0,99 0,90 0,50 0,10 0,01

1| 00001157 | 0,0158 | 0455 | 2,706 | 6,635

2 | 0,0201 0,211 1,386 | 4,605 | 9,210

3| 0,115 0,584 2,366 | 6,251 | 11,345

4| 0,297 1,064 3,357 | 7,779 | 13,277

5| 0,554 1,610 4,351 | 9,236 | 15,086
10 | 2,558 4,865 9,342 | 15,987 | 23,209
15 | 5,229 8,547 | 14,399 | 22,307 | 30,578
20 | 8,260 12,444 | 19,337 | 28,412 | 37,566
25 | 11,524 16,473 | 24,337 | 34,382 | 44,314
30 | 14,953 20,599 | 29,336 | 40,256 | 50,892

425



426 STATISTICAL METHODS OF GEOPHYSICAL DATA PROCESSING

Table B.3 The values tp and probability P of the dif-
ference t from zero average more than ¢tp under a num-
ber of the degrees of freedom v = n — 1 (see Sec. 1.8.5,
Eq. (1.47)).

P
v |09 0,5 0,1 0,05 0,01

1]0158 | 1,000 | 6314 | 12,706 | 63,657
210,142 | 0,816 | 2,920 4,303 9.925
310,137 | 0,765 | 2,353 3,182 5,841
40,134 | o741 | 2,132 2,776 4,604
510132 | 0,727 | 2,015 2,571 4,032
10 | 0,129 | 0,700 | 1,812 2,228 3,169
15 | 0,128 | 0,691 | 1,753 2,131 2,947
20 | 0,127 | 0,687 | 1,725 2,086 2,845
25 | 0,127 | 0,684 | 1,708 2,060 2,787
30 | 0,127 | 0,683 | 1,697 2,042 2,750
oo | 0,1257 | 0,6745 | 1,6448 | 1,9590 | 2,5758
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